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We consider two-dimensional quasilinear wave equations with 
standard null-type quadratic nonlinearities. In 2001 Alinhac 
proved that such systems possess global in time solutions 
for compactly supported initial data with sufficiently small 
Sobolev norm. The highest norm of the constructed solution 
grows polynomially in time. In this work we develop a new 
strategy and prove uniform boundedness of the highest order 
norm of the solution for all time.
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1. Introduction

Let � = ∂tt −Δ = ∂tt − ∂x1x1 − ∂x2x2 be the usual d’Alembertian operator in (2 + 1) 
space-time. We consider the following quasilinear wave equation:

⎧⎨
⎩�u = gkij∂ku∂iju, t > 2, x ∈ R2;

(u, ∂tu)
∣∣∣
t=2

= (f1, f2),
(1.1)

where the functions f1, f2 : R2 → R are initial data. On the RHS of (1.1) we employ 
the Einstein summation convention with ∂0 = ∂t, ∂l = ∂xl

, l = 1, 2. For simplicity we 
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assume gkij are constant coefficients, gkij = gkji for any i, j, and satisfy the standard 
null condition:

gkijωkωiωj = 0, for any null ω, i.e., ω = (−1, cos θ, sin θ), θ ∈ [0, 2π]. (1.2)

In the seminal work [1], Alinhac showed that for compactly supported initial data which 
have sufficiently small Sobolev norm, the system (1.1) with the null condition (1.2)
admits global in time solutions. The main ingredients of Alinhac’s proof are two:

1) construction of an approximation solution;
2) time-dependent weighted energy estimates known as the ghost weight method.

The name ghost weight derives from a judiciously chosen bounded space-time weight 
which seems negligible by itself but after differentiation produces a remarkable stabiliza-
tion term helping to balance the critical decay of the solution near the light-cone. Besides 
the aforementioned ghost weight, the weighted energy estimates typically involve a num-
ber of vector fields which are the infinitesimal generators of certain symmetry groups, 
for example:

• Spatial rotation: ∂θ = x⊥ · ∇ = x1∂2 − x2∂1, x⊥ = (−x2, x1).
• Lorentz boost: Li = xi∂0 + t∂i, i = 1, 2.
• Scaling: L0 = t∂t + r∂r.

In particular, the Lorentz boost vector fields were employed together with the scaling 
operator in order to extract sufficient time-decay of the solution. While the Lorentz 
boost vector fields can lead to strong time-decay estimates, they are not suitable for 
general wave systems which are not Lorentz invariant. To name a few we mention non-
relativistic wave systems with multiple wave speeds (cf. [17,23]), nonlinear wave equations 
on non-flat space-time (cf. [26]) and exterior domains (cf. [19]). From this perspective 
it is of fundamental importance to remove the Lorentz boost operator and develop a 
new strategy for the general non-Lorentz-invariant systems. In [13], Hoshiga considered 
a quasilinear system with multiple speeds of propagation, and proved global wellposed-
ness under some suitable strong null conditions. In [27] (see also [20]), Zha considered 
(1.1)–(1.2) with the additional symmetry condition: gkij = gikj = gjik, ∀ i, j, k. For this 
case Zha developed the first proof of global wellposedness without using the Lorentz 
boost vector fields. Note that the additional symmetry condition introduced by Zha ap-
pears to be a bit restrictive. For example, it does not include the standard nonlinearity 
∂(|∂tu|2 − |∇u|2). In recent work [7], a novel strong null form which includes several 
prototypical strong null forms such as ∂(|∂tu|2 − |∇u|2) in the literature and also some 
null forms in [6] as special cases. Moreover for this class of new null forms, a new normal-
form type Lorentz-boost-free strategy was developed in [7] to prove global wellposedness 
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and uniform boundedness of the highest norm of the solution. We refer to the papers 
[5,6,9–11,14–16,18,21,22,24,28] for other related developments and different strategies.

We now mention a few other important works on somewhat related systems. In [18], 
by using Alinhac’s method, Lei established small data global wellposedness for 2D in-
compressible elastodynamics. A similar result was obtained independently by X. Wang in 
[25] using a normal form method. In [6], Cai, Lei and Masmoudi considered the quasilin-
ear wave equations of the form �u = Al∂l(Nij∂iu∂ju), where Al, Nij are constants, and 
Nijωiωj = 0 for any null vector ω. A special case is the equation �u = ∂t(|∂tu|2−|∇u|2). 
In [6] by using a nonlocal transformation (see Remark 1.3 therein) it was shown that the 
above system has a uniform bound of the highest-order energy for all time. More recently 
by using Alinhac’s ghost weight and the null structure in the Lagrangian formulation, 
Cai [5] showed uniform boundedness of the highest-order energy for 2D incompressible 
elastodynamics. In [10], by using the hyperbolic foliation method which goes back to 
Hörmander and Klainerman, Dong, LeFloch and Lei showed that the top-order energy 
of the system (1.1) with the null condition (1.2) is uniformly bounded for all time. The 
main advantage of the hyperbolic change of variable is that one can gain better con-
trol of the conformal energy thanks to the extra integrability in the hyperbolic time 
s =

√
t2 − r2. One should note, however, that if one works with the advanced coordinate 

s = t − r, then there is certain degeneracy in the ∂s direction which renders (even any 
generalized) conformal energy out of control. In this connection an interesting further 
issue is to explore the monotonicity of the conformal energy (and possible generaliza-
tions) with respect to different space-time foliations. Another subtle technical issue in 
the hyperbolic foliation method is the extensive use of Lorentz boost vector fields which 
appears not suitable for general non-Lorentz-invariant systems.

In Alinhac’s work [1], the highest energy of the constructed solution has an upper 
bound which grows polynomially in time. An ensuing open question is whether this 
growth is genuinely true phenomena known as the “blowup-at-infinity” conjecture ([2–4]). 
The purpose of this work is to develop further the program initiated in [7,8,20,27], 
and obtain the uniform boundedness of highest norm under the generic null condition 
(1.2). We introduce a new approach and settle the blowup-at-infinity conjecture without 
employing the Lorentz boost vector fields. The main result is the following.

Theorem 1.1. Consider (1.1) with gkij satisfying the standard null condition (1.2). Let 
m ≥ 5 and assume f1 ∈ Hm+1(R2), f2 ∈ Hm(R2) are compactly supported in the disk 
{|x| ≤ 1}. There exists ε0 > 0 depending on gkij and m such that if ‖f1‖Hm+1+‖f2‖Hm <

ε0, then the system (1.1) has a unique global solution. Furthermore, the highest norm of 
the solution remains uniformly bounded, namely

sup
t≥2

∑
|α|≤m

‖(∂Γαu)(t, ·)‖L2
x(R2) < ∞. (1.3)

Here Γ = {∂t, ∂x1 , ∂x2 , ∂θ, t∂t + r∂r} does not include the Lorentz boost (see (2.3) for 
notation).
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Remark 1.1. The regularity constraint m ≥ 5 can be lowered further by optimizing some 
technical arguments. However we shall not dwell on this issue in this work.

We now explain the key steps of the proof of Theorem 1.1 (see section 2 for the relevant 
notation). Fix any multi-index α with |α| ≤ m and consider Γαu. By Lemma 2.4, we 
have

�Γαu =
∑

α1+α2≤α

gkijα;α1,α2
∂kΓα1u∂ijΓα2u, (1.4)

where gkijα;α,0 = gkijα;0,α = gkij , and gkijα;α1,α2
still satisfies the null condition (1.2) for all 

other values of (α1, α2).
Step 1. Weighted energy estimates: LHS of (1.4). We choose p(r, t) = q(r − t) with 

q′(s) nearly scales as 〈s〉−1 to derive
ˆ

�Γαu∂tΓαuepdx = 1
2
d

dt
(‖e p

2 ∂Γαu‖2
2) + 1

2

ˆ
epq′|TΓαu|2dx. (1.5)

Summing over |α| ≤ m, we have (below v = Γαu)
∑

|α|≤m

‖e p
2 ∂v‖2

2 ∼ Em =
∑

|α|≤m

‖∂Γαu(t, ·)‖2
2; (1.6)

∑
|α|≤m

ˆ
epq′|Tv|2dx =

∑
|α|≤m

ˆ
epq′|TΓαu|2dx. (1.7)

Step 2. Refined decay estimates. One way to remedy the lack of Lorentz boost vector 
fields is to employ L∞ and L2 estimates involving the weight-factor 〈r−t〉. At the expense 
of certain smallness of E�m

2 �+3 and using in an essential way the nonlinear null form (see 
Lemma 2.6), we obtain

‖〈r − t〉(∂2Γ≤l0u)(t, ·)‖2 � ‖(∂Γ≤l0+1u)(t, ·)‖2, ∀ l0 ≤ m− 1; (1.8)

|〈r − t〉(∂2Γ≤l0u)(t, x)| � |(∂Γl0+1)(t, x)|, ∀ r ≥ t/10, l0 ≤ m− 1; (1.9)

‖(∂ΔΓ≤m−3u)(t, ·)‖L2
x(|x|≤ 2

3 t) � t−2‖(∂Γ≤m−1u)(t, ·)‖2. (1.10)

These in turn lead to a handful of new strong decay estimates (see Lemma 2.7):

t
1
2 ‖∂Γ≤m−3u‖∞ + t

3
2 ‖TΓ≤m−3u

〈r − t〉 ‖∞ + t
1
2 ‖TΓ≤m−2u

〈r − t〉 ‖2 � E
1
2
m−1; (1.11)

t
1
2 ‖〈r − t〉∂2Γ≤m−4u‖∞ + t

3
2 ‖T∂Γ≤m−4u‖∞ + t‖T∂Γ≤m−4u‖2 � E

1
2
m−1. (1.12)

These decay estimates play an important role in the nonlinear energy estimates.
Step 3. Weighted energy estimates: nonlinear terms. We discuss several cases.
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Case 1: α1 < α and α2 < α. Since gkijα;α1,α2
still satisfies the null condition, by 

Lemma 2.4 we rewrite
∑

α1<α,α2<α
α1+α2≤α

gkijα;α1,α2
∂kΓα1u∂ijΓα2u

=
∑

α1<α,α2<α
α1+α2≤α

gkijα;α1,α2
(TkΓα1u∂ijΓα2u− ωk∂tΓα1uTi∂jΓα2u + ωkωi∂tΓα1uTj∂tΓα2u).

(1.13)

By using the decay estimates obtained in Step 2, we show that

sup
|α|≤m

‖
∑

α1<α,α2<α
α1+α2≤α

gkijα;α1,α2
∂kΓα1u∂ijΓα2u‖2 � t−

3
2E

1
2
�m

2 �+3E
1
2
m. (1.14)

Case 2: The quasilinear piece α1 = 0, α2 = α. Recall that gkijα;0,α = gkij . By using 
successive integration by parts, we have

ˆ
gkij∂ku∂ijΓαu∂tΓαuep = OK, (1.15)

where OK is in the sense of (3.5). Here we exploit an important algebraic identity (see 
(3.16))

− ∂jϕ∂iv∂tv + ∂tϕ∂iv∂jv − ∂iϕ∂tv∂jv

= − Tjϕ∂iv∂tv + ∂tϕTivTjv − Tiϕ∂tv∂jv − ωiωj∂tϕ(∂tv)2, (1.16)

where ϕ is taken to be either ∂ku or ep, and v = Γαu. The standard null form condition 
amounts to the annihilation of the term ωiωjωk when ϕ = ∂ku and ∂tϕ is replaced by 
Tk∂tu − ωk∂ttu.

Case 3: the main piece α1 = α, α2 = 0. By using Lemma 2.4 with the decay estimates, 
we derive

ˆ
gkij∂kΓαu∂iju∂tΓαuep = OK +

ˆ
gkijωiωjTkΓαu∂ttu∂tΓαuep︸ ︷︷ ︸

=:Y1

. (1.17)

We perform a further refined decomposition of the term Y1. By using T1 = ω1∂+ − ω2
r ∂θ

and T2 = ω2∂+ + ω1
r ∂θ, we obtain (below we denote v = Γαu)

gkijωiωjTkv = g1ijωiωj(ω1∂+v −
ω2

r
∂θv) + g2ijωiωj(ω2∂+v + ω1

r
∂θv)

= (g1ijω1ωiωj + g2ijω2ωiωj)∂+v + ωiωj(g2ijω1 − g1ijω2)
1
∂θv
r
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=: h1(θ)∂+v + h2(θ)
1
r
∂θv.

We decompose Y1 accordingly as

Y1 =
ˆ

h1(θ)∂+v∂tv∂ttue
p +

ˆ
h2(θ)

1
r
∂θv∂tv∂ttue

p

=: YA + YB . (1.18)

Step 4. Estimate of YA: localization, further decomposition and normal form trans-
formation. We use a bump function φ which is localized to r ∈ [ t2 , 2t] such that the main 
part of YA becomes

ˆ
h(θ)∂+v∂tv∂ttue

pφ. (1.19)

The contribution of the regimes r ≤ t
2 and r > 2t corresponding to the cut-off 1 −φ can 

be shown to be negligible. We further use the decomposition ∂t = ∂++∂−
2 to transform 

(1.19) as

1
2

ˆ
h(θ)∂+v∂−v∂ttue

pφ + OK . (1.20)

At this point, the crucial observation is to use the fundamental identity ∂+∂− = � + 1
r∂r+

1
r2 ∂θθ to transform (1.20) into an expression which contains an “inflated” nonlinearity. 
After this novel normal form type transformation and further technical estimates the 
term YA can be shown to be under control.

Step 5. Estimate of YB: localization and further transformation. By using the estimate 
‖〈r − t〉∂ttu‖∞ � t−

1
2 (see Lemma 2.7), we have

YB = OK +
ˆ

h2(θ)
1
r
∂θv∂ttu∂tvφ̃(x

t
)ep, (1.21)

where φ̃ is a radial bump function localized to |z| ∼ 1. Denote φ(z) = 1
|z| φ̃(z). Using 

integration by parts in θ, we obtain

YB = OK +1
t

ˆ
h2(θ)v∂ttu∂t∂θvφ(x

t
)ep. (1.22)

We then proceed to bound the second term (without the 1
t factor) as

ˆ
epφ(x

t
)h2(θ)v∂ttu∂t∂θv

�
(
‖epφ(x

t
)h2(θ)v∂ttu‖2 + ‖∇(epφ(x

t
)h2(θ)v∂ttu)‖2

)
· ‖〈∇〉−1∂t∂θv‖2

� t−
1
2E

1
2
m‖〈∇〉−1∂t∂θv‖2. (1.23)



D. Li / Advances in Mathematics 428 (2023) 109157 7
By Lemma 2.1 the norm ‖〈∇〉−1∂t∂θv‖2 is well-defined. The employment of the nonlocal 
norm ‖〈∇〉−1∂t∂θv‖2 is the key to obtaining sufficient time-decay estimates of YB. In 
the next step we show ‖〈∇〉−1∂t∂θv‖2 � tδ for some δ < 1

2 which suffices for time-
integrability.

Step 6. Estimate of ‖〈∇〉−1∂tΓ≤m+1u‖2. This is the most technical part of the proof. 
Due to nonlocality we work with a frequency localized energy which in the main order 
is given by

Ẽm =
∑
J≥0

∑
|β|≤m+1

2−2J‖e p
2 ∂PJΓβu‖2

2, (1.24)

where (PJ)J≥0 are the Littlewood-Paley frequency projection operators. By using a 
number of delicate commutator estimates and deeply exploiting the null form structure, 
we show Ẽm � t0+ which is just enough for closing the uniform estimates. Here t0+

means tc for some sufficiently small exponent c > 0.
The rest of this paper is organized as follows. In Section 2 we collect some preliminaries 

and useful lemmas. In Sections 3, 4 and 5 we give the proof of Theorem 1.1.

Acknowledgment

The author is supported in part by NSFC 12271236.

2. Preliminaries

Notation. For any two quantities A, B ≥ 0, we write A � B if A ≤ CB for some 
unimportant constant C > 0. We write A ∼ B if A � B and B � A. We write A � B

if A ≤ cB and c > 0 is a sufficiently small constant. The needed smallness is clear from 
the context.

We shall use the Japanese bracket notation: 〈x〉 =
√

1 + |x|2, for x ∈ R2. For s ∈ R, 
we denote the smoothed fractional Laplacian 〈∇〉s = (I − Δ)s/2 which corresponds to 
the Fourier multiplier (1 + |ξ|2)s/2.

We denote ∂0 = ∂t, ∂i = ∂xi
, i = 1, 2 and (below ∂θ and ∂r correspond to the usual 

polar coordinates)

∂ = (∂i)2i=0, ∂θ = x1∂2 − x2∂1, L0 = t∂t + r∂r; (2.1)

Γ = (Γi)5i=1, where Γ1 = ∂t,Γ2 = ∂1,Γ3 = ∂2,Γ4 = ∂θ,Γ5 = L0; (2.2)

Γα = Γα1
1 Γα2

2 Γα3
3 Γα4

4 Γα5
5 , α = (α1, · · · , α5) is a multi-index; (2.3)

∂+ = ∂t + ∂r, ∂− = ∂t − ∂r; (2.4)

Ti = ωi∂t + ∂i, ω0 = −1, ωi = xi/r, i = 1, 2. (2.5)



8 D. Li / Advances in Mathematics 428 (2023) 109157
Note that in (2.2) we do not include the Lorentz boosts. Note that T0 = 0. For simplicity 
of notation, we define for any integer k ≥ 1, Γk = (Γα)|α|=k, Γ≤k = (Γα)|α|≤k. In 
particular

|Γ≤ku| = (
∑
|α|≤k

|Γαu|2) 1
2 . (2.6)

Informally speaking, it is useful to think of Γ≤k as any one of the vector fields Γα with 
|α| ≤ k.

For integer I ≥ 3, we shall denote

EI = EI(u(t, ·)) = ‖(∂Γ≤Iu)(t, ·)‖2
L2

x(R2). (2.7)

In Section 5 of this paper we will need to use the Littlewood–Paley (LP) frequency 
projection operators. To fix the notation, let φ0 be a radial function in C∞

c (R2) and 
satisfy

0 ≤ φ0 ≤ 1, φ0(ξ) = 1 for |ξ| ≤ 1, φ0(ξ) = 0 for |ξ| ≥ 7/6.

Let φ(ξ) := φ0(ξ) −φ0(2ξ) which is supported in 1
2 ≤ |ξ| ≤ 7

6 . For any Schwartz function 
f ∈ S(Rn), j ∈ Z, define

P̂0f(ξ) = φ0(ξ)f̂(ξ);

P̂jf(ξ) = φ(2−jξ)f̂(ξ), ξ ∈ R2, j ≥ 1;

̂P≤jf(ξ) = φ0(2−jξ)f̂(ξ), ξ ∈ R2, j ≥ 1. (2.8)

Note that for j ≥ 1, Pjf is supported in the annulus 1
2 · 2j ≤ |ξ| ≤ 7

6 · 2j .
More generally, one can take ψ ∈ C∞

c (R2) with compact support in {ξ : a1 < |ξ| < a2}, 
and 0 < a1 < a2 < ∞ are constants. To spell out the explicit dependence on ψ, one can 
define for j ≥ 0

P̂ψ
j f(ξ) = ψ(2−jξ)f̂(ξ). (2.9)

In this way Pψ
j is a smooth frequency cut-off localized to |ξ| ∼ 2j . In later computations 

we often write P̃j = Pψ
j where ψ may vary from line to line. This notation is convenient 

for intermediate calculations.
For j ≥ 2, we will denote P<j = P≤j−1, P>j = I − P≤j (I is the identity operator), 

P≥j = I − P≤j−1.
We begin with the following innocuous lemma which justifies the legitimacy of the 

norm ‖〈∇〉−1∂Γ≤m+1u‖2.
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Lemma 2.1 (The nonlocal norm is well-defined). Let u be the solution to (1.1). We have

‖〈∇〉−1∂Γ≤m+1u
∣∣∣
t=2

‖L2(R2) ≤ D1, (2.10)

where D1 > 0 is a finite constant depending on ‖f1‖Hm+1(R2) and ‖f2‖Hm(R2).

Proof. Clearly we only need to consider the case ‖〈∇〉−1∂tΓ≤m+1u
∣∣∣
t=2

‖2. Since Γ =
{∂t, ∂1, ∂2, x⊥ · ∇, t∂t + x · ∇} and f1, f2 are both compactly supported, we have

‖〈∇〉−1∂tΓ≤m+1u
∣∣∣
t=2

‖L2(R2)

�
∑

m1+m2+m3≤m+2
‖〈∇〉−1

(
φm1,m2,m3(x) · ∂m1

t ∂m2
1 ∂m3

2 u
∣∣∣
t=2

)
‖L2(R2), (2.11)

where φm1,m2,m3 ∈ C∞
c (R2). It is not difficult to check that for each (m1, m2, m3), we 

have

∂m1
t ∂m2

1 ∂m3
2 u

∣∣∣
t=2

= F (0)
m1,m2,m3

+
2∑

j=1
∂jF

(j)
m1,m2,m3

, (2.12)

where

2∑
j=0

‖F (j)
m1,m2,m3

‖L2(R2) ≤ Dm1,m2,m3 < ∞, (2.13)

and Dm1,m2,m3 > 0 are constants depending on ‖f1‖Hm+1(R2) and ‖f2‖Hm(R2). The 
desired result follows. �
Lemma 2.2 (Sobolev decay). For v ∈ S(R2), we have

sup
x∈R2

(|x| 12 |v(x)|) � ‖∂≤1
θ ∂≤1

r v‖2 = ‖v‖2 + ‖∂rv‖2 + ‖∂θv‖2 + ‖∂r∂θv‖2.

Proof. For a one-variable smooth function h which decays sufficiently fast at the spatial 
infinity, we have

ρ|h(ρ)|2 ≤
∞̂

0

|h(r)|2rdr +
∞̂

0

|h′(r)|2rdr, ∀ ρ > 0. (2.14)

It follows that (below we slightly abuse the notation and denote v(ρ, θ) = v(x) for 
x = (ρ cos θ, ρ sin θ))
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ρ‖∂θv(ρ, θ)‖2
L2

θ
= ρ

2πˆ

0

|∂θv(ρ, θ)|2dθ � ‖∂θv‖2
L2(R2) + ‖∂r∂θv‖2

L2(R2).

Denote v(ρ) as the average of v(ρ, θ) over θ. By (2.14), we have

ρ|v(ρ)|2 = ρ

⎛
⎝ 1

2π

2πˆ

0

v(ρ, θ)dθ

⎞
⎠

2

� ρ

2πˆ

0

v(ρ, θ)2dθ � ‖v‖2
L2(R2) + ‖∂rv‖2

L2(R2).

Note that |v(ρ, θ) − v(ρ)|2 � |∂θv|2L2
θ

by the Poincaré inequality. Thus

|x||v(x)|2 � ‖v‖2
2 + ‖∂rv‖2

2 + ‖∂θv‖2
2 + ‖∂r∂θv‖2

2. �
Lemma 2.3 (Refined Hardy’s inequality). For any real-valued h ∈ C∞

c ([0, M + 1)) with 
M > 0, we have

M+1ˆ

0

h(ρ)2

(2 + M − ρ)2 ρdρ ≤ 4
∞̂

0

(h′(ρ))2ρdρ. (2.15)

For u ∈ C∞([0, T ] ×R2) with support in {(t, x) : |x| ≤ 1 + t}, we have

‖〈|x| − t〉−1u‖L2
x(R2) � ‖∂ru‖L2

x(R2), 〈|x| − t〉−1|u(t, x)| � 〈x〉− 1
2 ‖∂Γ≤1u‖L2

x(R2).

Proof. The inequality (2.15) follows from integrating by parts:

LHS of (2.15) = −
M+1ˆ

0

h2

2 + M − ρ
dρ−

M+1ˆ

0

2hh′

2 + M − ρ
ρdρ. (2.16)

The second inequality follows from (2.15) and the fact that 〈|x| − t〉−2 ∼ (2 + t − |x|)−2

for |x| ≤ 1 + t. For the third inequality, consider first the case |x| > 1. By Lemma 2.2, 
we have

〈|x| − t〉−1|u(t, x)| � 〈x〉− 1
2 ‖∂≤1

r ∂≤1
θ (〈r − t〉−1u)‖2 ∼ 〈x〉− 1

2 ‖∂≤1
r (〈r − t〉−1∂≤1

θ u)‖2

� 〈x〉− 1
2 ‖∂r∂≤1

θ u‖2 � 〈x〉− 1
2 ‖∂Γ≤1u‖2. (2.17)

On the other hand, for |x| ≤ 1, we have

〈|x| − t〉−1|u(t, x)| � 〈t〉−1(‖u‖L2
x(|x|≤1) + ‖∂2u‖L2

x(|x|≤1))

� ‖〈|x| − t〉−1u‖L2 (R2) + ‖Δu‖L2 (R2) � ‖∇u‖2 + ‖Δu‖2. �

x x
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Lemma 2.4. If gkij satisfies the null condition, then for t > 0 we have

gkij∂kf∂ijh = gkij(Tkf∂ijh− ωk∂tfTi∂jh + ωkωi∂tfTj∂th), (2.18)

where T = (T1, T2) is defined in (2.5). It follows that

|gkij∂kf∂ijh| � |Tf ||∂2h| + |∂f ||T∂h| (2.19)

� 1
〈r + t〉 (|Γf ||∂

2h| + |∂f ||Γ∂h| + |∂f | · |∂2h| · |r − t|). (2.20)

Suppose gkij satisfies the null condition and �u = gkij∂ku∂iju. Then for any multi-index 
α, we have

�Γαu =
∑

α1+α2≤α

gkijα;α1,α2
∂kΓα1u∂ijΓα2u, (2.21)

where for each (α, α1, α2), gkijα;α1,α2
also satisfies the null condition. In addition, we have 

gkijα;α,0 = gkijα;0,α = gkij.

Proof. The identity (2.18) follows by applying repeatedly the identity ∂l = Tl − ωl∂t
and using the null condition at the last step. The inequality (2.20) is obvious if r ≤ t

2
or r ≥ 2t, or r ∼ t � 1 since 〈r + t〉 ∼ 〈r − t〉 in these regimes. On the other hand, if 
r ∼ t � 1, then one can use the identities

T1 = ω1∂+ − ω2

r
∂θ, T2 = ω2∂+ + ω1

r
∂θ; ∂+ = 1

t + r
(2L0 − (t− r)∂−). (2.22)

The identity (2.21) follows from Hörmander [12]. �
Lemma 2.5. For any f ∈ S(R2), we have

sup
x0∈R2

〈|x0| − t〉 1
2 |f(x0)| � ‖f‖2 + ‖〈|x| − t〉∇f‖2 + ‖〈|x| − t〉∂1∂2f‖2, ∀ t ≥ 0;

(2.23)

‖〈|x| − t〉∂f‖∞ � ‖〈|x| − t〉∂f‖2 + ‖〈|x| − t〉∂2f‖2 + ‖〈|x| − t〉∂3f‖2, ∀ t ≥ 0.(2.24)

It follows that

‖f‖L∞
x (R2) � 〈t〉− 1

2 (‖f‖2 + ‖∂θf‖2 + ‖〈|x| − t〉∇Γ̃≤1f‖2), ∀ t ≥ 0, (2.25)

where Γ̃ = (∂1, ∂2, ∂θ).

Proof. The case ||x0| −t| ≤ 2 follows from the inequality |f(x0)|2 ≤
´
|∂1∂2(f(x)2)|dx1dx2. 

For ||x0| −t| > 2, we note that 〈x0〉 +t ∼ |x0| +t � 1 and 〈|x0| −t〉 ∼ 〈|x0|2−t2〉
〈x0〉+t =: W (x0). 

Observe that
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∑
1≤i≤2

‖∂iW‖∞ +
∑

1≤i,j≤2
‖∂i∂jW‖∞ � 1, W (x) � 〈|x| − t〉, ∀x ∈ R2. (2.26)

By using the Fundamental Theorem of Calculus we have

〈|x0| − t〉|f(x0)|2 � W (x0)|f(x0)|2 �
ˆ

R2

∣∣∣∂1∂2

(
W (x)f(x)2

)∣∣∣ dx1dx2

� ‖f‖2
2 + ‖∇f‖2‖f‖2 + ‖〈|x| − t〉∇f‖2‖∇f‖2 + ‖〈|x| − t〉∂1∂2f‖2‖f‖2

� ‖f‖2
2 + ‖〈|x| − t〉∇f‖2

2 + ‖〈|x| − t〉∂1∂2f‖2
2. (2.27)

Thus (2.23) follows. The proof of (2.24) is similar by working with the expression 
W (x0)2|∂f(x0)|2 for the case |x0 − t| > 2. For (2.25) we may assume t ≥ 2. The case 
|x0| ≤ t/2 follows from (2.23). The case |x0| > t/2 follows from Lemma 2.2. �
Lemma 2.6. Suppose ũ = ũ(t, x) has continuous second order derivatives. Then

|〈r − t〉∂ttũ(t, x)| + |〈r − t〉∂t∇ũ(t, x)| + |〈r − t〉Δũ(t, x)|
�|(∂Γ≤1ũ)(t, x)| + (r + t)|(�ũ)(t, x)|, r = |x|, t ≥ 0; (2.28)

and

|〈r − t〉∂2ũ(t, x)| � |(∂Γ≤1ũ)(t, x)| + (r + t)|(�ũ)(t, x)|, ∀ r ≥ t/10, t ≥ 1. (2.29)

Suppose T0 ≥ 2 and u ∈ C∞([2, T0] × R2) solves (1.1) with support in |x| ≤ t + 1, 
2 ≤ t ≤ T0. For any integer l0 ≥ 2, there exists ε1 > 0 depending only on l0, such that if 
at some 2 ≤ t ≤ T0,

‖(∂Γ≤� l0
2 
+2u)(t, ·)‖L2

x(R2) ≤ ε1, (here �z� = min{n ∈ N : n ≥ z}) (2.30)

then for the same t, we have the L2 estimate:

‖(〈r − t〉∂2Γ≤l0u)(t, ·)‖L2
x(R2) � ‖(∂Γ≤l0+1u)(t, ·)‖L2

x(R2). (2.31)

For any integer l1 ≥ 2, there exists ε2 > 0 depending only on l1, such that if at some 
2 ≤ t ≤ T0,

‖(∂Γ≤l1+1u)(t, ·)‖L2
x(R2) ≤ ε2, (2.32)

then for the same t, we have the point-wise estimate:

|(〈r − t〉∂2Γ≤l1u)(t, x)| � |(∂Γ≤l1+1u)(t, x)|, ∀ r ≥ t/10. (2.33)

Moreover, we have



D. Li / Advances in Mathematics 428 (2023) 109157 13
‖∂ΔΓ≤l1−1u‖L2
x(|x|≤ 2

3 t) � t−2‖(∂Γ≤l1+1u)(t, ·)‖L2
x(R2). (2.34)

Proof. In the 3D case, the estimate (2.28) is an elementary but deep observation of 
Sideris (cf. [17]). To prove the 2D case we denote Y = |(∂Γ≤1ũ)(t, x)| +(r+t)|(�ũ)(t, x)|. 
By using L0ũ = t∂tũ + r∂rũ, we obtain

∂tL0ũ = ∂tũ + t∂ttũ + r∂t∂rũ ⇒ |r∂t∂rũ + t∂ttũ| � Y ; (2.35)

∂rL0ũ = t∂t∂rũ + ∂rũ + r∂rrũ ⇒ |t∂t∂rũ + r∂rrũ| � Y. (2.36)

Since �ũ = ∂ttũ− ∂rrũ− 1
r∂rũ− 1

r2 ∂θθũ and |1r∂θθũ| � |∇∂θũ| � Y , we have

|r∂ttũ− r∂rrũ| � Y. (2.37)

It follows that

〈r − t〉(|∂ttũ| + |∂t∂rũ|) � Y. (2.38)

By using ∂θL0ũ = t∂t∂θũ + r∂r∂θũ = (t − r)∂t∂θũ + r(∂t + ∂r)∂θũ, we obtain

|(t− r)∂t(
1
r
∂θũ)| � Y. (2.39)

The estimates of ∂t∂rũ and ∂t(1
r∂θũ) settle the point-wise estimate of ∂t∇ũ. It follows 

that

〈r − t〉(|∂ttũ| + |∂t∇ũ| + |Δũ|) � Y (2.40)

which is exactly (2.28). To derive the estimate (2.29) we only need to bound |(r−t)∂i∂j ũ|
for 1 ≤ i, j ≤ 2. By using the identity ∇ = ω∂r + ω⊥

r ∂θ where ω = (cos θ, sin θ), 
ω⊥ = (− sin θ, cos θ), it is not difficult to check that for r � t,

∑
1≤i,j≤2

|(r − t)∂i∂j ũ| � |(r − t)∂rrũ| + Y

� |(r − t)(Δũ− 1
r
∂rũ− 1

r2 ∂θθũ)| + Y � Y. (2.41)

Thus (2.29) easily follows.
For (2.31), by using a simple integration-by-parts argument, one has (below k0 ≥ 0 is 

a running parameter)

2∑
i,j=1

‖〈r − t〉∂i∂jΓ≤k0u‖2 � ‖∂Γ≤k0u‖2 + ‖〈r − t〉ΔΓ≤k0u‖2. (2.42)

By using (2.28) and (2.20) we have
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|(〈r − t〉∂ttΓ≤k0u)(t, x)| + |(〈r − t〉∂t∇Γ≤k0u)(t, x)| + |(〈r − t〉ΔΓ≤k0u)(t, x)|
�|(∂Γ≤k0+1u)(t, x)|

+
∑

m+l≤k0

(|Γ≤m+1u||∂2Γ≤lu| + |∂Γ≤mu||Γ≤l+1∂u| + |∂Γ≤mu||∂2Γ≤lu||r − t|).

(2.43)

By (2.42), we obtain

‖〈r − t〉∂2Γ≤k0u‖2 � ‖∂Γ≤k0+1u‖2

+
∑

m+l≤k0

(‖|Γ≤m+1u||∂2Γ≤lu|‖2 + ‖|∂Γ≤mu||Γ≤l+1∂u|‖2 + ‖|∂Γ≤mu||∂2Γ≤lu||r − t|‖2).

(2.44)

If m ≤ l + 1, then we use the estimates (note that m + 2 ≤ �k0+1
2 � + 2 ≤ �k0

2 � + 2)

〈r − t〉−1|(Γ≤m+1u)(t, x)| � ‖∂Γ≤m+2u‖2, ‖∂Γ≤mu‖∞ � ‖∂Γ≤m+2u‖2. (2.45)

If m ≥ l+2, then l ≤ k0−2
2 and we use the estimates (see (2.24) for the second estimate)

‖ |Γ
≤m+1u|
〈r − t〉 ‖2 � ‖∂Γ≤m+1u‖2, |〈r − t〉∂2Γ≤lu(t, x)| � ‖〈r − t〉∂2Γ≤l+2u‖2. (2.46)

Thus if ‖∂Γ≤k0+1u‖2 � 1, we obtain

‖〈r − t〉∂2Γ≤k0u(t, ·)‖2 � ‖∂Γ≤k0+1u‖2 � 1. (2.47)

To prove (2.31) under the assumption (2.30) we first take k0 = � l0
2 � + 1 and show that

‖〈r − t〉∂2Γ≤� l0
2 
+1u)(t, ·)‖2 � ‖(∂Γ≤� l0

2 
+2u)(t, ·)‖2 � 1. (2.48)

We then use this smallness in (2.46) and obtain the desired result for k0 = l0 (note that 
� l0−2

2 � + 2 ≤ � l0
2 � + 1). The estimate of (2.33) follows from (2.29).

We turn now to (2.34). Applying (2.28) to ũ = ∂Γ≤l1−1u with r ≤ 2
3 t, we get

|Δ∂Γ≤l1−1u| � 1
t
|∂2Γ≤l1u| + |∂�Γ≤l1−1u|. (2.49)

By Lemma 2.4, we have

|∂�Γ≤l1−1u| �
∑

a+b≤l1−1

|∂(∂Γau∂2Γbu)|

� |∂2Γ≤l1−1u||∂2Γ≤l1−1u| + |∂Γ≤l1−1u||∂3Γ≤l1−1u|. (2.50)
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Note that

|∂3Γ≤l1−1u| � | ∂tt∂Γ≤l1−1u︸ ︷︷ ︸
∂t appears twice or more

| +
∑

1≤i1,i2≤2
| ∂∂i1∂i2Γ≤l1−1u︸ ︷︷ ︸
∂t appears at most once

|

� |∂�Γ≤l1−1u| + |∂∂̃2Γ≤l1−1u|, (2.51)

where we have denoted ∂̃ = (∂1, ∂2). By using the smallness of the pre-factor 
‖∂Γ≤l1−1u‖∞ and (2.51), we then derive from (2.50)

|∂�Γ≤l1−1u| � |∂2Γ≤l1−1u||∂2Γ≤l1−1u| + |∂Γ≤l1−1u||∂∂̃2Γ≤l1−1u|. (2.52)

By the standard Sobolev embedding H1(R2) ↪→ L4(R2), we have

‖〈r − t〉∂2Γ≤l1−1u‖4 � ‖∂≤1(〈r − t〉∂2Γ≤l1−1u)‖2 � ‖(∂Γ≤l1+1u)(t, ·)‖2; (2.53)

‖〈r − t〉 1
2 ∂Γ≤l1−1u‖∞ � ‖(∂Γ≤l1+1u)(t, ·)‖2 (by Lemma 2.5). (2.54)

By using a smooth cut-off function localized to |x| ≤ 2
3 t, we then derive

‖Δ∂Γ≤l1−1u‖L2
x(|x|≤ 2

3 t) � t−
3
2 ‖(∂Γ≤l1+1u)(t, ·)‖2. (2.55)

It follows that (recall ∂̃ = (∂1, ∂2))

‖∂̃2∂Γ≤l1−1u‖L2
x(|x|≤ 2

3 t) � t−
3
2 ‖(∂Γ≤l1+1u)(t, ·)‖2. (2.56)

Plugging this estimate into (2.52), we obtain the estimate (2.34). �
Lemma 2.7 (Decay estimates). Suppose T0 ≥ 2 and u ∈ C∞([2, T0] × R2) solves (1.1)
with support in |x| ≤ t + 1, 2 ≤ t ≤ T0. Suppose I ≥ 4 is an integer and

EI(u(t, ·)) = ‖(∂Γ≤Iu)(t, ·)‖2
2 ≤ ε̃, (2.57)

where ε̃ > 0 is sufficiently small. Then we have the following decay estimates:

t
1
2 ‖∂Γ≤I−2u‖L∞

x
+ t

1
2 ‖〈|x| − t〉∂2Γ≤I−3u‖L∞

x (|x|> t
10 ) + ‖〈|x| − t〉∂2Γ≤I−3u‖L∞

x
� E

1
2
I ;

(2.58)

‖∂2Γ≤I−3u‖L∞
x (|x|< t

2 ) � t−
3
2E

1
2
I ; (2.59)

‖〈|x| − t〉∂2Γ≤I−3u‖L∞
x

� t−
1
2E

1
2
I ; (2.60)

‖TΓ≤I−2u

〈|x| − t〉 ‖L∞
x

+ ‖T∂Γ≤I−3u‖L∞
x

� t−
3
2E

1
2
I ; (2.61)

‖TΓ≤I−1u

〈|x| − t〉 ‖L2
x

+ ‖T∂Γ≤I−1u‖L2
x

� t−1E
1
2
I . (2.62)
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More generally, for any integer I1 ≥ 1, we have

‖ TΓ≤I1u

〈|x| − t〉‖L2
x

� t−1‖∂Γ≤I1+1u‖L2
x
. (2.63)

Also we have

‖〈|x| − t〉2∂3u‖L∞
x (|x|≥ t

2 ) � t−
1
2 . (2.64)

Proof. We shall take ε̃ sufficiently small so that Lemma 2.6 can be applied. The estimate 
(2.58) follows from Lemma 2.5 and Lemma 2.6. To derive the estimate (2.59), we choose 
ψ ∈ C∞

c (R2) such that ψ(z) ≡ 1 for |z| ≤ 0.5 and ψ(z) ≡ 0 for |z| ≥ 0.52. Applying the 

interpolation inequality ‖ṽ‖∞ � ‖ṽ‖
1
2
2 ‖Δṽ‖

1
2
2 with ṽ(x) = ψ(xt )∂

2Γ≤J−3u, we obtain

‖ψ(x
t
)∂2Γ≤J−3u‖∞ � ‖ψ(x

t
)∂2Γ≤I−3u‖

1
2
2 ‖Δ(ψ(x

t
)∂2Γ≤I−3u)‖

1
2
2 . (2.65)

By Lemma 2.6, it is not difficult to check that

‖Δ(ψ(x
t
)∂2Γ≤I−3u)‖2 � t−2E

1
2
I , ‖ψ(x

t
)∂2Γ≤I−3u‖2 � t−1E

1
2
I . (2.66)

The estimate (2.59) then follows. For the estimate (2.60) we only need to examine the 
regime |x| ≥ t/2. But this follows from Lemma 2.6 and 2.5.

For (2.61), we note that the case |x| ≤ t
2 follows from (2.58) and (2.59). On the other 

hand, for |x| > t
2 we denote ũ = Γ≤I−2u and estimate ‖ T1ũ

〈|x|−t〉‖L∞
x (|x|> t

2 ) (the estimate 
for T2 is similar). Recall that

T1ũ = ω1∂tũ + ∂1ũ = ω1(∂t + ∂r)ũ− ω2

r
∂θũ

= ω1
1

t + r
(2L0ũ− (t− r)∂−ũ) − ω2

r
∂θũ. (2.67)

Clearly for r = |x| ≥ t
2 ,

∣∣∣∣ T1ũ

〈r − t〉

∣∣∣∣ � 1
t

(∣∣∣∣ L0ũ

〈r − t〉

∣∣∣∣ + |∂ũ|
)

+
∣∣∣∣ ∂θũ

r〈r − t〉

∣∣∣∣
� t−1 · t− 1

2 ‖∂Γ≤2ũ‖2 + t−
3
2 + t−1 · t− 1

2 ‖∂Γ≤1∂θũ‖2 � t−
3
2E

1
2
I , (2.68)

where in the second last step we used Lemma 2.3 (for the term |∂ũ| we use (2.58)). The 
estimates for (2.62)–(2.63) are similar. We omit the details. We now sketch how to prove 
(2.64). By using (2.29) (applied to ũ = ∂u), we obtain

|〈r − t〉∂3u| � |∂2Γ≤1u| + (r + t)|�∂u|. (2.69)
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The contribution of the term |∂2Γ≤1u| is clearly OK for us since it can absorb a factor 
of 〈r − t〉. By Lemma 2.4 (with f = ∂u, h = u or f = u, h = ∂u), we have

(r + t)|�∂u| � |Γ∂u||∂2u| + |∂2u|2|r − t| + |Γu||∂3u| + |∂u||Γ∂2u| + |∂u||∂3u||r − t|

� |∂Γ≤1u||∂2Γ≤1u| + |∂2u|2|r − t| + | Γu
〈r − t〉 | · 〈r − t〉|∂3u|

+ |∂u||∂3u||r − t|. (2.70)

The desired estimate clearly follows by using smallness of the pre-factors. �
3. Proof of Theorem 1.1

In this section and later sections, we carry out the proof of Theorem 1.1. We fix a 
multi-index α with |α| ≤ m and for simplicity denote v = Γαu. By Lemma 2.4 we have 
(below for simplicity of notation we write gkijα1,α2

= gkijα;α1,α2
)

�v =
∑

α1+α2≤α

gkijα1,α2
∂kΓα1u∂ijΓα2u (3.1)

= gkij∂kv∂iju + gkij∂ku∂ijv +
∑

α1<α,α2<α;
α1+α2≤α

gkijα1,α2
∂kΓα1u∂ijΓα2u. (3.2)

Choose p(t, r) = q(r − t), where

q(s) =
sˆ

0

〈τ〉−1(log(2 + τ2)
)−2

dτ, s ∈ R. (3.3)

Clearly

−∂tp = ∂rp = q′(r − t) = 〈r − t〉−1(log(2 + (r − t)2)
)−2

. (3.4)

Multiplying both sides of (3.1) by ep∂tv, we obtain

LHS =
ˆ

ep∂ttv∂tv −
ˆ

epΔv∂tv =
ˆ

ep∂ttv∂tv +
ˆ

ep∇v · ∇∂tv +
ˆ

ep∇v · ∇p∂tv

= 1
2
d

dt

ˆ
ep(∂v)2 − 1

2

ˆ
ep|∂v|2pt +

ˆ
ep∇v · ∇p∂tv

= 1
2
d

dt
‖e p

2 ∂v‖2
L2 + 1

2

ˆ
epq′ ·

(
|∂+v|2 + |∂θv|2

r2

)
= 1

2
d

dt
‖e p

2 ∂v‖2
L2 + 1

2

ˆ
epq′|Tv|2.

To simplify the notation in the subsequent nonlinear estimates, we introduce the 
following terminology.
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Notation. For a quantity X(t), we shall write X(t) = OK if X(t) can be written as

X(t) = d

dt
X1(t) + X2(t) + X3(t), (3.5)

where (below α0 > 0 is some constant)

X1(t)| � ‖(∂Γ≤mu)(t, ·)‖2
L2

x(R2), |X2(t)| �
∑

|α|≤m

ˆ
epq′|(TΓαu)(t, x)|2dx,

|X3(t)| � 〈t〉−1−α0 . (3.6)

In yet other words, the quantity X will be controllable if either it can be absorbed into 
the energy, or can be controlled by the weighted L2-norm of the good unknowns from 
the Alinhac weight, or it is integrable in time.

We now proceed with the nonlinear estimates. We shall discuss several cases.

3.1. The case α1 < α and α2 < α

Since gkijα1,α2
still satisfies the null condition, by (2.18) we have

∑
α1<α,α2<α
α1+α2≤α

gkijα1,α2
∂kΓα1u∂ijΓα2u

=
∑

α1<α,α2<α
α1+α2≤α

gkijα1,α2
(TkΓα1u∂ijΓα2u− ωk∂tΓα1uTi∂jΓα2u + ωkωi∂tΓα1uTj∂tΓα2u).

(3.7)

Estimate of ‖TkΓα1u∂2Γα2u‖2. If |α1| ≤ |α2|, then by Lemma 2.7 we have

‖TkΓα1u∂2Γα2u‖2 � ‖TkΓα1u

〈r − t〉 ‖∞ · ‖〈r − t〉∂2Γα2u‖2 � t−
3
2 . (3.8)

If |α1| > |α2|, then we have

‖TkΓα1u∂2Γα2u‖2 � ‖TkΓα1u

〈r − t〉 ‖2 · ‖〈r − t〉∂2Γα2u‖∞ � t−1 · t− 1
2 � t−

3
2 . (3.9)

Estimate of ‖∂Γα1uT∂Γα2u‖2. If |α1| ≤ |α2| we have

‖∂Γα1uT∂Γα2u‖2 � ‖∂Γα1u‖∞ · ‖T∂Γα2u‖2 � t−
3
2 . (3.10)

If |α1| > |α2| we have
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‖∂Γα1uT∂Γα2u‖2 � ‖∂Γα1u‖2 · ‖T∂Γα2u‖∞ � t−
3
2 . (3.11)

Collecting the estimates, we have proved

‖
∑

α1<α,α2<α
α1+α2≤α

gkijα1,α2
∂kΓα1u∂ijΓα2u‖2 � t−

3
2 . (3.12)

3.2. The case α2 = α

Noting that gkij0,α = gkij , we have
ˆ

gkij∂ku∂ijv∂tve
p = OK−

ˆ
gkij∂jku∂iv∂tve

p

︸ ︷︷ ︸
I1

−
ˆ

gkij∂ku∂iv∂tv∂j(ep)︸ ︷︷ ︸
I2

−
ˆ

gkij∂ku∂iv∂tjve
p. (3.13)

Here in the above, the term “OK” is zero if ∂j = ∂1 or ∂2. This term is nonzero when 
∂j = ∂t, i.e. we should absorb it into the energy when integrating by parts in the time 
variable.

Further integration by parts gives

−
ˆ

gkij∂ku∂iv∂tjve
p = OK +

ˆ
gkij∂tku∂iv∂jve

p

︸ ︷︷ ︸
I3

+
ˆ

gkij∂ku∂iv∂jv∂t(ep)︸ ︷︷ ︸
I4

+
ˆ

gkij∂ku∂itv∂jve
p. (3.14)

ˆ
gkij∂ku∂itv∂jve

p = OK−
ˆ

gkij∂iku∂tv∂jve
p

︸ ︷︷ ︸
I5

−
ˆ

gkij∂ku∂tv∂jv∂i(ep)︸ ︷︷ ︸
I6

−
ˆ

gkij∂ku∂tv∂ijve
p. (3.15)

It follows that

2
ˆ

gkij∂ku∂ijv∂tve
p = (I1 + I3 + I5) + (I2 + I4 + I6) + OK .

Observe that if ϕ = ∂ku or ϕ = ep, then

− ∂jϕ∂iv∂tv + ∂tϕ∂iv∂jv − ∂iϕ∂tv∂jv

= − Tjϕ∂iv∂tv + ωj∂tϕ∂iv∂tv + ∂tϕ∂iv∂jv − Tiϕ∂tv∂jv + ωi∂tϕ∂tvTjv − ωiωj∂tϕ(∂tv)2

= − Tjϕ∂iv∂tv + ∂tϕ∂ivTjv − Tiϕ∂tv∂jv + ωi∂tϕ∂tvTjv − ωiωj∂tϕ(∂tv)2

= − Tjϕ∂iv∂tv + ∂tϕTivTjv − Tiϕ∂tv∂jv − ωiωj∂tϕ(∂tv)2. (3.16)
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By (3.16) and rewriting ∂tϕ = ∂k∂tu = Tk∂tu − ωk∂ttu, we have

I1 + I3 + I5 =
ˆ

gkij(−Tj∂ku∂iv∂tv + ∂t∂kuTivTjv − Ti∂ku∂tv∂jv

− ωiωjTk∂tu(∂tv)2)epdx. (3.17)

By Lemma 2.7, we have ‖T∂u‖∞ � t−
3
2 and ‖〈r − t〉∂2u‖∞ � t−

1
2 . Clearly then

ˆ

r < t
2 or r > 2t

|∂2u||Tv|2dx � t−
3
2 ,

ˆ

r∼t

|∂2u||Tv|2dx �
ˆ

epq′|Tv|2dx. (3.18)

It follows that

I1 + I3 + I5 = OK . (3.19)

Plugging ϕ = ep in (3.16) and noting that Tj(ep) = 0, we have

I2 + I4 + I6 =
ˆ

gkij∂ku
(
− Tj(ep)∂iv∂tv − Ti(ep)∂tv∂jv

− ωiωj(∂tv)2∂t(ep) + ∂t(ep)TivTjv
)

=
ˆ

gkij
(
−Tku · ωiωj(∂tv)2∂t(ep) + ∂ku∂t(ep)TivTjv

)
.

By Lemma 2.7 we have 
∣∣∣|Tu||∂t(ep)|∣∣∣ � t−

3
2 . Clearly

‖∂u∂t(ep)‖L∞
x (r< t

2 , or r>2t) � t−
3
2 ,

ˆ

r∼t

|∂u∂t(ep)||Tv|2dx �
ˆ

epq′|Tv|2dx. (3.20)

Thus

I2 + I4 + I6 = OK .

This concludes the case α2 = α. In the next section we deal with the main piece α1 = α.

4. Estimate of the main piece α1 = α, α2 = 0

In this section we estimate the main piece α1 = α. By (2.18), we have
ˆ

gkij∂kv∂iju∂tve
p =

ˆ
gkij(Tkv∂iju− ωk∂tvTi∂ju + ωkωi∂tvTj∂tu)∂tvep

=
ˆ

gkij(TkvTi∂ju− ωiTkvTj∂tu + ωiωjTkv∂ttu

− ωk∂tvTi∂ju + ωkωi∂tvTj∂tu)∂tvep.
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By Lemma 2.7, all terms containing T∂u decay as O(t− 3
2 ). Thus

ˆ
gkij∂kv∂iju∂tve

p = OK +
ˆ

gkijωiωjTkv∂ttu∂tve
p. (4.1)

Recall T0 = 0, T1 = ω1∂+ − ω2
r ∂θ, T2 = ω2∂+ + ω1

r ∂θ. We have

gkijωiωjTkv = g1ijωiωj(ω1∂+v −
ω2

r
∂θv) + g2ijωiωj(ω2∂+v + ω1

r
∂θv)

= (g1ijω1ωiωj + g2ijω2ωiωj)∂+v + ωiωj(g2ijω1 − g1ijω2)
1
r
∂θv

=: h1(θ)∂+v + h2(θ)
1
r
∂θv.

We first estimate the piece
ˆ

h1(θ)∂+v∂ttu∂tve
p. (4.2)

The other piece will be estimated in the next section.
Choose nonnegative radial φ̃1 ∈ C∞

c (R2) such that φ̃1(z) = 1 for 2
3 ≤ |z| ≤ 3

2 and 
φ̃1(z) = 0 for |z| ≤ 1

3 or |z| ≥ 2. Denote φ(x) = φ̃1(xt ). Then

ˆ
h1(θ)∂+v∂ttu∂tve

p =
ˆ

h1(θ)∂+v∂ttu∂tve
p · (1 − φ) +

ˆ
h1(θ)∂+v∂ttu∂tve

pφ. (4.3)

By Lemma 2.7, we have
ˆ

h(θ)∂+v∂ttu∂tve
p · (1 − φ) � t−1

ˆ
|∂v|2|〈r − t〉∂ttu| � t−

3
2 = OK . (4.4)

By using the identity ∂t = ∂++∂−
2 and the fact that ‖〈r − t〉∂2u‖∞ � t−

1
2 , we get

2
ˆ

h1(θ)∂+v∂ttu∂tve
pφ =

ˆ
h1(θ)∂+v∂ttu∂+ve

pφ +
ˆ

h1(θ)∂+v∂ttu∂−ve
pφ

= OK +
ˆ

h1(θ)∂+v∂ttu∂−ve
pφ. (4.5)

Integrating by parts, we have
ˆ

h1(θ)∂+v∂ttu∂−ve
pφ · rdrdθ

= d

dt

ˆ
h1(θ)v∂ttu∂−vepφdx−

ˆ
h1(θ)v∂−v∂+ (∂ttuepφ) dx

−
ˆ

h1(θ)v∂ttu∂+∂−ve
pφdx−

ˆ
h1(θ)v∂ttu∂−vepφ

1
r
dx. (4.6)
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In the above computation, one should note that when integrating by parts in r we 
should take into consideration the factor r in the metric rdr. The fourth term exactly 
corresponds to the derivative of the metric factor. The first and fourth terms are clearly 
acceptable by using Hardy and the decay of 〈r − t〉∂ttu. For the second term we have

|〈r − t〉∂+ (∂ttuepφ)| � |〈r − t〉∂+∂ttuφ| + |〈r − t〉∂ttu∂+φ|

� t−1‖2〈r − t〉L0∂ttu− 〈r − t〉(t− r)∂−∂ttu‖L∞
x (|x|> t

10 ) + t−
3
2

� t−
3
2 . (4.7)

Here in the derivation of (4.7), we used Lemma 2.7 and the inequalities

|〈r − t〉L0∂ttu| � |〈r − t〉∂ttΓ≤1u| � t−
1
2 , for r ≥ t/10. (4.8)

For the third term we use the identity ∂+∂−v = �v + ∂rv
r + ∂θθv

r2 and compute it as

ˆ
h1(θ)v∂ttu∂+∂−ve

pφ

=
ˆ

h1(θ)v∂ttu
(
∂rv

r
+ ∂θθv

r2

)
epφ +

∑
β1+β2≤α

ˆ
h(θ)v∂ttu · gkijβ1,β2

∂kΓβ1u∂ijΓβ2uepφ.

(4.9)

Integrating by parts (for the term ∂θθv), we have

ˆ
h1(θ)v∂ttu

(
∂rv

r
+ ∂θθv

r2

)
epφ

=
ˆ

h1(θ)
v

〈r − t〉 〈r − t〉∂ttu∂rv ·
1
r
epφ−

ˆ
h1(θ)∂ttu

(
∂θv

r

)2

epφ

−
ˆ

∂θ(h1(θ)∂ttu)v ∂θv
r2 epφ

=OK .

By (3.12), we have

∑
β1<α,β2<α,
β1+β2≤α

ˆ
h1(θ)v∂ttu · gkijβ1,β2

∂kΓβ1u∂ijΓβ2uepφ � t−2 = OK .

For the term β1 = α, β2 = 0 in (4.9), it follows from (2.19) that

ˆ
gkijh1(θ)v∂ttu∂kv∂ijuepφ �

ˆ
|v∂ttu||Tv∂2u|epφ +

ˆ
|v∂ttu||∂v||T∂u|epφ
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�
ˆ

|Tv|2|∂2u|epφ + t−
3
2
∥∥〈r − t〉−1v

∥∥2
L2

x(R2) + t−2

=OK .

For the term β1 = 0, β2 = α in (4.9), we apply (2.18) to obtain

ˆ
gkijh1(θ)v∂ttu∂ku∂ijvepφ

=
ˆ

gkijh1(θ)v∂ttu · (Tku∂ijv − ωk∂tuTi∂jv + ωkωi∂tuTj∂tv)epφ.

We rewrite it as
ˆ

gkijh1(θ)v∂ttuTku∂ijve
pφ

=
ˆ

gkij∂i(h1(θ)v∂ttuTku∂jve
pφ) −

ˆ
gkij∂i(h1(θ)Tkue

pφ)v∂ttu∂jv

−
ˆ

gkijh1(θ)v∂i∂ttuTku∂jve
pφ−

ˆ
gkijh1(θ)∂iv∂ttuTku∂jve

pφ.

The term 
´
gkij∂i(h1(θ)v∂ttuTku∂jve

pφ) is zero for i �= 0. For i = 0 it is clearly accept-
able since it can be absorbed into the time derivative of the energy due to its smallness. 
By Lemma 2.6 and 2.7, we have

|∂i(h1(θ)Tkue
pφ)|

� |∂ih1(θ)Tkue
pφ| + |h1(θ)∂iTkue

pφ| + |h1(θ)Tku∂ie
pφ| + |h1(θ)Tkue

p∂iφ|

� t−
3
2 + |h1(θ)∂iωk∂tue

pφ| + |h1(θ)Tk∂iue
pφ| +

∣∣∣∣h1(θ)
Tku

〈r − t〉φ
∣∣∣∣ � t−

3
2 .

The term containing v∂i∂ttu can be handled by (2.63). Thus

ˆ
gkijh1(θ)v∂ttuTku∂ijve

pφ = OK .

Similarly, we have

ˆ
gkijωkh1(θ)v∂ttu∂tuTi∂jve

pφ =
ˆ

gkijωkh1(θ)v∂ttu∂tu (∂jTiv − ∂jωi∂tv) epφ = OK,

ˆ
gkijωkωih1(θ)v∂ttu∂tuTj∂tve

pφ =
ˆ

gkijωkωih1(θ)v∂ttu∂tu∂tTjve
pφ = OK .

This concludes the estimate of the first part of the main piece.
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5. Further estimates

We now denote h(θ) = h2(θ) and consider the second part of the main piece

ˆ
h(θ)1

r
∂θv∂ttu∂tve

pdx. (5.1)

Since ‖〈r − t〉∂ttu‖∞ � t−
1
2 , it follows that

ˆ
h(θ)1

r
∂θv∂ttu∂tve

pdx = OK +
ˆ

h(θ)1
r
∂θv∂ttu∂tvφ̃(x

t
)epdx, (5.2)

where φ̃ is a radial bump function localized to |z| ∼ 1. Denote φ(z) = 1
|z| φ̃(z). Then

ˆ
h(θ)1

r
∂θv∂ttu∂tvφ̃(x

t
)epdx

=1
t

ˆ
h(θ)∂θv∂ttu∂tvφ(x

t
)epdx

= OK +1
t

ˆ
h(θ)v∂ttu∂t∂θvφ(x

t
)epdx

= OK +1
t

ˆ
h(θ)〈r − t〉∂ttuφ(x

t
)ep︸ ︷︷ ︸

=:F

v

〈r − t〉︸ ︷︷ ︸
=:ṽ

∂t∂θvdx. (5.3)

Note that

‖∂F‖∞ + ‖F‖∞ � t−
1
2E

1
2
4 , ‖ṽ‖2 + ‖∇ṽ‖2 � E

1
2
m; (5.4)

‖〈∇〉(F ṽ)‖2 � ‖F ṽ‖2 + ‖∇(F ṽ)‖2 � t−
1
2E

1
2
4 E

1
2
m. (5.5)

It follows that

∣∣∣ˆ F ṽ∂t∂θvdx
∣∣∣ � t−

1
2E

1
2
4 E

1
2
m‖〈∇〉−1∂t∂θv‖2. (5.6)

Recall that v = Γαu with |α| ≤ m. Thus we only need to show (below we take 0 < δ <

1/4)

‖〈∇〉−1∂tΓ≤m+1u‖2 ≤ D1t
δ, (5.7)

where D1 is a small constant whose smallness can be ensured by the smallness of Em. 
The legitimacy of the nonlocal norm ‖〈∇〉−1∂Γ≤m+1u‖2 is ensured by Lemma 2.1.
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5.1. Estimate of ‖〈∇〉−1∂Γ≤m+1u‖2

For each multi-index β with |β| ≤ m + 1, we have

�Γβu =
∑

α1+α2≤β

gkijβ;α1,α2
∂kΓα1u∂ijΓα2u, (5.8)

where gkijβ,α1,α2
still satisfies the null conditions for each (β, α1, α2). Moreover gkijβ,β,0 =

gkijβ,0,β = gkij .
We first compute the left hand side. By using the Littlewood-Paley decomposition 

(see (2.8)), we have

∑
J≥0

∑
|β|≤m+1

2−2J
ˆ

�PJΓβu∂tPJΓβuepdx

=
∑
J≥0

∑
|β|≤m+1

2−2J
(1

2
d

dt
‖e p

2 ∂PJΓβu‖2
2 + 1

2

ˆ
epq′|TPJΓβu|2dx

)
. (5.9)

It is not difficult to check that
∑
J≥0

∑
|β|≤m+1

2−2J‖e p
2 ∂PJΓβu‖2

2 ∼
∑

|β|≤m+1

‖〈∇〉−1∂Γβu‖2
2. (5.10)

To simplify the notation in the subsequent nonlinear estimates, we introduce the 
following terminology.

Notation. For a quantity X(t), we shall write X(t) = NICE if X(t) can be written as

X(t) = d

dt
X1(t) + X2(t) + X3(t), (5.11)

where (below α0 > 0 is some constant)

|X1(t)| �
∑

|β|≤m+1

‖(〈∇〉−1∂Γβu)(t, ·)‖2
L2

x(R2),

|X2(t)| �
∑
J≥0

∑
|β|≤m+1

2−2J
ˆ

epq′|(TPJΓβu)(t, x)|2dx;

|X3(t)| � 〈t〉−1−α0 . (5.12)

Next we shall deal with the RHS, namely

∑
|β|≤m+1

∑
α1+α2≤β

∑
J≥0

2−2J
(
gkijβ;α1,α2

ˆ
PJ(∂kΓα1u∂ijΓα2u)∂tPJ(Γβu)epdx

)
. (5.13)
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We shall discuss several cases. To simplify the notation, we fix β and denote w = Γβu. 
The most difficult case is the quasilinear piece which will be discussed in detail below.

Case 1: the quasilinear piece α1 = 0, α2 = β. In this case we need to estimate

∑
J≥0

2−2Jgkij
ˆ

PJ(∂ku∂ijw)∂tPJwe
pdx. (5.14)

We discuss several further subcases.
Case 1a: the piece

∑
J≥8

2−2Jgkij
ˆ

PJ(∂ku∂ijP[J−3,J+3]w)∂tPJwe
pdx

=
∑
J≥8

2−2Jgkij
ˆ

∂ku∂ijPJw∂tPJwe
pdx (5.15)

+
∑
J≥8

2−2Jgkij
ˆ (

[PJ , ∂ku]∂ijP[J−3,J+3]w
)
∂tPJwe

pdx. (5.16)

It is not difficult to check that the contribution of (5.15) is acceptable for us. We now 
focus on the estimate of (5.16). For simplicity of notation, we denote

wJ = P[J−3,J+3]w. (5.17)

Clearly

∑
J≥8

2−2Jgkij
ˆ (

[PJ , ∂ku]∂ijwJ

)
∂tPJwe

pdx

=
∑
J≥8

2−2Jgkij
¨

22Jϕ(2Jy)((∂ku)(x− y) − (∂ku)(x))(∂ijwJ)(x− y)dy∂tPJwe
pdx

=
∑
J≥8

2−2Jgkij
2∑

m=1

¨ 1ˆ

0

2Jϕm(2Jy)(∂m∂ku)(x− θy)(∂ijwJ)(x− y)∂tPJwe
pdθdydx,

(5.18)

where ϕ and φm are Schwartz functions. Here 22Jϕ(2J ·) is the kernel function corre-
sponding to PJ . For J = 0 and J ≥ 1 we have slightly different expressions for ϕ. But 
we shall ignore this difference for simplicity of notation.

We first need an auxiliary estimate.

Lemma 5.1. We have

2∑
‖∂∂iP≤J+3w‖2 � 2J‖∂P≤J+3w‖2;
i=1
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‖�P≤J+3w‖2 � 2J t− 1
2 ‖∂P≤J+5w‖2 + t−

1
2 ‖∂P≤J+5Γ≤m+1u‖2 + t−

1
2 ‖〈∇〉−1∂Γ≤m+1u‖2;

‖∂ttP≤J+3w‖2 � 2J‖∂P≤J+3w‖2 + 2J t− 1
2 ‖∂P≤J+5w‖2

+ t−
1
2 ‖∂P≤J+5Γ≤m+1u‖2 + t−

1
2 ‖〈∇〉−1∂Γ≤m+1u‖2.

The same estimates hold when P≤J+3w on the LHS above is replaced by

wJ = P[J−3,J+3]w .

Proof. The first estimate is obvious. We only need to show the second estimate since 
the third estimate follows from the identity ∂tt = � + Δ. Observe that (for simplicity 
denote gkijα1,α2

= gkijβ;α1,α2
)

�w =
∑

α1+α2≤β

gkijα1,α2
∂kΓα1u∂ijΓα2u. (5.19)

The main difficult term on the RHS is the case ∂ij = ∂tt, α2 = β. We rewrite the above 
as

�w = gk00∂ku(�w + Δw) +
∑

α1+α2≤β,α2<β

gkijα1,α2
∂kΓα1u∂ijΓα2u +

∑
(i,j) �=(0,0)

gkij∂ku∂ijw.

(5.20)

Thus (below the Einstein summation convention is still in force, e.g. gk00∂ku =∑2
k=0 g

k00∂ku)

�w = 1
1 − gk00∂ku

(gk00∂kuΔw +
∑

α1+α2≤β,α2<β

gkijα1,α2
∂kΓα1u∂ijΓα2u

+
∑

(i,j) �=(0,0)

gkij∂ku∂ijw). (5.21)

Denote f̃ = gk00∂ku
1−gk00∂ku

. Since ‖∂Γ≤3u‖∞ � t−
1
2E

1
2
5 , we have ‖∂≤3f̃‖∞ � t−

1
2 . Clearly

‖P≤J+3(f̃Δw)‖2 ≤ ‖P≤J+3(f̃P≤J+5Δw)‖2 + ‖P≤J+3(f̃P≥J+6Δw)‖2

� 2J t− 1
2 ‖∂P≤J+5w‖2 + t−

1
2 ‖〈∇〉−1∂w‖2. (5.22)

By a similar estimate, we have

‖P≤J+3(
1

1 − gk00∂ku

∑
(i,j) �=(0,0)

gkij∂ku∂ijw)‖2 � 2J t− 1
2 ‖∂P≤J+5w‖2 + t−

1
2 ‖〈∇〉−1∂w‖2.

(5.23)
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To estimate ‖P≤J+3

(
1

1−gk00∂ku

∑
α1+α2≤β,α2<β g

kij
α1,α2

∂kΓα1u∂ijΓα2u
)
‖2, we denote f̃2 =

1
1−gk00∂ku

and consider the general expression

‖P≤J+3(f̃2∂Γα1u∂2Γα2u)‖2, α1 + α2 ≤ β, α2 < β. (5.24)

We discuss a few cases. Recall |β| ≤ m +1, ‖∂Γ≤m−2u‖∞ � t−
1
2E

1
2
m, and ‖∂2Γ≤m−3u‖∞ �

t−
1
2E

1
2
m.

Case 1: |α2| = m or |α2| = m − 1. Clearly |α1| ≤ 2 and we have

‖P≤J+3(f̃2∂Γ≤2u∂2Γ≤mu)‖2

� ‖f̃2∂Γ≤2u‖∞‖∂2P≤J+5Γ≤mu‖2 +
∑

l≥J+6

‖Pl(f̃2∂Γ≤2u)‖∞‖P̃l(∂2Γ≤mu)‖2

� t−
1
2

(
‖∂P≤J+5Γ≤m+1u‖2 + ‖∂〈∇〉−1Γ≤m+1u‖2

)
. (5.25)

Case 2: |α1| ≤ |α2| ≤ m − 2. We have

‖P≤J+3(f̃2∂Γα1u∂2Γα2u)‖2

� ‖f̃2∂Γα1u‖∞‖P≤J+5(∂2Γα2u)‖2 +
∑

l≥J+6

‖Pl(f̃2∂Γα1u)‖∞‖P̃l(∂2Γα2u)‖2

� t−
1
2

(
‖∂P≤J+5Γ≤m+1u‖2 + ‖∂〈∇〉−1Γ≤m+1u‖2

)
. (5.26)

Case 3: |α2| < |α1| ≤ m − 2. We have

‖P≤J+3(f̃2∂Γα1u∂2Γα2u)‖2

� ‖P≤J+5(∂Γα1u)‖2‖f̃2∂
2Γα2u‖∞ +

∑
l≥J+6

‖Pl(f̃2∂
2Γα2u)‖∞‖P̃l(∂Γα1u)‖2

� t−
1
2

(
‖∂P≤J+5Γ≤m+1u‖2 + ‖∂〈∇〉−1Γ≤m+1u‖2

)
.

Case 4: |α1| = m − 1, |α2| ≤ 2, or |α1| = m, |α2| ≤ 1, or |α1| = m + 1, |α2| = 0. Easy 
to check that we also have

‖P≤J+3(f̃2∂Γα1u∂2Γα2u)‖2

� ‖P≤J+5(∂Γα1u)‖2‖f̃2∂
2Γα2u‖∞ +

∑
l≥J+6

‖Pl(f̃2∂
2Γα2u)‖∞‖P̃l(∂Γα1u)‖2

� t−
1
2

(
‖∂P≤J+5Γ≤m+1u‖2 + ‖∂〈∇〉−1Γ≤m+1u‖2

)
.

The desired estimate then easily follows. �
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We now continue the estimate of (5.18). In (5.18), it suffices for us to treat the case 
m = 1 since the estimate for m = 2 is similar. We write

∑
J≥8

2−2Jgkij
¨ 1ˆ

0

2Jϕ1(2Jy)(∂1∂ku)(x− θy)(∂ijwJ)(x− y)∂tPJwe
pdθdydx

=
∑
J≥8

2−2Jgkij
¨ 1ˆ

0

2Jϕ1(2Jy)χ(t− 2
3 y)(∂1∂ku)(x− θy)(∂ijwJ)(x− y)∂tPJwe

pdθdydx

(5.27)

+
∑
J≥8

2−2Jgkij
¨ 1ˆ

0

2Jϕ1(2Jy) · (1 − χ(t− 2
3 y))(∂1∂ku)(x− θy)(∂ijwJ)(x− y)

× ∂tPJwe
pdθdydx, (5.28)

where χ ∈ C∞
c (R2) satisfies χ(z) ≡ 1 for |z| ≤ 0.01 and χ(z) ≡ 0 for |z| ≥ 0.02. In 

yet other words the cut-off function χ(t− 2
3 y) is to localize y to the regime |y| � t

2
3 . In 

(5.28), since |y| � t
2
3 , we clearly have (by using Lemma 5.1)

|(5.28)| �
∑
J≥0

2−10J t−10‖∂〈∇〉−1Γ≤m+1u‖2
2. (5.29)

The contribution of this term is clearly acceptable for us.
To estimate (5.27), we choose φ1(t, x) = a(x/t) where a ∈ C∞

c (R2) is such that 
a(x) = 1 for 0.9 ≤ |x| ≤ 1.1, and a(x) = 0 for |x| ≤ 0.8 or |x| ≥ 1.2. We decompose 
(5.27) as

(5.27)

=
∑
J≥8

2−2Jgkij
¨ 1ˆ

0

2Jϕ1(2Jy)χ(t− 2
3 y)(1 − φ1(t, x))(∂1∂ku)(x− θy)(∂ijwJ)(x− y)

× ∂tPJwe
pdθdydx (5.30)

+
∑
J≥8

2−2Jgkij
¨ 1ˆ

0

2Jϕ1(2Jy)χ(t− 2
3 y)φ1(t, x)(∂k∂1u)(x− θy)(∂ijwJ)(x− y)

× ∂tPJwe
pdθdydx. (5.31)

Observe that in (5.30), since |y| � t and |x| is away from the light cone, the variable 
x − θy is also away from the light cone. We have

sup
0≤θ≤1

‖χ(t− 2
3 y)(1 − φ1(t, x))(∂1∂ku)(x− θy)‖L∞

x L∞
y

� t−
3
2E

1
2
5 . (5.32)
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By using this estimate together with Lemma 5.1, it is not difficult to check that the 
contribution of (5.30) is acceptable for us. It remains for us to estimate (5.31). In this 
case observe that |x| ∼ t, |y| � t, |y| � |x|.

We shall use the identity:

gkij∂ka∂ijb = gkij(Tka∂ijb− ωk∂taTi∂jb + ωkωi∂taTj∂tb). (5.33)

One has to be extremely careful here due to the shifts in x induced by convolution! In 
particular

Tk(a(x + h)) �= (Tka)(x + h). (5.34)

In (5.31), we shall apply the above identity with

a(x) = (∂1u)(x− θy), b(x) = wJ(x− y). (5.35)

Subcase 1: the piece

∑
J≥8

2−2Jgkij
¨ 1ˆ

0

2Jϕ1(2Jy)χ(t− 2
3 y)φ1(t, x)Tka∂ijb∂tPJwe

pdθdydx. (5.36)

Observe that

Tka =
(
ωk(x)∂t + ∂xk

)(
(∂1u)(x− θy)

)
.

Since |x| ∼ t and |y| � |x|, we have

|ωk(x) − ωk(x− θy)| � 1
t
· |y|. (5.37)

Thus we only need to work with the piece

∑
J≥8

2−2Jgkij
¨ 1ˆ

0

2Jϕ1(2Jy)χ(t− 2
3 y)φ1(t, x)(Tk∂1u)(x− θy)(∂ijwJ)(x− y)

× ∂tPJwe
pdθdydx. (5.38)

Since ‖T∂u‖∞ � t−
3
2 , the contribution of the term (5.38) is clearly acceptable for us 

with the help of Lemma 5.1.
Subcase 2: the piece

∑
J≥8

2−2J
∑

1≤j≤2
gkij

¨ 1ˆ

0

2Jϕ1(2Jy)χ(t− 2
3 y)ωk(x)φ1(t, x)∂taTi∂jb∂tPJwe

pdθdydx.

(5.39)
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Here we only treat the case j �= 0, i.e. we deal with Ti∇b. Note that

∂ta = (∂t∂1u)(x− θy); (5.40)

Ti∂jb = (ωi(x)∂t + ∂xi
)
(
(∂jwJ)(x− y)

)
. (5.41)

Since |x| ∼ t and |y| � |x|, the contribution of the difference ωi(x) − ωi(x − y) is 
acceptable for us. Thus we only need to estimate (for j = 1 or j = 2)

∑
J≥8

2−2J
¨

2Jϕ1(2Jy)χ(t− 2
3 y)φ1(t, x)ωk(x)(∂t∂1u)(x− θy)(Ti∂jwJ)(x− y)

× ∂tPJwe
pdydx. (5.42)

Here and below we shall neglect the integral in θ since the estimates will be uniform 
in θ ∈ [0, 1]. In (5.42), note that |x − y| ∼ t and the contribution of the commutator 
(below z = x − y)

([Ti, ∂j ]wJ)(z) = −
(
∂zj (ωi(z))

)
· (∂twJ)(z) (5.43)

is clearly acceptable for us (since ‖∂zj (ωi(z))‖L∞(|z|∼t) � 1
t ). Thus we only need to 

estimate
∑
J≥8

2−2J
¨

2Jϕ1(2Jy)χ(t− 2
3 y)φ1(t, x)ωk(x)(∂t∂1u)(x− θy)(∂jTiwJ)(x− y)

× ∂tPJwe
pdydx. (5.44)

We now write (∂jTiwJ)(x − y) = −∂yj

(
(TiwJ)(x − y)

)
. Integrating by parts in ∂yj

, we 
obtain

(5.44)

=
∑
J≥8

2−2J
¨

2Jϕ1(2Jy)χ(t− 2
3 y)φ1(t, x)ωk(x)(∂t∂j∂1u)(x− θy) · (−θ)(TiwJ)(x− y)

× ∂tPJwe
pdydx (5.45)

+
∑
J≥8

2−2J
¨

22J(∂jϕ1)(2Jy)χ(t− 2
3 y)φ1(t, x)ωk(x)(∂t∂1u)(x− θy)(TiwJ)(x− y)

× ∂tPJwe
pdydx (5.46)

+
∑
J≥8

2−2J
¨

2Jϕ1(2Jy)t−
2
3 (∂jχ)(t− 2

3 y)φ1(t, x)ωk(x)(∂t∂1u)(x− θy)(TiwJ)(x− y)

× ∂tPJwe
pdydx. (5.47)
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For (5.46), we have (below δ1 > 0 is a small constant)

|(5.46)|

≤
∑
J≥8

2−2J
¨

22J |(∇ϕ1)(2Jy)||φ1(t, x)|
(
ε|(TwJ)(x− y)|2〈|x− y| − t〉−1−δ1

+ Cε〈|x− y| − t〉1+δ1 |(∂2u)(x− θy)|2|χ(t− 2
3 y)|2|(∂tPJw)(x)|2

)
dxdy, (5.48)

where ε > 0 can be taken sufficiently small, and Cε > 0 depends on ε. Note that

〈|x− y| − t〉1+δ1 |(∂2u)(x− θy)|2 � E5

t
(1 + |y|). (5.49)

Due to the cut-off function |(∇ϕ1)(2Jy)|, the factor (1 + |y|) is certainly harmless for us. 
It is then not difficult to check that the contribution of (5.48) is acceptable for us.

It is not difficult to check that the contribution of the term (5.47) is acceptable for 
us.

The estimate of (5.45) follows along similar lines. We omit the details.
Subcase 3: the piece

∑
J≥8

2−2J
¨ 1ˆ

0

2Jϕ1(2Jy)χ(t− 2
3 y)φ2(t, x)∂taTj∂tb∂tPJwe

pdθdydx, (5.50)

where j = 1 or j = 2, and φ2(t, x) is localized to |x| ∼ t. Here φ2(t, x) corresponds to 
φ1(t, x)ωk(x) or φ1(t, x)ωk(x)ωi(x). Recall b(x) = wJ(x − y) and note that

(Tj∂tb)(x) − (Tj∂twJ)(x− y) = (ωj(x) − ωj(x− y))(∂ttwJ)(x− y). (5.51)

Since |x| ∼ t and |y| � t, the contribution of (5.51) is acceptable by using Lemma 5.1. 
Thus we only need to estimate

∑
J≥8

2−2J
¨

2Jϕ1(2Jy)χ(t− 2
3 y)φ2(t, x)(∂t∂1u)(x− θy)(Tj∂twJ)(x− y)∂tPJwe

pdydx.

(5.52)

We rewrite (5.52) as

(5.52)

= d

dt

(∑
J≥8

2−2J
¨

2Jϕ1(2Jy)χ(t− 2
3 y)φ2(t, x)(∂t∂1u)(x− θy)(TjwJ)(x− y)

× ∂tPJwe
pdydx

)
(5.53)
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−
∑
J≥8

2−2J
¨

2Jϕ1(2Jy)∂t(χ(t− 2
3 y)φ2(t, x))(∂t∂1u)(x− θy)(TjwJ)(x− y)

× ∂tPJwe
pdydx (5.54)

−
∑
J≥8

2−2J
¨

2Jϕ1(2Jy)χ(t− 2
3 y)φ2(t, x)(∂tt∂1u)(x− θy)(TjwJ)(x− y)

× ∂tPJwe
pdydx (5.55)

−
∑
J≥8

2−2J
¨

2Jϕ1(2Jy)χ(t− 2
3 y)φ2(t, x)(∂t∂1u)(x− θy)(TjwJ)(x− y)

× ∂ttPJwe
pdydx (5.56)

−
∑
J≥8

2−2J
¨

2Jϕ1(2Jy)χ(t− 2
3 y)φ2(t, x)(∂t∂1u)(x− θy)(TjwJ)(x− y)

× ∂tPJwe
p∂tpdydx. (5.57)

It is not difficult to check that

|(5.54)| + |(5.55)| = NICE. (5.58)

For (5.56) we can choose φ̃1 ∈ C∞
c such that φ̃1ϕ1 ≡ ϕ1. Then

|(5.56)|

=

∣∣∣∣∣
∑
J≥8

2−2J
¨

2Jϕ1(2Jy)χ(t− 2
3 y)φ2(t, x)(∂t∂1u)(x− θy)(TjwJ)(x− y)φ̃1(2Jy)

× ∂ttPJwe
pdydx

∣∣∣∣∣
≤
∑
J≥8

2−2J
¨ (

22J |ϕ1(2Jy)|2ε
|(TwJ)(x− y)|2
〈|x− y| − t〉1+δ1

+ Cε|φ̃1(2Jy)|2〈|x− y| − t〉1+δ1 |(∂2u)(x− θy)|2|χ(t− 2
3 y)|2|φ1(t, x)|2

× |(∂ttPJw)(x)|2
)
dxdy

≤
∑
J≥8

2−2Jconst · ε ·
ˆ

|TwJ |2(x)q′(|x| − t)dx

+
∑
J≥8

2−4J · C(1)
ε · E5

t
‖∂ttPJw‖2

2. (5.59)

In the above ε > 0 can be taken sufficiently small, and Cε > 0, C(1)
ε > 0 depend on ε. 

The term ‖∂ttPJw‖2
2 can be controlled with the help of Lemma 5.1. Thus
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|(5.56)| ≤ NICE + const ·E5

t
‖〈∇〉−1∂Γ≤m+1u‖2

2. (5.60)

The term (5.57) is easier and can be estimated along similar lines. We omit the details.
Now observe∣∣∣∑
J≥8

2−2J
¨

2Jϕ1(2Jy)χ(t− 2
3 y)φ2(t, x)(∂t∂1u)(x− θy)(TjwJ)(x− y)∂tPJwe

pdydx
∣∣∣

� E
1
2
5 t

− 1
2 ‖〈∇〉−1∂w‖2

2. (5.61)

Thus the contribution of the term (5.53) is acceptable for us.
This concludes the estimate of Subcase 3 and Case 1a.
Case 1b: the piece

∑
J≥8

2−2Jgkij
ˆ

PJ(∂ku∂ijP≤J−4w)∂tPJwe
pdx

=
∑
J≥8

2−2Jgkij
ˆ

PJ(∂kP̃Ju∂ijP≤J−4w)∂tPJwe
pdx (5.62)

=
∑
J≥8

2−2Jgkij
ˆ (

[PJ , ∂kP̃Ju]∂ijP≤J−4w
)
∂tPJwe

pdx. (5.63)

This case can be similarly treated along the lines in Case 1a. To overcome the issue 
of summability due to P≤J−4w, one can make use of Lemma 5.2 and Lemma 5.3. For 
example, the analogue of (5.46) is

∑
J≥8

2−2J
¨

22J(∂jϕ1)(2Jy)χ(t− 2
3 y)φ1(t, x)ωk(x)(∂t∂1uJ)(x− θy)(Tiw≤J−4)(x− y)

× ∂tPJwe
pdydx, (5.64)

where w≤J−4 = P≤J−4w and uJ = P̃Ju. In lieu of (5.48), we bound it as

|(5.64)|

≤
∑
J≥8

2−2J
¨

22J |(∇ϕ1)(2Jy)||φ1(t, x)|
(
ε|(Tw≤J−4)(x− y)|2〈|x− y| − t〉−1−δ1 · 2−Jδ2

+ Cε〈|x− y| − t〉1+δ12Jδ2 |(∂2uJ)(x− θy)|2|χ(t− 2
3 y)|2|(∂tPJw)(x)|2

)
dxdy, (5.65)

where δ2 > 0 is a small exponent. The term containing |Tw≤J−4(x − y)|2 is clearly 
manageable due to the decay factor 2−Jδ2 . For the second term, by using Lemma 5.3, 
we have (for |x| ∼ t, |y| � |x|)

|〈|x− θy| − t〉∂2uJ(x− θy)|2 � t−12−4J . (5.66)
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Since 〈|x − y| − t〉 � 〈|x − θy| − t〉 + |y|, this term is under control. Thus both terms are 
easily estimated. We omit further details.

Case 1c: the piece

∑
J≥0

2−2Jgkij
ˆ

PJ(∂ku∂ijP≥J+4w)∂tPJwe
pdx

=
∑
J≥0

2−2Jgkij
∑

l≥J+4

ˆ
PJ(∂kP̃lu∂ijPlw)∂tPJwe

pdx

=
∑
J≥0

2−2Jgkij
∑

l≥J+4

ˆ
PJ((1 − φ1)∂kP̃lu∂ijPlw)∂tPJwe

pdx (5.67)

+
∑
J≥0

2−2Jgkij
∑

l≥J+4

ˆ
PJ(φ1∂kP̃lu∂ijPlw)∂tPJwe

pdx, (5.68)

where φ1(t, x) = a(x/t) and a ∈ C∞
c (R2) is a radial bump function such that a(x) = 1

for 0.9 ≤ |x| ≤ 1.1, and a(x) = 0 for |x| ≤ 0.8 or |x| ≥ 1.2.

Lemma 5.2. We have for l ≥ 1,

‖(1 − φ1)∂Plu‖∞ � t−
3
2 2−3l; (5.69)

‖φ1TPlu‖∞ � t−
3
2 2−3l. (5.70)

Proof. Note that away from the light cone ∂2Γ≤m−3u has O(t− 3
2 ) decay. The estimate 

(5.69) then follows from a mismatch estimate. For (5.70), we can take T1 = ω1∂t + ∂1
(the estimate for T2 is similar) and observe that

‖φ1T1Plu‖∞ �
2∑

i,j=1
‖φ1T1Δ−2∂ii∂jjPlu‖∞

� 2−3l
2∑

i=1
‖φ1T1Q

(i)
l ∂̃3u‖∞, (5.71)

where Q(i)
l is modified frequency projection still localized to |ξ| ∼ 2l, and ∂̃ = ∂1 or ∂2. 

Note that

φ1T1Q
(i)
l ∂̃3u = φ1(ω1∂t + ∂1)Q(i)

l ∂̃3u

= [φ1ω1, Q
(i)
l ]∂t∂̃3u + [φ1, Q

(i)
l ]∂̃3u + Q

(i)
l (φ1T1∂̃

3u). (5.72)

Since

‖∇(φ1ω1)‖∞ + ‖∇φ1‖∞ � 1
t
, (5.73)
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the commutators [φ1ω1, Q
(i)
l ], [φ1, Q

(i)
l ] are under control. The desired result follows 

easily. �
By using (5.69), it is not difficult to check that the contribution of (5.67) is acceptable 

for us. For (5.68), we note that

gkij∂kP̃lu∂ijPlw = gkij(TkP̃lu∂ijPlw − ωk∂tP̃luTi∂jPlw + ωkωi∂tP̃luTj∂tPlw).
(5.74)

By (5.70) and Lemma 5.1, we have

∣∣∣∑
J≥0

2−2Jgkij
∑

l≥J+4

ˆ
PJ(φ1TkP̃lu∂ijPlw)∂tPJwe

pdx
∣∣∣

�
∑
J≥0

2−2J
∑

l≥J+4

2−3lt−
3
2 ·

(
22l‖∂〈∇〉−1Γ≤m+1u‖2

)
· 2J‖∂〈∇〉−1w‖2. (5.75)

Clearly the contribution of this term is acceptable for us.
Next we estimate the piece

∣∣∣∑
J≥0

2−2J
∑

1≤i,j≤2,0≤k≤2

gkij
∑

l≥J+4

ˆ
PJ(φ1ωk∂tP̃luTi∂jPlw)∂tPJwe

pdx
∣∣∣

�
∑

1≤i,j≤2,0≤k≤2

∣∣∣∑
J≥0

2−2J
∑

l≥J+4

ˆ
PJ(φ1ωk∂tP̃luTi∂jPlw)∂tPJwe

pdx
∣∣∣. (5.76)

In yet other words, we first treat the terms containing T∇w.
Estimate of (5.76). With no loss we take k = 1, i = 1, j = 1. Note that

∣∣∣∑
J≥0

2−2J
∑

l≥J+4

ˆ
PJ(φ1ω1∂tP̃lu[T1, ∂1]Plw)∂tPJwe

pdx
∣∣∣

�
∑
J≥0

2−2J
∑

l≥J+4

1
t
‖∂P̃lu‖∞‖∂Plw‖2‖∂PJw‖2 � t−

3
2E

1
2
5 ‖∂〈∇〉−1w‖2

2. (5.77)

Thus the commutator piece is under control. We now consider

∣∣∣∑
J≥0

2−2J
∑

l≥J+4

ˆ
PJ(φ1ω1∂tP̃lu∂1(T1Plw))∂tPJwe

pdx
∣∣∣

≤ NICE +
∣∣∣∑
J≥0

2−2J
∑

l≥J+4

ˆ
PJ(φ1ω1∂1∂tP̃luT1Plw)∂tPJwe

pdx
∣∣∣ (5.78)

+
∣∣∣∑
J≥0

2−2J
∑

l≥J+4

ˆ
∂1PJ(φ1ω1∂tP̃luT1Plw)∂tPJwe

pdx
∣∣∣. (5.79)
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For (5.78), we have

(5.78)

≤
∑
J≥0

2−2J
∣∣∣ ∑
l≥J+4

ˆ
φ1ω1∂1∂tP̃luT1PlwPJ(∂tPJwe

p)dx
∣∣∣

�
∑
J≥0

2−2J
∑

l≥J+4

(
ε2−2l

ˆ
|TPlw|2q′dx + Cε22l

ˆ 1
q′
|φ1ω1∂

2P̃lu|2|PJ (∂tPJwe
p)|2dx

)
,

(5.80)

where ε > 0 can be taken sufficiently small, and Cε > 0 depends on ε.

Lemma 5.3. We have

‖φ1〈r − t〉∂2P̃lu‖∞ � t−
1
2 2−2l. (5.81)

Proof. By (2.29) and noting that r ∼ t (thanks to the cut-off φ1), we have

‖φ1〈r − t〉∂2P̃lu‖∞ � ‖∂Γ≤1P̃lu‖∞ + t‖�P̃lu‖∞

� 2−2lt−
1
2 . � (5.82)

By using Lemma 5.3, it is not difficult to check that (5.80) is under control. Thus 
(5.78) is acceptable for us. The estimate of (5.79) is similar. We omit the details. This 
concludes the estimate of (5.76).

Next we estimate the piece

∑
J≥0

2−2J
∑

1≤i≤2,0≤k≤2

gki0
∑

l≥J+4

ˆ
PJ(φ1ωk∂tP̃luTi∂tPlw)∂tPJwe

pdx. (5.83)

The idea is to rewrite
ˆ

PJ(φ1ωk∂tP̃luTi∂tPlw)∂tPJwe
pdx

= d

dt

(ˆ
PJ(φ1ωk∂tP̃luTiPlw)∂tPJwe

pdx
)
−
ˆ

PJ(φ1ωk∂tP̃luTiPlw)∂ttPJwe
pdx

−
ˆ

PJ(φ1ωk∂tP̃luTiPlw)∂tPJwe
p∂tpdx−

ˆ
PJ(∂t(φ1ωk∂tP̃lu)TiPlw)∂tPJwe

pdx.

(5.84)

It is not difficult to check that all terms are under control.
Finally we note that the piece

∑
J≥0

2−2Jgkij
∑

l≥J+4

ˆ
PJ(φ1ωkωi∂tP̃luTj∂tPlw)∂tPJwe

pdx (5.85)
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can be estimated similarly. We omit the details. This concludes the estimate of (5.68)
and Case 1c.

Case 1d: the piece

∑
0≤J≤7

2−2Jgkij
ˆ

PJ(∂ku∂ijP≤J+3w)∂tPJwe
pdx. (5.86)

Since 0 ≤ J ≤ 7, it is not difficult to check that this case is under control.
Case 2: |α1| ≤ m

2 , |α2| ≤ m with α1 + α2 ≤ β, i.e. the piece

∑
J≥0

2−2Jgkij
ˆ

PJ(∂kΓα1u∂ijΓα2u)∂tPJwe
pdx. (5.87)

This case can again be treated by using the decomposition (with no loss consider the 
main case J ≥ 8)

∑
J≥0

2−2Jgkij
ˆ

PJ(∂kΓα1u∂ijΓα2u)∂tPJwe
pdx

=
∑
J≥0

2−2Jgkij
ˆ

PJ(∂kP̃JΓα1u∂ijP≤J−3Γα2u)∂tPJwe
pdx

+
∑
J≥0

2−2Jgkij
ˆ

PJ(∂kΓα1u∂ijP[J−3,J+3]Γα2u)∂tPJwe
pdx

+
∑
J≥0

2−2Jgkij
ˆ

PJ(∂kΓα1u∂ijP≥J+4Γα2u)∂tPJwe
pdx. (5.88)

The estimates are similar to the quasilinear piece α1 = 0, α2 = β. We omit the details.
Case 3: |α2| ≤ m

2 , |α1| ≤ m with α1 + α2 ≤ β, i.e. the piece

∑
J≥0

2−2Jgkij
ˆ

PJ(∂kΓα1u∂ijΓα2u)∂tPJwe
pdx. (5.89)

The situation is similar to the case α1 = β, α2 = 0 which is discussed below. We omit 
the details.

Case 4: α1 = β, α2 = 0. In this case we need to estimate

∑
J≥0

2−2Jgkij
ˆ

PJ(∂kw∂iju)∂tPJwe
pdx. (5.90)

Case 4a: J ≥ 8. We write

PJ(∂kw∂iju) = PJ(∂kP≤J−3w∂ijP̃Ju) + PJ(∂kP[J−2,J+2]w∂iju)
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+
∑

l≥J+3

PJ(∂kPlw∂ijP̃lu), (5.91)

where P̃l denotes the fattened Littlewood-Paley projection localized to |ξ| ∼ 2l.
We shall sketch the details for the second term PJ(∂kP[J−2,J+2]w∂iju). The first and 

the third term can be treated along similar lines with the help of Lemma 5.3. Thus we 
only need to consider

∑
J≥8

2−2Jgkij
ˆ

PJ(∂kw̃J∂iju)∂tPJwe
pdx, (5.92)

where w̃J = P[J−2,J+2]w.
Subcase 4a1: the regime |r − t| ≥ 1

2 t. Choose a radial bump function a ∈ C∞
c (R2)

such that a(x) = 1 for 0.9 ≤ |x| ≤ 1.1, and a(x) = 0 for |x| ≤ 0.8 or |x| ≥ 1.2. Define 
φ1(t, x) = a(x/t). We estimate the piece

∑
J≥8

2−2J
ˆ

PJ(∂w̃J (1 − φ1)∂2u︸ ︷︷ ︸
=:F1

)∂tPJwe
pdx. (5.93)

Observe that

‖F1‖∞ + ‖∂2F1‖∞ � t−
3
2E

1
2
5 . (5.94)

The contribution of this case is clearly acceptable.
Subcase 4a2: the regime |r − t| < 1

2 t. We estimate the piece

∑
J≥8

2−2Jgkij
ˆ

PJ(∂kw̃Jφ1∂iju)∂tPJwe
pdx. (5.95)

By using the null condition, we rewrite

gkij∂kw̃J∂iju = gkij(Tkw̃JTi∂ju− ωiTkw̃JTj∂tu− ωk∂tw̃JTi∂ju + ωkωi∂tw̃JTj∂tu

+ ωiωjTkw̃J∂ttu). (5.96)

The first four terms all contain T∂u. To estimate them, it suffices for us to consider the 
general expression (below h ∈ C∞ corresponds to various expressions involving ωk, ωi

which are functions of the polar angle θ)

∑
J≥8

2−2J
ˆ

PJ(∂w̃J h(θ)φ1T∂u︸ ︷︷ ︸
=:F2

)∂tPJwe
pdx. (5.97)

Observe that
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‖F2‖∞ + ‖∂2F2‖∞ � t−
3
2 . (5.98)

The contribution of this piece is clearly acceptable.
We then consider the main piece

∑
J≥8

2−2J
ˆ

PJ(gkijωiωjφ1︸ ︷︷ ︸
=:φ2

∂ttuTkw̃J)∂tPJwe
pdx. (5.99)

We estimate it as follows:

|(5.99)| ≤ ε
∑
J≥0

2−2J
ˆ

|Tw̃J |2q′epdx + Cε ·
∑
J≥0

2−2J
ˆ 1

q′
|∂ttu|2|PJ (ep∂tPJw)|2dx,

(5.100)

where ε > 0 can be taken sufficiently small and Cε > 0 depends on ε. Summing over 
|β| = m + 1 and taking ε > 0 sufficiently small, the first term above can be absorbed by 
the positive Alinhac term in (5.9). The second term can be bounded as

const · 1
t
E5(u) · ‖〈∇〉−1∂w‖2

2

which is clearly acceptable for us.
Case 4b: 0 ≤ J ≤ 7. This is similar to the case J ≥ 8 which some minor changes in 

numerology. We omit the details.
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