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1. Introduction

Let O =0y — A = 0y — Oryuy — Oy, be the usual d’Alembertian operator in (2 + 1)
space-time. We consider the following quasilinear wave equation:

Ou = gkijakuaiju, t>2 xcR?

(w0m)| = (o) -y

t=2

where the functions fi, fo : R? — R are initial data. On the RHS of (1.1) we employ
the Einstein summation convention with dy = 0, 0; = 0,, [ = 1,2. For simplicity we
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assume ¢*7 are constant coefficients, g¥ = ¢*J* for any i, j, and satisfy the standard

null condition:

g"Iwpwiw; =0, for any null w, i.e., w = (—1,cos6,sinfh), 6 € [0,27]. (1.2)

In the seminal work [1], Alinhac showed that for compactly supported initial data which
have sufficiently small Sobolev norm, the system (1.1) with the null condition (1.2)
admits global in time solutions. The main ingredients of Alinhac’s proof are two:

1) construction of an approximation solution;
2) time-dependent weighted energy estimates known as the ghost weight method.

The name ghost weight derives from a judiciously chosen bounded space-time weight
which seems negligible by itself but after differentiation produces a remarkable stabiliza-
tion term helping to balance the critical decay of the solution near the light-cone. Besides
the aforementioned ghost weight, the weighted energy estimates typically involve a num-
ber of vector fields which are the infinitesimal generators of certain symmetry groups,
for example:

« Spatial rotation: 9p = o -V = 2105 — 1201, - = (—x2,71).
e Lorentz boost: L; = ;00 +t0;, i = 1, 2.
e Scaling: Ly = t0; + 10,

In particular, the Lorentz boost vector fields were employed together with the scaling
operator in order to extract sufficient time-decay of the solution. While the Lorentz
boost vector fields can lead to strong time-decay estimates, they are not suitable for
general wave systems which are not Lorentz invariant. To name a few we mention non-
relativistic wave systems with multiple wave speeds (cf. [17,23]), nonlinear wave equations
on non-flat space-time (cf. [26]) and exterior domains (cf. [19]). From this perspective
it is of fundamental importance to remove the Lorentz boost operator and develop a
new strategy for the general non-Lorentz-invariant systems. In [13], Hoshiga considered
a quasilinear system with multiple speeds of propagation, and proved global wellposed-
ness under some suitable strong null conditions. In [27] (see also [20]), Zha considered
(1.1)~(1.2) with the additional symmetry condition: g*" = g**7 = g9%% Vi j k. For this
case Zha developed the first proof of global wellposedness without using the Lorentz
boost vector fields. Note that the additional symmetry condition introduced by Zha ap-
pears to be a bit restrictive. For example, it does not include the standard nonlinearity
A(|0yu|? — |Vul?). In recent work [7], a novel strong null form which includes several
prototypical strong null forms such as 9(|0;u|* — |Vu|?) in the literature and also some
null forms in [6] as special cases. Moreover for this class of new null forms, a new normal-
form type Lorentz-boost-free strategy was developed in [7] to prove global wellposedness
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and uniform boundedness of the highest norm of the solution. We refer to the papers
[5,6,9-11,14-16,18,21,22,24,28] for other related developments and different strategies.

We now mention a few other important works on somewhat related systems. In [18],
by using Alinhac’s method, Lei established small data global wellposedness for 2D in-
compressible elastodynamics. A similar result was obtained independently by X. Wang in
[25] using a normal form method. In [6], Cai, Lei and Masmoudi considered the quasilin-
ear wave equations of the form Ou = A;0;(N;;0;u0;u), where A;, N;; are constants, and
N;jww; = 0 for any null vector w. A special case is the equation Cu = 9;(|0yu|*> — |[Vul?).
In [6] by using a nonlocal transformation (see Remark 1.3 therein) it was shown that the
above system has a uniform bound of the highest-order energy for all time. More recently
by using Alinhac’s ghost weight and the null structure in the Lagrangian formulation,
Cai [5] showed uniform boundedness of the highest-order energy for 2D incompressible
elastodynamics. In [10], by using the hyperbolic foliation method which goes back to
Hormander and Klainerman, Dong, LeFloch and Lei showed that the top-order energy
of the system (1.1) with the null condition (1.2) is uniformly bounded for all time. The
main advantage of the hyperbolic change of variable is that one can gain better con-
trol of the conformal energy thanks to the extra integrability in the hyperbolic time
s = V/t2 — r2. One should note, however, that if one works with the advanced coordinate
s =t —r, then there is certain degeneracy in the 95 direction which renders (even any
generalized) conformal energy out of control. In this connection an interesting further
issue is to explore the monotonicity of the conformal energy (and possible generaliza-
tions) with respect to different space-time foliations. Another subtle technical issue in
the hyperbolic foliation method is the extensive use of Lorentz boost vector fields which
appears not suitable for general non-Lorentz-invariant systems.

In Alinhac’s work [1], the highest energy of the constructed solution has an upper
bound which grows polynomially in time. An ensuing open question is whether this
growth is genuinely true phenomena known as the “blowup-at-infinity” conjecture ([2—4]).
The purpose of this work is to develop further the program initiated in [7,8,20,27],
and obtain the uniform boundedness of highest norm under the generic null condition
(1.2). We introduce a new approach and settle the blowup-at-infinity conjecture without
employing the Lorentz boost vector fields. The main result is the following.

Theorem 1.1. Consider (1.1) with g~ satisfying the standard null condition (1.2). Let
m > 5 and assume fi € H™1(R?), fo € H™(R?) are compactly supported in the disk
{|z| < 1}. There exists g9 > 0 depending on g" and m such that if || f1|| grm-+1 +|| fo || zrm <
€0, then the system (1.1) has a unique global solution. Furthermore, the highest norm of
the solution remains uniformly bounded, namely

sup 3 0T w) (1, )2 ey < oo (1.3)

= lal<m

Here T' = {0, 04,,0y,, 09,0, + 10y} does not include the Lorentz boost (see (2.3) for
notation,).
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Remark 1.1. The regularity constraint m > 5 can be lowered further by optimizing some
technical arguments. However we shall not dwell on this issue in this work.

We now explain the key steps of the proof of Theorem 1.1 (see section 2 for the relevant
notation). Fix any multi-index a with |a| < m and consider I'*u. By Lemma 2.4, we

have
Oreu = Z gi?ﬂl,azakfo‘lu&jFo‘Qu, (1.4)
artaz<a
where gfffl 0= glo% o = 9", and gk still satisfies the null condition (1.2) for all

other values of (ay,as).
Step 1. Weighted energy estimates: LHS of (1.4). We choose p(r,t) = g(r — t) with
q'(s) nearly scales as (s)~! to derive

d, » 1
/DFauatF“uepdx: d—(||658FauH§)+ E/epq’|leu\2dx. (1.5)

1
2dt
Summing over |a| < m, we have (below v = I'*u)

D lleoul3 ~ Bn= Y 0T u(t,)|3; (1.6)

la|]<m la|<m
S [empa= Y [edrrer. m
la|]<m la|<m

Step 2. Refined decay estimates. One way to remedy the lack of Lorentz boost vector
fields is to employ L and L? estimates involving the weight-factor (r—t). At the expense
of certain smallness of E\mys and using in an essential way the nonlinear null form (see
Lemma 2.6), we obtain

[(r — )(0°T=lou)(t, )]z S [(OT=P T ) (¢, )|,  Vip <m—1; (1.8)
|(r — t)(8°T=low) (¢, )| < [(T 1) (8, z)], Vr>t/10,lg < m — 1; (1.9)
[(QAT=""2u)(t, )| 2 (o< 20y S E2OT="" ) (8, ) o (1.10)

These in turn lead to a handful of new strong decay estimates (see Lemma 2.7):

TF<m 3 || <m 2u
e+ =
(r—1t) (r—1)

2| (r — )T o + £2 || TOTS™ Y| oo + | TOTS™ 40|y S B2, (1.12)

1 3 1
£2(|O0=" "3 o + 5| 2 S B (1.11)

,_.

These decay estimates play an important role in the nonlinear energy estimates.
Step 3. Weighted energy estimates: nonlinear terms. We discuss several cases.
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Case 1: oy < a and ag < a. Since gﬁfél’az still satisfies the null condition, by

Lemma 2.4 we rewrite

kij aq o2

E Govvtry o Ol 00 T2 0
ay<a,az<o
ajtaz<a

= Z gﬁfél,az (T T u0;; T u — w0 uT;0;, T2 0 + wiw; O, T uT;0,T*w).

a;<a,ap<o

ajtaz<a
(1.13)
By using the decay estimates obtained in Step 2, we show that
.. _3 1 1
sup || Z gifél’azakfaluaijFWuHQ <t QELZ%HiiE’Q”' (1.14)
la]<m a <a,as<a
artaz<a

kij
a;0,a

Case 2: The quasilinear piece a; = 0, as = . Recall that g = ¢"J. By using

successive integration by parts, we have
/gkijﬁkuaijFauatfo‘uep = OK, (1.15)

where OK is in the sense of (3.5). Here we exploit an important algebraic identity (see
(3.16))

— 0;00;v0uv + Orp0;v0;v — 0;p0yv0;v
= — T;pdivdpv + 0y TivTjv — Tipdywd;v — wiw;Op(dyv)?, (1.16)
where ¢ is taken to be either Jyu or e?, and v = I'*u. The standard null form condition
amounts to the annihilation of the term w;wjw;, when ¢ = Opu and 0;¢ is replaced by
Tkatu — wkattu.

Case 3: the main piece a; = a, as = 0. By using Lemma 2.4 with the decay estimates,
we derive

/gkijﬁkfo‘uaijuﬁtfauep = OK—I—/gkijwiijkFauattuatFauep. (1.17)

=Y

We perform a further refined decomposition of the term Yi. By using T = w10, — %20y
and T = w20y + 20y, we obtain (below we denote v = I'*u)

.. .. w - w
" wiwi T = g wiw; (w1010 — 72691)) + g% wiw;j(wa0yv + 71391))

= (¢" wiwiw;j + g7 wowiw; )04 v + wiw;j (¥ wy — gl”wg);agv
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=: h1(0)04+v + hz(@)%@ev.
We decompose Y; accordingly as
Y, = /h1 ()0 vOp w0 ue? + /h2 (9)%89@8tv8ttuep
=:Y4+Yp. (1.18)

Step 4. Estimate of Yjy: localization, further decomposition and normal form trans-
formation. We use a bump function ¢ which is localized to r € [£, 2] such that the main
part of Y4 becomes

/h(9)5+v3tvﬁttuep¢. (119)
The contribution of the regimes r < % and r > 2t corresponding to the cut-off 1 — ¢ can
be shown to be negligible. We further use the decomposition 0; = 8*;8’ to transform
(1.19) as
1
5 / h(9)8+v3,v8ttuep¢ + OK. (120)

At this point, the crucial observation is to use the fundamental identity 04 0_ = D—i—%@r—i—
T%(“)gg to transform (1.20) into an expression which contains an “inflated” nonlinearity.
After this novel normal form type transformation and further technical estimates the
term Y4 can be shown to be under control.

Step 5. Estimate of Yp: localization and further transformation. By using the estimate
[(r — )0 ullso St 2 (see Lemma 2.7), we have

Yg = OK + / hg(e)%a‘gvaﬁuaﬂ&(g)eﬂ (1.21)

where ¢ is a radial bump function localized to |z| ~ 1. Denote ¢(z) = %‘é(z) Using

integration by parts in 6, we obtain

Vi = OK +% / hg(e)vattuatagw(%)ep. (1.22)

We then proceed to bound the second term (without the % factor) as

/ equ(%)hg(ﬁ)vattu@tagv
i

S(llero(s

St ER (V) 10,0v2- (1.23)

Yha(Byodusula + [V (6T ha(O)vuu)2) - (V) 0dgvll2
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By Lemma 2.1 the norm [|(V)~19,0pv||2 is well-defined. The employment of the nonlocal
norm |(V)~19;04v|2 is the key to obtaining sufficient time-decay estimates of Yz. In

the next step we show [[(V)710;9pv|l2 < t° for some § < % which suffices for time-

integrability.
Step 6. Estimate of ||(V)~19;['=™*1y||5. This is the most technical part of the proof.
Due to nonlocality we work with a frequency localized energy which in the main order

is given by

En=Y_ > 27|eoP,T%u|3, (1.24)

J>0|8|<m+1

where (Pj)s>o are the Littlewood-Paley frequency projection operators. By using a
number of delicate commutator estimates and deeply exploiting the null form structure,
we show E,, < t9F which is just enough for closing the uniform estimates. Here tOt
means t¢ for some sufficiently small exponent ¢ > 0.

The rest of this paper is organized as follows. In Section 2 we collect some preliminaries
and useful lemmas. In Sections 3, 4 and 5 we give the proof of Theorem 1.1.

Acknowledgment
The author is supported in part by NSFC 12271236.
2. Preliminaries

Notation. For any two quantities A, B > 0, we write A < B if A < CB for some
unimportant constant C' > 0. We write A ~ Bif A < B and B S A. We write A < B
if A< ¢B and ¢ > 0 is a sufficiently small constant. The needed smallness is clear from
the context.

We shall use the Japanese bracket notation: (z) = \/1 + |z|2, for z € R% For s € R,
we denote the smoothed fractional Laplacian (V)* = (I — A)*/2 which corresponds to
the Fourier multiplier (1 + [£]?)%/2.

We denote 9y = 0, 0; = 0y, t = 1,2 and (below 9p and 9, correspond to the usual
polar coordinates)

0= (0;)2_y, B9 = 210y — 220y, Lo =ty + roy; (

= ()2, whereT;=0;,Ty=0,3=0,T4=0,T5=Lo; (

I =TMrereeryeree, a=(aq, - ,ap) is a multi-index; (2.

O =0+,  0_=08 — 0 (
(

T, = w0y + 05, wo = —1, w; = l‘i/’l“, 1 =1,2.
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Note that in (2.2) we do not include the Lorentz boosts. Note that Tp = 0. For simplicity
of notation, we define for any integer k > 1, T* = (T ja)=k> rsk = (C)jaj<k- In
particular

ID=ku = (37 [rou)?)s. (2.6)

lal<k

Informally speaking, it is useful to think of I'SF as any one of the vector fields I'* with
af < k.
For integer I > 3, we shall denote

Er = Eq(u(t, ) = (0T u)(t, )| 22 re)- (2.7)

In Section 5 of this paper we will need to use the Littlewood—Paley (LP) frequency
projection operators. To fix the notation, let ¢ be a radial function in C°(R?) and
satisty

0<do<1, o(€)=1 for €] <1, ¢0(€)=0 for [¢] >7/6.

Let ¢(€) := ¢o(€) — ¢o(2€) which is supported in 1 < [¢] < % For any Schwartz function
feSMRM), j€Z,define

Pof(€) = ¢0(&) F(6);
Pif(&) = 62776 f(6), €eR%j>1;
Pof(€) = 60279 f(€), €eR%j>1. (2.8)

Note that for j > 1, P;f is supported in the annulus % 221 < < % .27,

More generally, one can take 1) € C°(R?) with compact support in {€ : a; < [£] < az},
and 0 < a1 < as < oo are constants. To spell out the explicit dependence on 1, one can
define for j > 0

o~

PYE(E) = b2 F(¢). (2.9)

In this way PJ#’ is a smooth frequency cut-off localized to || ~ 27. In later computations
we often write .ﬁj = P;Z’ where ¥ may vary from line to line. This notation is convenient
for intermediate calculations.

For j > 2, we will denote P<; = P<;_1, P~; = I — P<; (I is the identity operator),
Prj=1-Pgj1.

We begin with the following innocuous lemma which justifies the legitimacy of the
norm |[{V)~torsm+ly],.
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Lemma 2.1 (The nonlocal norm is well-defined). Let u be the solution to (1.1). We have

(V) or=m | e < Dy, (2.10)

where Dy > 0 is a finite constant depending on || fi| gm+1(r2y and || f2|| g (r2)-

Proof. Clearly we only need to consider the case H(V>—1atrfm+1u‘ 2H2. Since I' =
t—

{0;,01,09, 01 - V,t0; + x -V} and fi, fo are both compactly supported, we have
V)P Or= | lrame)

S DT (dmimama(@) - 00705

mi+ma+mz<m+2

2) lr2r2),  (2.11)

where ¢, my.ms € C°(R?). It is not difficult to check that for each (mq, ma, ms), we
have

2
A I FO s + > GF) e (2.12)
j=1
where
2
Z ||F7(rgl),m2,m3||L2(R2) < Dm1,m2,m3 < o0, (213)
j=0

and Dy, myms > 0 are constants depending on || f1||gm+1(r2y and || fal| gm(w2). The
desired result follows. O

Lemma 2.2 (Sobolev decay). For v € S(R?), we have

i <1
SuRz(\xIQ v(2)]) S 110505 vll2 = [vllz + 18rv]l2 + [19pvll2 + 10, 0pv]l2.-
x€

Proof. For a one-variable smooth function h which decays sufficiently fast at the spatial
infinity, we have

plh(p)|? §/\h(r)|2rdr—|—/|h’(r)\2rdr, Vp>0. (2.14)
0 0

It follows that (below we slightly abuse the notation and denote v(p,6) = v(zx) for
x = (pcosb, psinh))
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pl0w(p.0)[35 = o [ 100005008 5 [000]3ze) + 10,9001 o

Denote T(p) as the average of v(p, 8) over 6. By (2.14), we have

2

27 2
1
o) =p 5 [ 000008 | S [ 00,0028 5 ol + 10,01 o
0 0

Note that |v(p,0) —v(p)|* < |891}‘%g by the Poincaré inequality. Thus

jzllo(@)* < lvll3 + 10rv]13 + 18pv]13 + 10:0pv]l3. O

Lemma 2.3 (Refined Hardy’s inequality). For any real-valued h € C([0, M + 1)) with
M > 0, we have

M+1 h( ) o]
p
<4 . 2.1
/ T pdﬂ / )?pdp (2.15)
0 0

For u € C*([0,T] x R?) with support in {(t,z) : |z| <1+ t}, we have

_ _1
[(|z] =)~ u||L2(]R2) 0rull L2 (R2) (lz| =ty Hu(t, z)| < (x)~2 H5F§1U||L§(R2)~

Proof. The inequality (2.15) follows from integrating by parts:

M+1 h2 M+1 th/
LHS of (2.15)=— | — " dp— | —Z" pdp. 2.16
of (2.15) /2+M_pp /2+M_ppp (2.16)
0 0

The second inequality follows from (2.15) and the fact that (|z| — )72 ~ (2 +t — |x]) 72
for |z| < 1+ ¢t. For the third inequality, consider first the case || > 1. By Lemma 2.2,
we have

(ol = ) Hu(t,z)| < (2) 7205105 ((r — )" Mu)ll2 ~ (@) "2 [ ((r — £) 705 ) |2
< (@) 20,05 ullz S (x) 72|00 u),. (2.17)

On the other hand, for |z| <1, we have

(lz| = &) Mult, )| < &) lull Lz (z1<1y + 10%ull 2 (21<1))
S @] = ) rull 2 2y + [[Aull 22y S [Vullz + | Aulle. O
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Lemma 2.4. If g*% satisfies the null condition, then for t > 0 we have
9" 0, fOih = g* (T1. fOi5h — wiO fTi05h + wywi 0, fT; 00 h), (2.18)

where T = (T1,Tz) is defined in (2.5). It follows that

9" 81935k < |TF110°R| + ||| TOR] (2.19)
1
S (ITf118%h] + |Of|[LOR| + |Of] - |0°R] - [r —t]).  (2.20)
(r—+1t)
Suppose g* satisfies the null condition and Ou = gk Oku0;ju. Then for any multi-index
a, we have
Oru= Y gk 00" ud;;T %, (2.21)
aitor<a
where for each (a, ay, as), gffgghaz also satisfies the null condition. In addition, we have
ged 0= ghd o = g™

Proof. The identity (2.18) follows by applying repeatedly the identity 9, = T; — w;0;
and using the null condition at the last step. The inequality (2.20) is obvious if r < §
orr >2t,orr~t<S1since (r+1t) ~ (r—t) in these regimes. On the other hand, if
r ~t 2 1, then one can use the identities

w w 1
T1 = UJ18+ — 7289, T2 = W28+ + 7189, 6+ == t—}-—’r‘<2L0 — (t — T)af). (222)

The identity (2.21) follows from Hoérmander [12]. O

Lemma 2.5. For any f € S(R?), we have

sup (|zo| — 02 f(z0)l S Ifll2 + (|l = )V Flla + (|l = )0102f[l2, ¥t > 05

zo€ER

(2.23)
|z = )0 flloo < 2] = )0f ll2 + (x| = )0 fllz + (2] = )0 fll2, V't = 0.(2.24)

It follows that
£l @ey S 72 (IF 2 + 106 f 12 + 1|zl = ) VES'fll2),  Vt>0, (2.25)
where T = (01,02,09).

Proof. The case ||xg|—t| < 2 follows from the inequality | f(20)|? < [ |0102(f(x)?)|dz1dz2.
For ||xg|—t| > 2, we note that (xo)+t ~ |zo|+t 2 1 and (x| —1) ~ % =: W(xo).
Observe that
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ST oWleo+ > 10:0;Wlee S1, W(z) S (|| —t), Vo € R®. (2.26)

1<i<2 1<4,5<2

By using the Fundamental Theorem of Calculus we have

(7ol = 1 (@) * S W (z0)| o) / 0102 (W (@)1 (0)?) | dod
SIS+ 19 flall Sl + Wled = OV F 121V A1l + ] = 00102 2111
S I71B + 1ol — 9718 + Ilal — 1912213 (227)

Thus (2.23) follows. The proof of (2.24) is similar by working with the expression
W (20)?|0f (z0)|? for the case |xg —t| > 2. For (2.25) we may assume ¢ > 2. The case
|zo| < t/2 follows from (2.23). The case |z¢| > t/2 follows from Lemma 2.2. O

Lemma 2.6. Suppose @ = u(t,x) has continuous second order derivatives. Then

|(r — t)0ua(t, z)| + |(r — )0, Va(t, z)| + |(r — t)Ad(t, z)]|
SHOT=ta)(t, @) + (r + 0)|(Da) (¢, )|, 7= |z|, ¢ >0; (2.28)

and
|(r — )02a(t, )| < (A0S a)(t, )|+ (r + O)|(Da)(t, )|, VYr>1t/10,t > 1. (2.29)
Suppose Ty > 2 and u € C([2,Tp] x R?) solves (1.1) with support in |z| < ¢+ 1,
2 <t <Ty. For any integer ly > 2, there exists e; > 0 depending only on ly, such that if
at some 2 <t < Ty,
H(@Fglﬁuwu)(?ﬁ, Iz w2y < e, (here [z] =min{n e N: n>z}) (2.30)
then for the same t, we have the L? estimate:

1((r = )0°T=ou)(t, )| 2 r2y S (O u) (¢, ) || 12 (R2)- (2.31)

For any integer 1y > 2, there exists e > 0 depending only on ly, such that if at some
2 <t < Ty,

[(OT="* ) (8, )| L2 (2 < €2, (2.32)
then for the same t, we have the point-wise estimate:
|((r — )0’ T=Sh) (8, )| < [(OTShHlu)(t, x)], Yo > t/10. (2.33)

Moreover, we have
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IOAT= " 1 (4120 S E21OT="F ) (8, ) 22 (R2)- (2.34)

Proof. In the 3D case, the estimate (2.28) is an elementary but deep observation of
Sideris (cf. [17]). To prove the 2D case we denote Y = |(OT' = a) (¢, z)|+ (r+1)|(Oa) (¢, x)).
By using Lot = t0;4 + r0,u, we obtain

8tL0ﬂ = 8#] —+ tattﬂ + Tata,,«ﬁ = ‘Tatarﬂ + tattﬂ‘ S Y, (235)
O, Lol = t8,0,i + Oyt + rOppll. = [t0y0yh + 10ypii| S Y. (2.36)

Since 0@ = Oyl — Oyl — 10,0 — 5 0ppti and |29petu| < |VOpi| <Y, we have
|rdya — rou| SY. (2.37)
It follows that
(r —t)(|0pi| + |8,0,a]) S Y. (2.38)

By using dy Lot = t0; 09l + r0-0gi = (t — r)0pDpts + 1(0: + 0,) D, we obtain
1, .
(= man o) S v. (2.39)

The estimates of 9;9,4 and 8&%39@) settle the point-wise estimate of 9; V. It follows
that

(r = t)(|0ual + [0, V| + [Ad]) Y (2.40)

which is exactly (2.28). To derive the estimate (2.29) we only need to bound |(r —1)0;0; 4
for 1 < 4,7 < 2. By using the identity V = wd, + %0@ where w = (cos#,sin @),
wt = (—sinf, cos ), it is not difficult to check that for r > ¢,

> = 1)9:05u S |(r = )it +Y
1<4,5<2
o1, 1,
SIr—)(AG — 0,0 — —0p0u)| +Y T Y. (2.41)
T r
Thus (2.29) easily follows.

For (2.31), by using a simple integration-by-parts argument, one has (below ko > 0 is
a running parameter)

2
> = 000,05 ully S 0= ullz + || {r — ) AT=Fou]. (2.42)

4,J=1

By using (2.28) and (2.20) we have
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|({r = )0 = u) (t,2)] + |((r = )2 VI=Rou)(t,2)| + | ((r — ) AT=Fow) (¢, @)
SlEr=rettu)(t, o)
+ Z (|D=m 1| |9?T S| 4 [O0 S| |DSH L Gu| 4 |00 S| |0 TS ||r — ).
(2.43)
By (2.42), we obtain
[(r = 50T =Foully < OT=F0* ul |,
+ > (=0T = ulllo + 100 ="ul L= dul[lo + ([0 =" ul[0°T = ulr — #]]|2)-

m+i<ko
(2.44)

If m <1+ 1, then we use the estimates (note that m +2 < |kt | 42 < [k] 4 9)
(r =)= )t 2)] < 00" 2z, OT="ulleo S IOT="2ull2.  (2.45)

If m > 142, then I < =2 and we use the estimates (see (2.24) for the second estimate)

|F§m+1u| < <l 2 <142
|2 SNOT="F ullg,  [(r — )T u(t, z)| < [|(r — )0’ T="2ul5. (2.46)

r=1)
Thus if |07 <FoF1y||; < 1, we obtain
[(r — £)O?TSFou(t, )|l < JOTSFoFly|y < 1. (2.47)
To prove (2.31) under the assumption (2.30) we first take ko = [%] + 1 and show that
(r = PT=TE T4 ) ¢, o S @D 20 )]l < 1. (2.48)
We then use this smallness in (2.46) and obtain the desired result for kg = Iy (note that

[l>2] 42 <[] +1). The estimate of (2.33) follows from (2.29).
We turn now to (2.34). Applying (2.28) to @ = OI'Sh~ly with r < %t, we get

1
|AOT Sl 1y < z|82r§llu| + [oOrsh =1y, (2.49)
By Lemma 2.4, we have

oOr="tul < Y [9(OT ud’ T w))|

a+b<li—1

< |9P0sh—1y)|9PTsh ~ly| 4 [T S~y |93T S0~ Ly, (2.50)
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Note that
TSl S| gual=" e [+ > | 99;,0,TSh |
— — ~——
Ot appears twice or more 1<i1,ip<2 O¢ appears at most once
< [oOrsh—ly| 4 |99*Tsh 1y, (2.51)
where we have denoted 9 = (01,02). By using the smallness of the pre-factor

|07 <l —1y||» and (2.51), we then derive from (2.50)
|o0T=h—ty| < 1020sh—Ly||0?Tsh —Ly| 4 |O0Sh —1y||00°T<h ~Lul.  (2.52)
By the standard Sobolev embedding H*(R?) < L*(R?), we have

[(r = )0°T=""tully S |10=" ((r — )T M) |2 S (OT=H T u)(8,-)]l2; (2.53)
[(r — £300St—1y| o < (OTSE*1u)(t, ), (by Lemma 2.5). (2.54)

By using a smooth cut-off function localized to |z| < %t, we then derive
1AOT= | gy 20y S 2@ ) (2, )2 (2.55)
It follows that (recall & = (9, s))
200" "l aj< 20 S @)t )l (2.56)
Plugging this estimate into (2.52), we obtain the estimate (2.34). O

Lemma 2.7 (Decay estimates). Suppose Ty > 2 and u € C*°([2,Ty] x R?) solves (1.1)
with support in |z| <t 41,2 <t < Tpy. Suppose I > 4 is an integer and

Er(u(t, ) = [(Or="u)(t,")[3 < & (2.57)
where € > 0 is sufficiently small. Then we have the following decay estimates:

1
£2 |00 "2 e + £2 (|| — )* TS 5| pow a5 1) + (2] — )P0 B0 oo S B

(2.58)
_ _s 1
10° T30 oo (1< 1) SET2EF; (2.59)
1 1
(x| = )0*T="u| Lo St 2 BF; (2.60)
TP<I 2 1
s e + | TOPS B e St 2EF (2.61)
F<I 1
15—z + ITOPS" ||z St B} (2.62)

(|l =)
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More generally, for any integer Iy > 1, we have

[ s S EHIOTSEH s (2.63)

<||>

Also we have
1
(] = )20 ull oo (o> 1) S T2 (2.64)

Proof. We shall take € sufficiently small so that Lemma 2.6 can be applied. The estimate
(2.58) follows from Lemma 2.5 and Lemma 2.6. To derive the estimate (2.59), we choose
1 € C2°(R?) such that ¢(z) =1 for |2| < 0.5 and ¥(z) = 0 for |z| > 0.52. Applying the
interpolation inequality ||0]|co < ||17||2% ||A17H2% with 9(z) = ¢(£)9?T'<’/~3u, we obtain

1
I (5 D)OPTST B0 < lw (5 D)3 | Ay v D=3 (2.65)
By Lemma 2.6, it is not difficult to check that
T _ _ 1 T _ _ 1
1AW T )l SE2BF,  [[p(2) T ulls SH1E7 (2.66)

The estimate (2.59) then follows. For the estimate (2.60) we only need to examine the
regime |z| > ¢/2. But this follows from Lemma 2.6 and 2.5.

For (2.61), we note that the case |z| < £ follows from (2.58) and (2.59). On the other
hand, for |z| > £ we denote @ = I'S/~2

for Ty is similar). Recall that

u and estimate H%HL?(MD%) (the estimate

Tla = wlatﬂ + 8111 = w1 (at + 37«)’& - %8911

1 wa
- 2Loii — (t — r)0_ii) — — Oyl 2.
wlt—i—r( ol (t 7")(9 ’LL) ” 0ot ( 67)
Clearly for r = |z| > %7
Tiii 1/ Lot L
<
vl =1 (2] e + ]

3 1

St o0y 3 3| OTS ity SETEEZ, (2.68)
where in the second last step we used Lemma 2.3 (for the term |0a| we use (2.58)). The
estimates for (2.62)—(2.63) are similar. We omit the details. We now sketch how to prove

(2.64). By using (2.29) (applied to @ = du), we obtain

|(r — )03u| < |0°T=tu| + (r + t)|00u). (2.69)
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The contribution of the term |9*T'<1u| is clearly OK for us since it can absorb a factor
of (r —t). By Lemma 2.4 (with f = du, h = u or f = u, h = du), we have

(r+t)|00u| < \F8u||82u\ + |82u\2|r —t| + |Fu||83u| + |8u||F82u| + \8u||83u\|r —t

T
< A0S |27 | + [02ul2|r — t] + | ——| - (r — £)|8u]

(r—1t)
+ |Oul]|03ul|r — t|. (2.70)
The desired estimate clearly follows by using smallness of the pre-factors. O

3. Proof of Theorem 1.1

In this section and later sections, we carry out the proof of Theorem 1.1. We fix a
multi-index « with |a| < m and for simplicity denote v = I'*u. By Lemma 2.4 we have
(below for simplicity of notation we write &/, = ghiJ )

Ov = Z gzﬁwakfo‘lu@”l—‘azu (3.1)
artas<a
= gkij(?kvaiju + gkijaku&jv + Z gfy?;az)akfaluaijl"‘”u. (3.2)
ay <o,z <a;
artaz<a

Choose p(t,r) = q(r — t), where

S

q(s) = /<T>71(log(2 + 72))_2dr, s€eR. (3.3)

Clearly

2

—Op=0,p=q(r—t)=(r— t>_1(log(2 +(r— t)2))_ } (3.4)

Multiplying both sides of (3.1) by ePd;v, we obtain

LHS = /epattvatv—/epAvatv = /epéttvatv—l—/eva~V8tv—|—/eva-Vp8tv

1d 1
=3q eP (v)? — 3 /6p|8v|2pt + /eva - Vpoyv
1d, » 1 |0gv|? 1d, » 1
= §a||e2€)v||2L2 + §/epq’~ (|8+v|2 + 2 ) = §%H€28@H%2 + 5/6”q'|Tv|2.

To simplify the notation in the subsequent nonlinear estimates, we introduce the
following terminology.
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Notation. For a quantity X (t), we shall write X (¢) = OK if X (¢) can be written as

X(0) = 3,0+ X0+ X300), (3.5)

where (below g > 0 is some constant)

X1l < [@Or="u)(t, Mz mey, X0 < Y /epQ’I(TFau)(t,w)\Qd%

la]<m

[ Xs(t)| S (8) 71, (3.6)

In yet other words, the quantity X will be controllable if either it can be absorbed into
the energy, or can be controlled by the weighted L2-norm of the good unknowns from
the Alinhac weight, or it is integrable in time.

We now proceed with the nonlinear estimates. We shall discuss several cases.
3.1. The case a1 < o and ag < «

Since gkid | still satisfies the null condition, by (2.18) we have

kij aq T
E 9o7 0y O 0T u
ay<oa,az<ca
ar1tas<a

= Z gffl]a2 (T T u0;; T u — w0 uT;0;, T2 0 4+ wiw; O, M uT ;0,2 w).

oy <a,az<o
aj+az<a

(3.7)
Estimate of ||Tx[*1ud?T2ul|s. If |a1| < |az|, then by Lemma 2.7 we have

Tkl“ u

T oo I =0T ull2 S 75, (3:8)

HTkFa1U,82Fa2’U,H2 < ||

If |a1| > |az], then we have

TkFu
{r=1)

Estimate of ||[OT*uTIT*2ul||y. If |ay] < |az| we have

T D ud?To2 ), < || o (r — )0°T2ul o S 71172 St73. (3.9)

|0 T AT 2|5 < |0 ulog - [|TOT 2wy < t—3. (3.10)

If |a1| > |az| we have
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|OT* uT AT uly < |00 ully - | TOT )00 < 5. (3.11)

~

Collecting the estimates, we have proved

I T ud Tl St 2 (3.12)
a <a,az2<a
artas<a
3.2. The case ag = «x

Noting that g(’)”(i = ¢"J | we have

/gk‘ijakuaijv&gvep = OK—/gkijﬁjkuaivatvep—/gkijakuawatv(?j(ep)

Il 12
- /gkijﬁkuaivatjvep. (3.13)
Here in the above, the term “OK” is zero if d; = 01 or 0. This term is nonzero when
0; = 0Oy, i.e. we should absorb it into the energy when integrating by parts in the time

variable.
Further integration by parts gives

—/gkijakuﬁivﬁtjvep = OK+/gkij@tkuﬁwajvep+/gkij8ku3iv8jv(9t(ep)

IS I4

+ /gkij Orudirv0;veP. (3.14)

/gkij(’?kuaitvajvep = OK—/gkijaikuatvajvep—/gkijakuatvajvai(ep)

I Is

— /gkij()kuatvﬁijvep. (3.15)
It follows that
2/gkij8ku8ijvatvep =L+ I3+ 1I5) + (Ia + I, + Is) + OK.
Observe that if ¢ = Jru or ¢ = eP, then

— 0;00;v0:v + Oyp0;v0;v — 0;p0yv0;v
= — Tp0;v0uv + w;0Lp0;v0v + Opp0;v0;v — T;pO WOV + w;OppOivT v — wiwj8t¢(8t0)2
= — Tjp0;v0:v + Opp0;vT ;v — Typ0wd;v + w; Oy pOpvTjv — wiwjatcp(atvf
= —T;pdivov + OppTivTjv — Tpdyvwdjv — wiwjatga(atv)z. (3.16)
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By (3.16) and rewriting 0y = OxOru = TipOyu — wiOgru, we have
I+ 13+ 15 = /gkij(—Tjakuawatv + 00 uTivT v — T;0,u0v0;v
— wiw, T (0pv)?)ePdz. (3.17)

By Lemma 2.7, we have | T0ul|o < t2 and ||(r — £)02ul|oo <t~ 2. Clearly then

~

/ |02u||To|?da < 72, / |0%u||Tv|*dr < /epq’\Tv|2dx. (3.18)

r<forr>2t ret
It follows that
I + I3+ Is = OK. (3.19)
Plugging ¢ = e? in (3.16) and noting that T (e”) = 0, we have
I+ 14+ Ig = /gkij(?ku( — T;(eP)0;v0pv — T;(eP)Oywdjv
— wiw; (0pv)2 0y (e?) + 8t(ep)ﬂ-vij)

= /gkij (—Tku . wiwj(atv)Qat(ep) + akuﬁt(ep)Tivij) .
By Lemma 2.7 we have ‘|Tu||8t(ep)|‘ <t 3. Clearly

10ude(e)Lse (r< §,or r>20) S 3, / |0udy (e?)|| Tv[*dz < /epq/|TU|2dx. (3:20)

r~t

Thus
I+ 1+ Is = OK.

This concludes the case s = a. In the next section we deal with the main piece a; = a.
4. Estimate of the main piece a; = o, az = 0
In this section we estimate the main piece @3 = a. By (2.18), we have
/gkiijfuﬁ‘ijuatvep = /g’”j (T ju — wrOwT;0ju + wiw; O, vT;0yu) Oyve?

= /gkij (TvT;05u — w; TKvT;0u + wiw; TRV u

— w0 T;0;5u + wiw,; 0pvT; Opu) Opve? .
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By Lemma 2.7, all terms containing T'0u decay as O(t_%). Thus
/gkijakvaiju&gvep = OK—I—/gkijwiijkvattuatvep. (4.1)
Recall To = 0, Ty = w10y — “20g, To = wa0y + “10p. We have
gkijwiijkv = g”jwiwj (w1040 — %891}) + gzijwiwj (waOyv + %(%v)
= (g”jwlwiwj + gQingwiwj)8+v + wiw; (g% 0w, — g“ng)%agv
b (0)Dv + hg(o)%agv.

We first estimate the piece

/hl (0)8+v8ttu8tvep. (42)
The other piece will be estimated in the next section.
Choose nonnegative radial ¢; € C2°(R?) such that ¢;(z) = 1 for 2 <[zl £ 2 and

$1(z) = 0 for |z] < 3 or |z| > 2. Denote ¢(z) = &1(%) Then

/h1(9)3+v8ttu5'tvep = /hl(ﬂ)&,_v@ttuﬁtvep . (1 — ¢) + / h1(9)8+v5‘ttu3tvep¢. (43)
By Lemma 2.7, we have
/ h(0)0s vIudive? - (1— ¢) < =) / OV — 0uu| < t-F = OK.  (4.4)

<t %, we get

~

By using the identity d; = # and the fact that ||(r — t)0%u|| s

2 / h1(9)3+v8ttu8tvep¢ = /h1 (9)8+v<9ttu5‘+vep¢ + /h1 (9)8+U8ttu6‘_vep¢
= OK—&—/hl(@)&rUaﬁu@,ve%. (4.5)
Integrating by parts, we have

/ h1(0)04v0uud_veP ¢ - rdrdd

_4d
Cdt

1
—/hl(e)vattufha,vep(bdx—/hl(e)vattua,vepcé—dx. (4.6)
r

h1(0)vOpud_veP pdr — /hl(G)va_véL_ (Onuel @) dx
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In the above computation, one should note that when integrating by parts in r we
should take into consideration the factor r in the metric rdr. The fourth term exactly
corresponds to the derivative of the metric factor. The first and fourth terms are clearly
acceptable by using Hardy and the decay of (r — t)0su. For the second term we have

[(r = )04 (Orue?d)| S [(r — 101 0uud| + [(r — £)0uudi¢|

StH20r = ) LoBuu — (r — t)(t — 1)0_Opyul| oo (o> £y + 172

<ts. (4.7)
Here in the derivation of (4.7), we used Lemma 2.7 and the inequalities
|(r — t) LoOyu| < |(r — )0y T=tu| < 73, for r > t/10. (4.8)

For the third term we use the identity 0;0_v = Ov + % + 929v and compute it as

/hl(é))vé)ttu8+8,vep¢

Or 0
/hl( )v@ttu( rv —+ 79161}> p¢+ Z / v&‘ﬁu 9,8 Bo akfﬁ uaUFﬂQU(Z‘nd)

B1+p2<a
(4.9)

Integrating by parts (for the term 9pgv), we have

/h1(0)v5‘ttu (a;:v + %) epqS

/hl r—t)@ttuﬁ v - —equ /h1 &gﬁ(aiv) e’

- / 5‘9(h1(9)5‘ttu)v%2v6p¢)

=0K.

By (3.12), we have

> h1(0)vduu - g5’ 5, 6T udy TP uel ¢ < 7% = OK.
B1<a,Ba<a,
Biths<a

For the term 81 = «, B2 = 0 in (4.9), it follows from (2.19) that

/gkijhl(e)vﬁttuﬁkvaijuep(b5/|v8ttu||Tv82u|ep¢+/|v8ttu||8v\|T8u|ep¢
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_3 _ 2 —
S ) [ R
=0K.

For the term 81 = 0, f2 = « in (4.9), we apply (2.18) to obtain

/gkijhl(e)vattuakuﬁijve%

:/gkijhl(e)vﬁttu (Tpudijv — wipduT;0,;v + wrw; Oy uT;0yv)el .
We rewrite it as

/ d"hy (0)v0yuT i ud;jvel ¢

:/gkijﬁi(hl(9)v3ttuTku3jvep¢) — /gkijai(hl (0)TiueP @) vdyud;v

— /gkijhl(9)v8i8ttuTku8jvep¢ — /gkijhl(9)8iv8ttuTku8jvep¢.
The term fgkijai(hl(e)vattuTkuajvepqS) is zero for i # 0. For 4 = 0 it is clearly accept-
able since it can be absorbed into the time derivative of the energy due to its smallness.

By Lemma 2.6 and 2.7, we have

|0i(h1(0) True”9)|
S [0ih1 (0)Tiue?¢| + |1 (0)0; Tue? ¢| + |h (0)Tiudie? ¢| + |k (0)Tue”d; |

Tku
(r—t)

<%+ by (0)0;widue | + |hy ()T OsuePd| +

B (0) ¢] <14,

~

The term containing v9;0;u can be handled by (2.63). Thus
/gkijhl(ﬁ)vﬁttuTku&jve”d) = OK.

Similarly, we have

/gk”wkhl (0)v0yuduT;0jveP ¢ = /gkijwkhl(ﬁ)vattuatu (0;Tyv — O;w;0pv) P = OK,

/gkijwkwihl(9)v8ttu8tuTj8tvep¢ = /gkijwkwihl(0)v8ttu6‘tu6tijep¢ =O0K.

This concludes the estimate of the first part of the main piece.
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5. Further estimates
We now denote h(0) = ha(f) and consider the second part of the main piece
(5.1)

/ h(6) %%vaﬁu@ve”d:&

< t_%, it follows that
(5.2)

Since ||{(r — t)0s oo S

/h(é?)%&gvattuﬁtvepdx = OK+/h(H)%agvattuatvcg(g)epdx,
#(z). Then

1

2|

where ¢ is a radial bump function localized to |z| ~ 1. Denote ¢(z) =

/ h(0) %89v8ttu8tvq3(%)epdx

1
:Z/h(9)89v8ttu8tv¢(%)epdx
1 T
:OK—}—Z/h(@)v@ttuatagv(b(?)epdx
1 T v
~OK+7 / hO)(r = Do )6 s Drdyuda. (5.3)
=k =7
Note that
10F oo + [ Flloe St72EF,  [[8ll2 + IVOll2 S Em; (5-4)
(V) ED) 2 S [Folls + |V (ED)|2 S 2 B E. (5:5)
(5.6)

It follows that
‘/Fﬁ@tagvdx‘ <Y EFEL|(V)"10,00])>.

Recall that v = I'*u with |a| < m. Thus we only need to show (below we take 0 < § <
1/4)
(V)OI ="y < Dyt?, (5.7)

where D, is a small constant whose smallness can be ensured by the smallness of E,,.
The legitimacy of the nonlocal norm [|(V)~1oT'S™+1y||5 is ensured by Lemma 2.1.
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5.1. Estimate of ||(V)~1orsmTly]|,
For each multi-index 8 with |5 < m + 1, we have

OMfu= Y g o 00" ud; T, (5.8)
aj+az<p

where ggiél o, Still satisfies the null conditions for each (8, a1, ag). Moreover ggié 0=
ki b
9500 = 9"

We first compute the left hand side. By using the Littlewood-Paley decomposition

(see (2.8)), we have

ooy ¥ / OP;TPud, PyT P ue? d

J>0|B|<mt1

1d, » 1
= E E 2_2J(——H656ijﬂu||% + - /epq’|TPJl"’Bu|2dx). (5.9)
2dt 2
J20 |Bl<m+1

It is not difficult to check that

SO 2 ¥ebor i~ 3D (V) torful. (5.10)

J>0|B|<m+1 [B]|<m+1

To simplify the notation in the subsequent nonlinear estimates, we introduce the
following terminology.

Notation. For a quantity X (t), we shall write X (¢) = NICE if X (¢) can be written as

X(t) = %Xl(t)—l—Xg(t)—ng(t), (5.11)

where (below o > 0 is some constant)

Xi)l < YUY T )t )17 2 reys
|B]|<m+1

| X2 ()] <« Z Z 2*2‘]/epq’|(TPJFBu)(t,:C)|2dx;

J>0 |B|<m+1

[ Xs(t)] < ()71 (5.12)

Next we shall deal with the RHS, namely

>y ZQ*”(ggim / PJ(akralua,-jra2u)atpj(rﬁu)epdx). (5.13)

1Bl <m+1 ar+as<B J>0
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We shall discuss several cases. To simplify the notation, we fix # and denote w = I'fu.
The most difficult case is the quasilinear piece which will be discussed in detail below.
Case 1: the quasilinear piece a3 = 0, ap = (. In this case we need to estimate

22_2‘791“7/R;(ﬁkuaijw)at]?]wepdm. (5.14)

J>0

We discuss several further subcases.
Case la: the piece

Z 272‘]91“.]' /PJ(8ku8ijP[J,g,JJrg]w)@tPJwepdx

J>8
= Z 92/ gkii /GkuaijPJwatPJwepdx (5.15)
J>8
+ Z 272 ghii /([PJ,8ku]8ijp[l]73”]+3}w) Oy PywePdz. (5.16)
J>8

It is not difficult to check that the contribution of (5.15) is acceptable for us. We now
focus on the estimate of (5.16). For simplicity of notation, we denote

wy = Pj_3 j43w. (5.17)
Clearly
Z 272/ gkii /([PJ, 8ku]aiij)8tPJwepdx
J>8
= 274" // 227 0(27y) (Oww) (x — y) — (Bpu)(2)) (Dsjws) (x — y)dyd, PrwePda
J>8

2 1
=322 S ] [ 200270 Ondk) @~ 04)(Os00) (@ — )0 Pruet dbdyda,
m=1 0

J>8
(5.18)

where ¢ and ¢,, are Schwartz functions. Here 227(27.) is the kernel function corre-
sponding to Py. For J = 0 and J > 1 we have slightly different expressions for ¢. But
we shall ignore this difference for simplicity of notation.

We first need an auxiliary estimate.

Lemma 5.1. We have

2
D 1100:P<yyzwlls S 27 [0P< s yzwls;

=1
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_1 _1 _1 _
|OP<swlls < 27t 2||0P<s5wll2 + ¢~ 2| 0P< s s DS uf|o 4+ 72 [|(V) TLODS" |y
10k Pegsawlla < 27 |0P< siswlls + 2772 |[0P< sysw]l2

72| 0P< gy s DS |y 4 £ 32 |[(V) LTS gy .

The same estimates hold when P<ji3w on the LHS above is replaced by

wy = Pj_3 743w

Proof. The first estimate is obvious. We only need to show the second estimate since

the third estimate follows from the identity 9, = O + A. Observe that (for simplicity
i

denote gf = 9prms )

Dw= > gk, 0T ud;;T*u. (5.19)

aq,02
artax<p

The main difficult term on the RHS is the case 0;; = 0i, aa = 5. We rewrite the above
as

Ow = gkooaku(Dw + AU}) + Z giﬁ{%akf‘“u@jl—‘a?u + Z gk”[“)kuaww
artaz<p,a<pB (4,5)#(0,0)
(5.20)

Thus (below the Einstein summation convention is still in force, e.g. ¢¥%%0yu =
2
Zk:o gkOOaku)

1

Ow :W(gkoommw + Z gfflj;a? Ok u0;; T 2w
‘ artaz<B,az<f
+ Y g owuo;w). (5.21)
(4,3)#(0,0)

~ c 1 -
Denote f = %. Since [|0T<3ul|o <t~ 2E2, we have [|053f||o < ¢~ 2. Clearly

|1P<sys(FAW)||2 < | P<sys(fP<irsAw)|l2 + |P<yps(fP> sy Aw)
< 2472 |0P< yiswlla 4+ 2 |[(V) T 0w (5.22)

~

By a similar estimate, we have

1 .. 1 _1 —
1Persli— gy O 9 0kudywlle S 276 H|0Py 5wl + 14 |(V) 7 Dwl.
(4,5)#(0,0)

(5.23)
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. 1 kij a Ta f—
To estimate HPSJJFB(W Do tan<Ban<f Jor oy I 1 udy I 2u) |l2, we denote fo =

% and consider the general expression

| P<ys3(f20T* ud®T%u)||2, a3 +as < B, ag < 5. (5.24)

1
<t 2E2, and |97 30| o <

~ ~

We discuss a few cases. Recall | 3| < m+1, |00 <™ 2|«
1
t 2B,
Case 1: |az| = m or |ag] = m — 1. Clearly |a;1] < 2 and we have
1P<13(fo00=2ud’T="u) |2

S 1200520 |0° Py s D= ullz + Y 1P £200 <2 0)||oo| | P (0T <) | 2
1>J+6

St (10P<s D= ulls + (V) T T ) ). (5.25)
Case 2: || < |az] < m — 2. We have

(| P<j+3( 200 ud®T*?u) |2

S 1£20T ulloo || P< s 45(0°T*2w) [l + Y | PU(f20T* )| oo | P (07T 2 ) |
1>J+6

St (10P<s D= s + (V) T T ). (5.26)
Case 3: |az| < |a1] < m — 2. We have

| P<.43(f20T* ud®T*2u)||

S P<sis (00 ) 2| F20°T oo + Y | | PU(f20°T2w) || oo || (AT ) |
1>J+6

St (10P<s D= s + (V) T T ) ).
Case 4: |a1] =m —1, |ag| <2, 0r |a1] =m, |ag| <1, or |ag| = m+ 1, |ag| = 0. Easy
to check that we also have

| P<s43( 20T ud®T** )|

S P<yys (0T 0|2 f20°T % ullos + Y 1 P(f20°T %) oo || P (AT w) |2
1>J+6

St 4 (10P<s 45T+ s + (V) D= u, ).

The desired estimate then easily follows. O
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We now continue the estimate of (5.18). In (5.18), it suffices for us to treat the case
m = 1 since the estimate for m = 2 is similar. We write

1
Z 272 gkis /// 2701 (27y) (010ku) (z — Oy) (Dijw ) (= — y) Oy PyweP dfdydx

J>8 5

1

=520 ] [yt @10k @ — 00) (@) o — p)okPywer dbdyds

J>8 2
(5.27)
1
+y 27 g /// 2701(27y) - (1= x(t~5))(O10ku) (x — Oy) (Dijw.)(x — y)
J>8 2
x Oy PywePdfdydzx, (5.28)

where x € C°(R?) satisfies x(2) = 1 for |z| < 0.01 and x(z) = 0 for |2| > 0.02. In
yet other words the cut-off function X(t_%y) is to localize y to the regime |y| < ti. In
(5.28), since |y| = t3, we clearly have (by using Lemma 5.1)

(5.28)] S Y2710 10| o(v) s Ly 3. (5.29)
J>0

The contribution of this term is clearly acceptable for us.

To estimate (5.27), we choose ¢1(t,z) = a(z/t) where a € C>(R?) is such that
a(z) =1 for 0.9 < |z| < 1.1, and a(z) = 0 for || < 0.8 or |z| > 1.2. We decompose
(5.27) as

(5.27)

=522 ] ooyt $)(1 - 01(6.2)) (@010 @ — 00) D)~ )

J>8

x Oy PyweP dfdydx (5.30)

1

+ Y2 gh // / 2701 (2 y)x(t 3 y)u (£, ) (B (& — Oy) (Digws ) — )

J>8 5

x Oy PyweP dfdydzx. (5.31)

Observe that in (5.30), since |y| < ¢t and |z| is away from the light cone, the variable
x — By is also away from the light cone. We have

S It 5y)(1 = 61(t,0))(D10ku) (w — Oy) | Ly S ¢ 2 3. (5.32)
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By using this estimate together with Lemma 5.1, it is not difficult to check that the
contribution of (5.30) is acceptable for us. It remains for us to estimate (5.31). In this
case observe that || ~ ¢, |y| < ¢, |y| < |z|.

We shall use the identity:

gk”(‘)kaaijb = gkij (Tkaaijb — wk&gaTi@jb + wkwiataTjatb). (533)

One has to be extremely careful here due to the shifts in « induced by convolution! In
particular

Ti(a(z + h)) # (Tra)(x + h). (5.34)
In (5.31), we shall apply the above identity with
a(z) = (Qru)(z —by), blz) =ws(z—y). (5.35)

Subcase 1: the piece

1

S22y [ [ 270 )0 1) Tuad b0y dbayd. (5.36)

J>8 3

Observe that
Tra = (wk(x)at + 8“) ((alu)(x — 0y)>
Since |z| ~ t and |y| < |z|, we have

wi(z) —wr(z = 0y)[ S < - [yl- (5.37)

o~ | =

Thus we only need to work with the piece

J>8

S22 gka [ 270 @7 y)x(t ) (8, 0)(Tudiu) (@ — 6y) (Biw5) (x — y)
I

x 9, PywePdfdydz. (5.38)

< ¢~ 2, the contribution of the term (5.38) is clearly acceptable for us

~

Since ||T0u|oo
with the help of Lemma 5.1.
Subcase 2: the piece

1
22_2‘] Z g~ ///2J<p1(2Jy)x(t_%y)wk(m)¢1(t,x)ataTiajbatPJwepdﬁdydx.
0

J>8 1<5<2
(5.39)
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Here we only treat the case j # 0, i.e. we deal with T;Vb. Note that

Ora = (Op01u)(z — By); (5.40)
T;0;b = (wi(@)d, + 0,,) (O500)(@ — ). (5.41)

Since |z| ~ ¢ and |y| < |z|, the contribution of the difference w;(x) — w;(z — y) is
acceptable for us. Thus we only need to estimate (for j =1 or j = 2)

> 2% // 270127 y)x(t 5 y) 1 (t, w)wr (2) (0:01u) (z — Oy) (T:05w5) (x — y)

J>8

x Oy PywePdydzx. (5.42)

Here and below we shall neglect the integral in 0 since the estimates will be uniform
in § € [0,1]. In (5.42), note that |z — y| ~ ¢ and the contribution of the commutator
(below z = x — y)

(73,0 )ws) () = = (02, (@i(2))) - (Orw)(2) (5.43)

is clearly acceptable for us (since [|0.,(w;(2))||=(2j~t) < 7). Thus we only need to

~

estimate

> 2% // 270127 y)x(t 5 y) 1 (t, w)wr(2) (0:01u) (x — Oy) (05 Tiwy ) (z — y)

J>8

x Oy PywePdydzx. (5.44)

We now write (0;T;wy)(x —y) = —0y, ((Tmu)(x - y)) Integrating by parts in 9,,, we
obtain

=> 2 // 270127 y)x(t 5 y) b1 (t, 2)wi (2)(0:0;00u) (z — Oy) - (=0)(Tw, ) (x — y)

J>8

x Oy PyweP dydx (5.45)
+> 27 // 227 (;601) (27 y)x (™31 (t, 2)wn () (9:01u) (@ — Oy) (Tywy ) (= )

J>8

x Oy PywePdydx (5.46)
+> 27 // 2701 (27y)t =5 (9,0 (t S y) 1 (t, w)wn () (Duru) (@ — Oy) (T ) (w — y)

J>8

x Oy PywePdydz. (5.47)
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For (5.46), we have (below d; > 0 is a small constant)

(5.46)]

<> 2 [l 2T @ nlost. ) (dTws) e - o -yl -

J>8

+ Celle — gl = 0| (0Pw) (@ — 0) Pt ) PO Pyw) (o)) dedy, (5.4

where € > 0 can be taken sufficiently small, and C. > 0 depends on €. Note that
1461 | (52 2 « Es
{lo =yl =) |(@%u)(z — Oy)|” S —= (1 +[y]). (5.49)

Due to the cut-off function |(Vi1)(27y)|, the factor (1 + |y|) is certainly harmless for us.
It is then not difficult to check that the contribution of (5.48) is acceptable for us.

It is not difficult to check that the contribution of the term (5.47) is acceptable for
us.

The estimate of (5.45) follows along similar lines. We omit the details.

Subcase 3: the piece

J>8

1
> 27 // / 2701 (2 y)x(t 5 y)da(t, x)0saT;0sb0; PyweP dfdydw, — (5.50)
0

where j = 1 or j = 2, and ¢2(t,x) is localized to |z| ~ t. Here ¢2(t,z) corresponds to
¢1(t, x)wi(x) or ¢1(t, v)wk(x)w;(x). Recall b(x) = wy(z —y) and note that

(T00)(@) — (Tydhws)(@ — y) = (w;(@) - wi(e — 9))@uws)@ — ). (5.51)

Since |x| ~ t and |y| < ¢, the contribution of (5.51) is acceptable by using Lemma 5.1.
Thus we only need to estimate

Z 9—2J // 2J 91(2Jy)x(t*%y)¢2(t, x) (00 u)(z — Oy)(T;0,w 5 ) (z — y)Op PrwePdydz.
J>8
(5.52)

We rewrite (5.52) as
(5.52)

= %(Z 272/ // 2701 (27y)X(t™5y) da(t, 2) (0:01u) (w — Oy) (Tjw.)(z — y)

J>8

X atPJwepdydar> (5.53)
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Z 2—2J//2le (279) 0 (x (£~ 3y) o (t, ) (0:01u) (x — Oy) (Tjw,)(z — y)

J>8
x Oy PyweP dydx (5.54)

ZTQJ//?J (2 y)x(t 5 y)ga(t, 2) (Fudyu) (@ — Oy)(Tyw,) (& — y)

J>8
x Oy PyweP dydzx (5.55)

s 2J//2le (27 y)x(t3y)da(t, 2) (0, 1u) (z — Oy) (Tjwy ) (z — y)

J>8
X Oy PyweP dydx (5.56)

=S [ 2@y ) onlt ) @1 o — 09) (T~ )
J>8
x Oy PyweP Oypdydz. (5.57)
It is not difficult to check that
[(5.54)] + |(5.55)] = NICE. (5.58)

For (5.56) we can choose ¢1 € C2° such that ¢1¢1 = 1. Then

1(5.56)
ZQ_QJ//QJ% 27Y)X(E 5 y)pa(t, 2)(Br01u) (x — Oy) (Tyw,) (x — y)ér(2”y)

J>8

X Oy PywePdydx

9 9 Twy)(x—y)|?
<22_ J// 22|01 (27y) h( _Jy)|<_t>iy-)-51

J>8

+Clé1(27y) (e =yl = ) (0%u) (@ — )P (t™ 5 9) Pl (8, )

x \(8ttPJw)(a:)|2>dxdy

<ZQ 2/ const - € - /|TwJ| q (x| — t)dz

J>8

E
+y 2. 75 |0y Pywl||2. (5.59)
J>8

In the above € > 0 can be taken sufficiently small, and C. > 0, C’E(l) > 0 depend on e.
The term |9y Pyw||3 can be controlled with the help of Lemma 5.1. Thus
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const - F

|(5.56)| < NICE + [(V)~rarsmtiy|2, (5.60)

The term (5.57) is easier and can be estimated along similar lines. We omit the details.
Now observe

S22 [ 2@ F)enlt, ) @0du) o — 0) (T (o — 1) Pruwerdyds
J>8
3,1 -1 2
S ESt2[{V) 7 dwlf;. (5.61)
Thus the contribution of the term (5.53) is acceptable for us.

This concludes the estimate of Subcase 3 and Case 1la.
Case 1b: the piece

ZTQJQW/PJ(akuaijPgJ_4w)8tPJwepdx

I>8

= Z 272Jgkij /PJ(ak[:’JuﬁingJ_élw)@tPJwe”dx (5.62)
I>8

= Z 272Jgkij /([PJ7 8kPJU]8ijP§J_4w> 0y PywePdzx. (5.63)
J>8

This case can be similarly treated along the lines in Case la. To overcome the issue
of summability due to P<;_sw, one can make use of Lemma 5.2 and Lemma 5.3. For
example, the analogue of (5.46) is

> 2% // 227 (901) (27 y)x(t™ 3y (t, )i (2) (DuDrus) (2 — ) (Tawe s ) (w — y)

J>8

x Oy PywePdydz, (5.64)
where w<j_4 = P<j_qw and uy = Pju. In lieu of (5.48), we bound it as
[(5.64)|

<Y o // 227|(Von) 2 y)l|1 (1) (€l (Twy ) — y) Pl — o] — 1) 700 - 2775

J>8

+ Cella =yl — 1) +127%2|(9uy) (@ — 9y)\2|X(f§y)IQI(@PJw)(éE)IQ)dmdy, (5.65)

where §; > 0 is a small exponent. The term containing |Tw<;_4(z — y)|? is clearly
manageable due to the decay factor 2-7%2. For the second term, by using Lemma 5.3,
we have (for |z| ~ ¢, |y| < |z|)

|z — Oy| — t)0%uy(z — Oy)|> <t 1274, (5.66)
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Since (|z —y| —t) < (Ja — Oy| — t) + |y|, this term is under control. Thus both terms are
easily estimated. We omit further details.
Case lc: the piece

Z 2727 gk /PJ(akuaijPZJ+4w)atPJ'wepdl'

J>0
= Z 272/ gkis Z /PJ(akPluaijle)atPJwepdx
J>0 1>J+4
=) 27gh N /PJ((1 — 61)0 Prud,;j Prw)d; PyweP dx (5.67)
J>0 1>J+4
+ Z 272Jgkij Z /PJ(¢1akplu3ij]3lw)atPJwepd$7 (568)
J>0 1>J+4

where ¢1(¢,z) = a(z/t) and a € C2°(R?) is a radial bump function such that a(z) = 1
for 0.9 <|z| < 1.1, and a(z) =0 for |z| < 0.8 or |z| > 1.2.

Lemma 5.2. We have forl > 1,

11 = ¢1)0 Pl S t 2275, (5.69)
1T Pyufjos < 732730 (5.70)

Proof. Note that away from the light cone 9?T'<™3y has O(t‘g) decay. The estimate
(5.69) then follows from a mismatch estimate. For (5.70), we can take Th = w10 + 01
(the estimate for T5 is similar) and observe that

2
1T Piul|oe S Z 171 A™20;:0;5 Prul| oo

ij=1

2
<273 10111 Q) 8% ul e (5.71)

=1

where Ql(i) is modified frequency projection still localized to [¢| ~ 2!, and d =0, or dy.
Note that

O T1Q Pu = 61(w18; + 01)QFu
= [prw1, Q10,5 u + [¢1, Q1 u + QP (51 ThdPu).  (5.72)

Since

| =

IV(¢rw1)lloo + VPl S 7 (5.73)
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the commutators [(blwl,Ql(i)], [¢51,Ql(i)] are under control. The desired result follows
easily. O

By using (5.69), it is not difficult to check that the contribution of (5.67) is acceptable
for us. For (5.68), we note that

9" O Prudi; Prw = g (Ty, Prudij Prw — wi.0 PuT;0; Paw + wiw; 0y PuT; 0, Prw).

(5.74)
By (5.70) and Lemma 5.1, we have
‘Z 2_2Jgkij Z /PJ(¢1T;€]51u8ijle)6tPJwepdx‘
J>0 1>J+4
Y2 YT 2 (22)0(V) TS o) - 2 o) Ml (5.75)
J>0 1>J+4
Clearly the contribution of this term is acceptable for us.
Next we estimate the piece
DIERNED SENFLD Dl P ICRRTY. Ve e
J>0 1<i,j<2,0<k<2 1>J+4
Y ‘Z 2727 %" / PJ(¢1wkat15lunajaw)atPJwede‘. (5.76)
1<i,j<2,0<k<2 J>0 1>J+4

In yet other words, we first treat the terms containing T'Vw.
Estimate of (5.76). With no loss we take k = 1,7 =1, j = 1. Note that

’Z 272 " /P.1(¢1w18t151u[Th51}Bw)8thwepdx

J=0 [>J+4

1.~ 1
Y2 N S0Pl 0wl |0Pw]z S ¢ EEZ [0(V) ] (5.77)
J>0 I>J+4

Thus the commutator piece is under control. We now consider
‘Z 2-2J Z /PJ(¢1wlat}5lU81(Tlplw))atP]wepdl"
J>0 1>J+4

< NICE + ‘Z 272 " / PJ(¢1w1818t}51uT1le)atPJwepdx‘ (5.78)

J=0 1>J+4

+‘Z Y / 81PJ((blwlatpluTlle)atPJwepdm‘. (5.79)
7>0 I>J+44
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For (5.78), we have

(5.78)
< 22*”‘ Z /(Z)lwlalatpluTllePJ(8tPJwep)dx’
J>0 I>J+4

1 ~
522_2‘] Z (62_2[/|Tle|2q’dm+0622l/?|¢1w102Plu|2\Pj(atPJwep)Fdx),

J>0 1>J+4
(5.80)
where € > 0 can be taken sufficiently small, and C. > 0 depends on e.
Lemma 5.3. We have
1 (r — )0 Pruf| oo S t72272L (5.81)
Proof. By (2.29) and noting that r ~ ¢ (thanks to the cut-off ¢1), we have
161 (r = £)0° Prul| oo S 11005 Pralo + t|O P o
<27%73. g (5.82)

By using Lemma 5.3, it is not difficult to check that (5.80) is under control. Thus
(5.78) is acceptable for us. The estimate of (5.79) is similar. We omit the details. This
concludes the estimate of (5.76).

Next we estimate the piece

S Y gy / Py (610x0) BaTi0, Pro)dy, PywePdz.  (5.83)

J>0 1<i<2,0<k<2 I>J+4

The idea is to rewrite

/PJ(¢1wkat1’:)luﬂatﬂw)3tPJwepdx

d

:E(/PJ(¢1Wkat.PluTiBU})atPJwepdx) —/PJ(¢1wk8t}51uﬂﬂw)8ttPJwepdx

—/PJ(¢1wk5‘t]51uTiPlw)@tPJwepatpdx—/PJ(at(¢1wk6tl5lu)ﬂﬂw)8tPJwepdx.

(5.84)
It is not difficult to check that all terms are under control.
Finally we note that the piece
Z 272 gkis Z /PJ(qﬁlwkwi(’“)tpluTjatle)(?tPJwepdx (5.85)

J>0 1>J+4
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can be estimated similarly. We omit the details. This concludes the estimate of (5.68)
and Case lc.
Case 1d: the piece

Z 272 gkis / Py (0kud;j P< j13w)0; PywePda. (5.86)
0<J<T

Since 0 < J < 7, it is not difficult to check that this case is under control.
Case 2: || < %, |az| <m with a; + ag < 3, i.e. the piece

> o ghi /PJ(akFC”uaijFO‘QU)atPJwepdx- (5.87)
J>0

This case can again be treated by using the decomposition (with no loss consider the
main case J > 8)

22_2J9kij/P,](akralUaijrazu)atp,]wepdx
J>0

= Z 272Jgkij /PJ (8k15JF°‘1u3ijP§J_3F°‘2 u)atPJwepda:
J>0

+ Z 2—2Jgkz'j /PJ(akFaluaijP[J737J+3]Fazu)atPJwede
J>0

+ Z 272Jgkij /PJ(akFaluaijP2J+4Fa2U)atPJwepdm~ (588)
J>0

The estimates are similar to the quasilinear piece a1 = 0, as = 5. We omit the details.
Case 3: |ao| < %, |a1| <m with oy + ag < 3, i.e. the piece
Z 272/ gk /PJ(akFO”uaijFo‘Qu)atPJwepdx. (5.89)
J>0

The situation is similar to the case a; = 3, as = 0 which is discussed below. We omit
the details.
Case 4: a1 = 8, ag = 0. In this case we need to estimate

22_2Jgkij/PJ(akw@ju)atPJwepda:. (5.90)
J>0

Case 4a: J > 8. We write

Py (0kwdiju) = Py(0kP<j—3w0;j Pyu) + Py(0p P2, 7+2)w0iju)
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+ Y Py(0kPwdi;Pu), (5.91)
1>J+3

where P; denotes the fattened Littlewood-Paley projection localized to |¢] ~ 2.

We shall sketch the details for the second term Pj(0k Py—2,j4+2)w0;ju). The first and
the third term can be treated along similar lines with the help of Lemma 5.3. Thus we
only need to consider

22*2‘191“7/PJ(akaaiju)atPJwepdx, (5.92)
J>8

where Wy = P j_3 j1w.

Subcase 4al: the regime |r —¢| > 1t. Choose a radial bump function a € C°(R?)
such that a(z) =1 for 0.9 < |z| < 1.1, and a(z) = 0 for || < 0.8 or |z| > 1.2. Define
@1(t,x) = a(z/t). We estimate the piece

> 2 / Py(0wy (1 — ¢1)0%u)0, PrwePda. (5.93)
J>8 T
Observe that
1
1Filloo + 102 Fil|oo S 72 B2 (5.94)

The contribution of this case is clearly acceptable.
Subcase 4a2: the regime |r — t| < 1¢. We estimate the piece

Z 2_2Jgkij /PJ(akaqSl@iju)@tPJwepdx. (595)
J>8

By using the null condition, we rewrite

gkijakwjaiju = gkij (TkzDJT,aju — wiTkaTjatu — wkatu?JT,;aju + wkwié‘tﬁ/JTjatu

+ wiw; T g Oy ). (5.96)

The first four terms all contain T'0u. To estimate them, it suffices for us to consider the
general expression (below h € C* corresponds to various expressions involving wy, w;
which are functions of the polar angle 6)

S o2 / Py (9 h(0)61 Tow)0, PywePdz. (5.97)
7>8 T

Observe that
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1Falloo + 107 Faloo S 7%, (5.98)

The contribution of this piece is clearly acceptable.
We then consider the main piece

> 2 / Py(g" wiw;d1 OyuTy )0, PrwePde. (5:99)
I>8 —%
o

We estimate it as follows:

1
(5.99) < e 27 / |Tiy|*q ePda + Ce - Y 272 / = |0uul?| Py (ePd, Pyw)|*dz,
J>0 J>0 q
(5.100)

where € > 0 can be taken sufficiently small and C¢ > 0 depends on e. Summing over
|| = m + 1 and taking e > 0 sufficiently small, the first term above can be absorbed by
the positive Alinhac term in (5.9). The second term can be bounded as

const - %ES(U) VY Bw

which is clearly acceptable for us.
Case 4b: 0 < J < 7. This is similar to the case J > 8 which some minor changes in
numerology. We omit the details.
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