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Abstract

We carry out a mathematical study of the Andersen thermostat [1], which is a
frequently used tool in molecular dynamics. After reformulating the continuous-
and discrete-time Andersen dynamics, we prove that in both cases the Ander-
sen dynamics is uniformly ergodic. A detailed numerical analysis is presented,
establishing the rate of convergence of most commonly used numerical algo-
rithms for the Andersen thermostat. Transport properties such as the diffusion
constant are also investigated. It is proved for the Lorentz gas model where there
is intrinsic diffusion that the diffusion coefficient calculated using the Andersen
thermostat converges to the true diffusion coefficient in the limit of vanishing
collision frequency in the Andersen thermostat. (©) 2007 Wiley Periodicals, Inc.

1 Introduction

1.1 Continuous-Time Andersen Process

The Andersen thermostat is the first molecular dynamics algorithm for simulat-
ing a canonical ensemble at a fixed temperature. The idea is to couple the system to
a heat bath by using stochastic impulsive forces that act occasionally on randomly
selected particles. After the stochastic collision, the chosen particle “forgets” its
old velocity and picks its new velocity from a Maxwell-Boltzmann distribution at
the imposed temperature. Between stochastic collisions, the system of N particles
evolves according to a Hamiltonian dynamics in R? that is given by the following:

(L1) =
Vi=—Vq®, i=1,...,N,
where ® = ®(qy, ..., qy) is the interatomic potential. We shall assume that

is infinitely differentiable, although in most places this assumption can be consid-
erably relaxed. Throughout this paper we shall choose units such that the mass is
normalized to 1.

We shall define the Andersen process on the phase space I' = D x R,
The configuration space ID is assumed to be a torus in RV . For simplicity D =
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RN /74N | For ease of exposition, we introduce the Andersen substitution opera-
tor: S(i,u) : I' — I such that S(i, w)y is the vector y except that the velocity of
the i particle is changed to u. With this notation, the continuous-time Andersen
dynamics is defined as a Markov process on I'.

The d-dimensional Maxwell-Boltzmann distribution with temperature 7 =

is given by
dj2 2
gp(v)dv = (%) exp (_ﬁl;’l ) dv.

DEFINITION 1.1 (Continuous-Time Andersen Process) Suppose on a common
probability space (2, F, P), {T,}{° are i.i.d. random variables that are exponen-
tially distributed with mean % (v > 0); {Y,}7° are i.i.d. random variables such that

1
B

PY, =j) = % for any integer j between 1 and N; and {Z,}{° are i.i.d. ran-
dom variables in R“ that obey a common Maxwell-Boltzmann distribution. Let N,
denote the Poisson counting process generated by {7},}; then the continuous-time
Andersen dynamics starting at a point X € I" is defined as

X, = Ht = XV THIY S, ZOH(T)IX, >0,

1.2
1.2) Xo = x.

where H(-) is the Hamiltonian flow operator and X, is related to the starting point x
by successively applying a cascade of operators. Here for a sequence of operators
A, ]_ﬁv A, is defined as the backward product, i.e.,

N
[TA = AvAy_1 - AL
1

It is immediately obvious that the Andersen process has right-continuous sam-
ple trajectories, and therefore its invariant distribution can be found by computing
the infinitesimal generator associated with the process. To write down an explicit
form of the infinitesimal generator, we first introduce the notion of an Andersen
collision operator:

DEFINITION 1.2 Letq = (q,...,qn), V = (V[,...,Vy), and X = (q, V),

and let gg(-) be the probability density function of the aforementioned Maxwell-

Boltzmann distribution at temperature +; then the Andersen collision operator A

B
is defined as
1 o 1 &
AN = 4 AT = 1 D e [ £SGwdu,
i=1 i=l R
The adjoint A* of the Andersen collision operator is given by

1 N
AP = Z} f F(SG, wx) gswdu.
~
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The infinitesimal generator G of the Andersen process can be computed and is
given by
G:=vA*-1D)+iL,
where 7 is the identity operator and the Liouville operator i £ is defined as
(LA, V) =V -Vqf = VgDV, f.
Let us recall the following definition of invariant measure:
DEFINITION 1.3 (Invariant Measure) A Borel measure i on the phase space I' is

said to be an invariant (probability) measure for T if u(B) = u(T~'B) for any
Borel set B.

Suppose u is an invariant measure of the Andersen process; then it has to satisfy
G'nu=0
or, in more explicit form,

WA —T)—iLllp = 0.

1.2 Discrete-Time Andersen Process

The discrete-time formulation of the Andersen process is given by the following
random dynamical system:

DEFINITION 1.4 (Discrete-Time Andersen Process) Let H2' := H(At), and let
{,}72, beii.d. random variables such that P(, = 1) = A = vAt and P(a, =
0) = 1 —A = 1 —vAt¢; retaining the same notion of Y,, and Z,, as before, we define
the discrete Andersen dynamics as

(1.3) Xpp1 = (1 — ) HY'%y + 0, S (Yo, Z)HA'X,.
It is straightforward to write down the evolution equation for a probability mea-

sure 4 under this dynamics. Indeed, let H~2! be the Markov operator (see Section
1.4 for a definition) associated with H*’; we have

Pt = (L= NH A, + AAH A .

To see how this is connected to the continuous case, let us note that any invariant
measure p has to satisfy

w=(1—=NH 2+ rAH 2 p;
this is equivalent to

T — —i LAt )
(%)M — 1)(./4 _ z—)eﬂCAtM‘

Now formally we can recover the continuous equation by letting Ar go to 0.
The canonical/Gibbsian distribution over the phase space I is given by

1
(1.4) 7 (dx) = Ee’ﬂH(x)dx
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where H(x) = J|v|*> + ®(q) and Z = [, e ##®™dx is the normalization con-
stant. It is straightforward to check that this is an invariant distribution for both the
continuous- and discrete-time Andersen processes. In the following, we will prove
that this is the unique invariant distribution.

1.3 Outline of the Paper

This paper presents a mathematical analysis of the Andersen thermostat. We
take the viewpoint of statistical mechanics. First we prove that the Andersen pro-
cesses are uniformly ergodic, with the canonical distribution being the unique in-
variant measure. We then study standard numerical approximations for the equa-
tions of molecular dynamics. We choose two representative numerical methods:
the forward Euler method and the velocity Verlet scheme. The main difference be-
tween these two methods is that the Verlet scheme is symplectic; i.e., it preserves
the underlying symplectic structure in phase space. For both schemes, we prove
ergodicity, absolute continuity of the invariant distribution, and sharp error esti-
mates for the invariant distribution. One surprising aspect of our results is that the
symplectic structure does not seem to play a crucial role in the results.

Finally, we study transport properties. We first construct a simple example
showing that, for some systems, the diffusion coefficient computed using molec-
ular dynamics with the Andersen thermostat depends sensitively on the value of
the collision rate in the thermostat. We then argue that this is a consequence of
the fact that there are no intrinsic time scales of mixing in such systems, and if
the underlying system does have intrinsic diffusion, then the diffusion coefficient
computed using the Andersen thermostat does converge to the correct value in the
limit of zero collision frequency in the thermostat. We prove this rigorously for the
example of Lorentz gas.

1.4 Notation and Elementary Facts

The following notation will be used in a number of places:

DEFINITION 1.5 For q € R?N, denote by {q} the canonical projection of q into I,
ie.,

q={q} mod 7N where {q} € D.
Similarly, we define [q] := q — {q} € Z".

Denote by M the set of Borel probability measures on I'. To quantify the dis-
tance between probability measures, we introduce the following definition:

DEFINITION 1.6 (Total Variational Norm) Let u be a finite signed measure on
(T, B(I")). The total variational norm [6] of w is defined by

lmllzy == sup [u(A)].
AeB(T)
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If i, up € M are absolutely continuous with respect to the Lebesgue measure
on I', then we have

1
i — p2llry = Ef [o1(X) — p2(x)|dx
r

where p; = du/dx and p, = du,/dx are the densities.
We define the Markov operator as follows:

DEFINITION 1.7 (Markov Operator) Let (X, B) be a measurable space and T :
X — X a measurable transformation. Denote by M the set of Borel probability
measures on X. Then T* : M — M is said to be the Markov operator associated
with T if for any u € M and B € B, we have

(T*wu)(B) = n(T~'B).

Since we will be working with a lot of constants, let us introduce the following
notation.

DEFINITION 1.8 For any two real numbers a and b, we denotebya < borb 2 a
if there is a positive constant ¢ such that a < c¢- b, where the constant ¢ will depend
possibly on the dimension d, the number of particles N, and the potential function
@, but nothing else.

DEFINITION 1.9 Forx = (q, V) = (qi, ..., qy, Vi, ..., Vy) € R?*" define pro-
jection operators Q; and P;, 1 < j < N, by

Qijx:=q; and Px:=Yv;.
Similarly, we define Ox := q and Px :=v.
DEFINITION 1.10 For ease of notation, in some places we write
F=,...,Fy):=-V,
where @ is the potential.

Let us also mention the trivial fact that for any two square matrices A and B,
we have

IAB| S IAIIBII-
Although all norms in finite-dimensional spaces are equivalent, in some parts

of Section 3 and Section 4 we shall choose to work with a fixed matrix norm || - ||
that is submultiplicative, i.e.,

IAB| < [IA[lllBIl-

The advantage of doing this is that we can keep track of constants that might blow
up if iterated too many times.
The following two coupling inequalities are well-known (see [8] for a proof).
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LEMMA 1.11 (Coupling Inequality for Markov Chains) Let P be the transition
kernel of a Markov chain on the state space I". Suppose there is a probability
measure (L on I', a positive constant € < 1, and an integer ny > 1 such that

P"(x,-) > eu() foranyxeTl.
Then there exists a unique invariant probability measure w such that for any n > 1
and x € T, the following inequality holds:

IP" (%) =7 ()llry < (1 =€),
Consequently, there exists a constant ¢ > 0 such that

[P, ) =7()llry <c(1—e)"

LEMMA 1.12 (Coupling Inequality for Continuous-Time Markov Processes) Let
P! be the transition semigroup of a continuous-time Markov process on the state
space T'. Assume that P' has a stationary probability measure . Also assume that
there exists ty > 0 such that the sampled Markov chain P™ satisfies the hypothesis
of Lemma 1.11 with corresponding (€, 1); then we have for anyt > Q andx € T,

t
I1P'(x,-) =7y < (1 —€)b.
Consequently, there exist positive constants ¢ and k such that

[P'(x,-) = ()llrv < cexp(—«t).
2 Ergodicity of the Andersen Process

2.1 Continuous-Time Andersen Process, N =1

To build intuition and prepare ourselves for the many-particle case, we shall
first prove that the continuous-time Andersen process is uniformly ergodic in the
case when N = 1. In a later section we shall deal with N > 1; there the idea is
similar but the proof becomes somewhat involved as we shall see shortly.

LEMMA 2.1 For each q' € D, consider the map: vV — q'(q', V') = H{(q, V) €
R?. There exists ty > 0 and positive constants ¢, and c,, independent of t, q/, and
v, such that for all 0 < t < 1,
a t
det (_q)
av’

Furthermore, the map is globally smoothly invertible with its inverse denoted by
¢>('1,, and there exist constants c3, ¢4, Cs5, ¢ > 0, independent of (q,q’, v, t), such

2.1 ctd < < cot?,

that
ag!,
(2.2) cat™? < det<—q) < cut™
aq
and
lq| — ¢ lq| + ¢
2.3) > < 1ol (@] < °.

t t
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PROOF: By (1.1), we have

t N
q=q +Vvr+ / / F(q")dt ds.
o Jo
Differentiating with respect to v/, we get
8 t t N aF‘ 8 T
q=r+// 2 gras.
ov/ o Jo 8q1: ov/
Now note that % o = 1T and | %H is absolutely bounded (by assumption). A
simple Gronwall argument immediately gives (2.1). By a result of Chichilnisky

[4], we conclude that the map vV — (' is globally smoothly invertible and (2.2)
holds. The last inequality (2.3) is obvious from using the fact that ' € D. U

LEMMA 2.2 Let ty > 0 be the same as in Lemma 2.1, and let 6y be the Dirac
measure on I' concentrated at a point X' = (q', V'). Then for any 0 < t < ty and
X' € T, there exists a positive constant n; < 1 independent of X' and a reference
probability measure 1™ independent of (X', t) such that

AHT A8y >
PROOF: For any q' € D, a short computation gives
(AH™ Adx)(dqdv) = gs(V) - K(q', @dqdy,

where the stochastic kernel K is given by
ﬁ:q+k)‘

Clearly by Lemma 2.1, for any positive ¢ < £, there exists a positive constant
n; < 1 such that

K, @ =) g¢y(q+k)-

kezd

3¢’ (q
det( bq (@)
d

K(q',q) >n foranyq,qeD.
Now the lemma follows by simply taking u™ := dq ® gs(v)dv. U

Let us note that from the proof above, the constant n, satisfies the following rela-

tion:
- const const
T,t - td eXp - l’2 .

This important fact will be used in the proof of the following theorem:

THEOREM 2.3 Denote by P., = P'(X, ) the Markov semigroup of the Andersen
process. Let i be the stationary Gibbsian probability measure for the Andersen
process. Then the continuous-time Andersen process is uniformly ergodic: for any
vo > 0, there is a constant k = k(vg) > 0, independent of X', such that for any
0<v <y,

1Py —liry < c-exp(—«v’r)

where c is a positive constant independent of (X, vg, v).
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PROOF: Note that with initial condition P,?, = Sy, P;, can be viewed as the
mild solution to the following Duhamel equation:

t
P, = eiV’HﬂP}? + v/ e”(“’)Hf(’ﬂ)AP,f, ds.
0

Let T° := e ""H™"; two simple iterations produce the inequality
t 11
! > )2 / / T' "M AT" 2 AT PY dty dt;.
0 Jo

Let ¢ > 0 be fixed and chosen sufficiently small. Let * = min{zy/2, 1}, where £,
is defined in Lemma 2.1. Observe that

t* 1 —et
P =2 / / T AT 2 AT PY dt, dty
et* JO

t* 1—et
> vl / / H AR AR PO dry dt.
er* JO

Note that for et* < t; < t*and 0 < t, < t; — et;, we have e2t* < 1, — t, < t*.
Therefore by Lemma 2.2 and the fact that n, > <% exp(—%3*), we conclude that

there exists a constant 6(t*) > O such that for all et* <, <t*,0<t, <t — &1y,
—(t1—1h) —t p0 f
AR AHT2 Py > 0™ )™

Let 1™ be the probability measure such that

t* 1 —et .
/:Lref x / / H—(t _tl)l-’Lref d[z dt].
et* JO

Then clearly there exists a constant é(t*) > ( such that the following holds:
Pl > (vt)2e A
Now by Lemma 1.12, we have for any ¢ > 0,
1Py = wllry < (1= (i*)e™" 6"\
< (=)™ G - (1= (e 0™
<c- (1= )™ da)r,

where c is a constant depending only on 7*.
Let us consider the function

% €
f) =1 — @)2e™0(*) .
Clearly there exists a positive constant d = d(t*, vy) < 1 such that for any v < vy,
fv) <d< 1.

Now take k = —(logd)/t* and the conclusion of the theorem follows easily.  [J
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2.2 Discrete-Time Andersen Process, N =1

Similar to the continuous case, we shall prove that the discrete-time Andersen
process is uniformly ergodic.

LEMMA 2.4 Let ty be the same as in Lemma 2.1. Let 8y be the Dirac measure at

x € T. Then forany 0 < t; < %0 %0 <t < %0 and t3 > 0, there exists a positive

constant ¢ = c(ty) and a reference probability measure M;gf, both independent of
(t1, ta, 13, X'), such that

H™ AR AR 8 > ep!®.

PROOF: By Lemma 2.2, there exists a positive constant 7,, and a probability
measure du™ = dq ® gp(v)dv such that
AHTPAH ™8y > ntouref.
Now for#; < 2 andx = (q, v) € I', we have
|H, x| < |v| + const - £

where H, "'x is the velocity component of H~"'x. This simple estimate immedi-
ately gives

(H™" ) (dx) = gp(H, "' x)dx
> ¢y (dx)

where u™ = dq ® gp (v)dvand By = (1 +10)B. O

0]
With an obvious abuse of notation, let us denote
PO = ((1 —vADH ™A + vAtAH 28y
It is not hard to arrive at the following theorem:

THEOREM 2.5 Let ty be the same as in Lemma 2.1. Let vy > 0 be arbitrary but
fixed. Let Aty = ty/7. Then for any 0 < v < vy, 0 < At < min{1/2vy, Aty/4},
there exists a constant k = k (vy), independent of (At, v), such that for any n > 1,

I(PS)" —llry < ¢ - exp(—kv’nAt)
where c is a positive constant independent of (vo, At, v).
PROOF: Letm = [Aty/At]; clearly m > 4. Let us also denote
S ={(n,ny,n3) € Z3:n; >0, n,>m, ny >0, ny +ny, +n3 =3m —2}.
We have
(P2 = (1 —vADOH ™A + vAtAH 2 ™8y
D WANAA = vA TR AR DAl g st DALs,

(ny,n2,n3)€S

v
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Observe that for any (ny, n,, n3) € S, we have
to to o
nAt<— and — <@+ DHAr < —.
1AL = 5 5 <+ DAt < >

Then by Lemma 2.4, there exist c; = ¢;(fy) > 0 and ,uref such that the following
holds for any (n1, n,, n3) € S:

H—nlAIAH—(n2+1)AtAH—(n3+1)At3X/ > ¢ - M;gf‘
Since m > 4, we have |S| > 2m?, so that

(P2 > c1 - 2m*(WAD*(1 — vAD™ 2 et
Now by Lemma 1.11, we have

[P — |7y < (1 —cp - 2m*2 A2 (1 — vAr) = 2) L]

n

[)77]
< (1 — c—zlvatg(l - vAt)Mlo/N)

< f, M) - f(v, Atg)n
<cy- f(v, Arg)"'™,
where ¢, > 0 is independent of (v, vy, At, n) and f (v, Aty) is given by
€1 2,2
fv, Ay) =1— > VAL - exp(—6vAfLy).

It is easy to show that for any 0 < v < vy, there exists a positive constant d =
d(Aty, vy) < 1 such that

fO, M) <d” <1,
and the desired inequality follows easily. 0

2.3 Continuous-Time Andersen Process, N > 1

1 <i,j<N,andx €T, the following holds:
a At
H (P 17X 81']‘1 S Atz,
(Pix)

LEMMA 2.6 There exists a constant Aty > 0 such that for any 0 < At < At,
’ 8(Q,-HA’X)
0(Q;x)
0 (P;x)
H a(QjHAtX)
H 8(77]-HA’X)
Qix) ||~

— At§; 1| S AP,
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PROOF: By (1.1), we have
t s
OH'x = Ox +tPx + / / F(QH*x)dt ds,
0 Jo
t
PH'x = Px + / F(QH’x)ds.
0
Differentiating the above equations, we get

dt ds,

9(QH'x) 4 /[ /S oF(QH™x) . 0(QH™x)
9(9x) I(QH™x)  9(9Qx)
d(QH'x) _, +/’/S IF(QH™x) 9(QHX)
a(Px) 0(QH™X) a(Px)
d(PH'x) _/’ oF(QH™x) 0(QH™X)
0

dt ds,

I 30K  a(Qx)
d(PH'x) _ +/1 IF(QH™x) 0(QH™X)
0

3(Px) I(QH™x)  d(Px)
Now a simple Gronwall argument gives the result, noting that || || is bounded (by
assumption). We omit the details. 0

LEMMA 2.7 Let Aty be the same as in Lemma 2.6. Let t; and s;, 1 < i < N,

be a sequence of nonnegative numbers such that ZINZI (t; +5;) = At < Aty. Let

x© = (q(o) ...,qg\(,)), Vgo), .. (0)) Fori =1,..., N, recursively define

x@ D= HiS @i, u)x® 2,
X = HIS (i, uyy)x@ D,

Fix 1 <iy < N. Then for any m > 2iyand 1 < j < N, the following holds:

8 'X(m)
HM — ti08jiol S A[z,

ou;,
A(P;x™)
H auio
3(Q;x™)
duy 1,
H (P; X(’"))

au/V+l()

1| < At

JlO

PROOF: We shall prove the lemma inductively.
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(1) Form = 2iy, define y := S(ip, w;)x %02,y := S(ip, uy4i,)x%~V. By
Lemma 2.6, we have

9Q;x0

H auio
> 3(QH*ny") d(PyH'ioy) 3 3(Q;H0y') (QxHlioy)
APy)  A(Pyy) IQy)  d(Pyy)

— tiy6jio 1

J

k+#ig ki
<_3<Q,»H%y’>_ .-)—a(QioH%w ’ (_8(91'0”"’”_ I)H
3(Qi,Y) m)oaPyyy T U sy
< ‘8(@- d(PcH"y) H 2(Q; d(QH"y) H
rerd BEICRD) 0Py |z () 3(P,y)
a1 (225 )
a(%y) " 9Py il Ty

SO AL ALY AP+ AP AL+ AP
k#ig k#ig

< Ar?

Now for the remaining inequalities, we have by the previous lemma

d(Px))
au,O

Z (P Hoy") d(QxHoy) Z (P HYoy") d(PyH'oy) “
I(y)  9(Piyy) APy 9(Piy)

k= ki
<i a(P, D(QHy) H I, B(PcH0y) H
2Ty e | & Taey |1 ew
N
gZAt+ZAt<Az
=1 k#ig
and
Q| @),
duy 1, I(Piy")
5(P.x 20 s
S RE
8uN-H() 0 (Ploy )

(2) Now assume for m = [ > 2i, the lemma is true. We want to show it is true
form =1+1.
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First consider the case when [ is odd. Denote ng := % then by definition

x+D = H*0 S (ny, unO+N)x(’).
Denote y := S(ng, uy4n,)x". Then by the induction hypothesis and the previous
lemma, we have
H 9Q;x(+D

— t;,85in L
du;, io9jio

1

X B(Q;Hy) B(Qiy) 3(QH™y) d(Pry)
- io(s'io
L T0@am T amw ow,

> I(QHy) 3(Qx") Y I(QH™y) 3(Pex?)

i W@y i 0Py du,
L (AQy) N aQx™) a(Q,ox“))_

a (ony) Jto auio Jio 8 lO
> I(QH™y) ” Ha(QkX(l)) H Z’ IQH a(ka@)
o KL ow, |l P ou,,

(Q;H™ 9(9; x? 9(0. x
QY o 0@ | (0@Qx™)
a(Ql()y) 8“[0 auio

SY AP+ Y At At AP AL+ AP

k#£ig k#£ig

<AL

Similarly, we can prove the remaining inequalities:
IP;x+h
811,'0

i Py HQX") | s AP H) IPix)
k=

1Qy)  ow, o 0Py ow,

< 3o [2@ry H H 9(Qex") ' ‘8(79 H0y) “ H I(Px) ’
Tl a(&y) uj, izl 3Py uj,
N
SY At At+ Y At S AL
k=1 k+io
H 9Qx(+D
duy 4,

i B(QH™y) 9(Qx") 5 3(QHy) 3(Pex®)
a(Qry)  duyiy, o(Pry)  Oduyyy,

k=1 kio
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A

d(Q;H™y) ” H 3(Qx)

I(QH™y) “ H I(Pex)
(Qry)

I(Pry)

oy,

8l‘llv+l0 ‘ k;él

1

N

M= 1[=

A+ At At S At
1 k#£ig

~
Il

9 (+1)
e

auN+lo

Z d(PyHmy) 0(Qux?) Z I(PjH0y) d(Pex®) s
A(Qry)  duyyy, d(Py) Uy jio

k=1

i (P H™y) 3(Qx®)
a(Qry)  Oduyyy,

k#ig

k=1
9 (P HSr 9 O] P O]
Z( (P;Hoy) —5jk1> (Prx )+ (Pex?) jiol‘
k£io a(PkY) auN-H() auN—‘rio
B [ | H 2(Qux®) ‘
— 1 9(<y) ) PV
n Z 8(77 HS"OY) B(PkX(l)) 8(731(X(l)) 8]
P CAPy) Uy, G11 JYAEN 0

M=

SY At A4 ) At At+ At S AL
1 kAo

The situation when [ is even is entirely similar. We omit the details here.

>-
Il

O

LEMMA 2.8 With the same notation as in the previous lemma, the following holds
forany 1 <iy < N and2iy <m <2N.:

io—1
'QioX(m) - (QiOX(O) + Z(fi + Si)PiOX(0)> — 1iy U,
i=1

m+1

J
(SE]

< A2,

~

ti + Si)uN+i0

IPpx™ — uyai| S A

PROOF: This is quite straightforward. U
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COROLLARY 2.9 We make the same assumptions as in Lemma 2.7. In addition,

we assume that

At X At
< min i < max t; < —.
100N ~ 1i<i<N I<i<N 10N

Then there exists a constant At, > 0 such that for any 0 < At < Aty, the map

u= (ll], Ceey UZN) (S deN —> X(ZN)

is a C*® homeomorphism from R*N to R*N . Also, there exist positive constants
c1 and ¢, such that the following holds:

P (2N)
det( X )
oJu

Consequently, if we denote by ¢p™' the inverse map, then there exist constants

c3, ¢4 > 0 such that
P At
det( ¢ )
ox

PROOF: Clearly by Lemma 2.7, we have, for any 1 < i, j < N, that there
exists a positive constant d; such that

3(Q;x*M)
au,-

o At?N < < AN,

cs AN < —dN

< cyAt

—ti(SjiI < d]Alz,

9(P:x2M)
HM SdlAt,
8u,»

9(QxM)

ouy;
a(ij@N))
H duy;

<d;At,

—6/','1 < djAt.

By the assumptions on ¢;, we have that there exist constants Ji, i=1,2,3,4, such

that
axN)

dlAth — &2AldN+l < det( ) < d~3AldN + C?4Al‘dN+l.

oJu

Clearly by taking A#; > 0 sufficiently small, we have for any 0 < At < Aty,

9x(2N)
det ( )
Ju

for some constants ¢; > 0 and ¢; > 0. We omit the smoothness proof since it is
quite obvious. U

oAt < < oAt
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COROLLARY 2.10 We make the same assumptions as in Corollary 2.9. Then there
exists a positive constant ¢ < 1 and a probability measure u'™', both depending
only on At, such that for any X' € T we have

(H™ AH T Aj)8e > ¢ - ™.

1

N
j:
PROOF: For any x = (q, v), let us define

8¢At
0x

J(x)=J(q,V) ;:)

Then we have
N
<]_[ (H™9 AH A,-)(Sx/> (dx)
j=1

— ( / 8(q — {Ox*MNs(v — Px*M)) g4 (u)du)> -dx

= ( Z / 8(q+k — Ox*Ns(v — Px*V)gg (u)du> -dx

keZAIN

= ( Z (g609%) (@+Kk,v)- ](q+k,v)> -dx.
kGZ‘IN
Letq” € D be such that Q;q" = {Q,;x® —{—Z;;]l (tj+s)PixP} forany 1 <i < N,
and let kg = [9;x© + Z;;ll # + sj)Pix(O)]. Then by Lemma 2.8, the following
equality holds for any u with x®") (u) = (q + ko, v) and forany 1 < iy < N:
N

N
'Qio(q —-q") —tu, — ( Z i + Zsi)uN-H'o

i=ip+1 i=ig

< Af?,

~

IV —uyi| S A,
from which, by using the fact that q, q” € D, we obtain
ul S vl +
u v+ —.
~ At

Equivalently, there exists a constant ¢ > 0 such that

1
u <c-{Iv|+—).
||_C(||+At)
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With this estimate and using Corollary 2.9, we arrive at

Y (gpod™)@+k,v) - J(q+Kk, V)
keZdN
> (g5 0 ™) (q + ko, V) - J(q + Ko, V)

1 At
AN (8p0¢™)(q+ ko, V)

> 1 1
< agav sl ¢ |V|+E :

It is now clear that one can take u™ = dq ® gp, (v)dv with 8| = (c + A%) -B. O

z

A close examination of the proof above gives the following corollary, which
will be used later:

COROLLARY 2.11 Under the same assumptions as in Corollary 2.9, let 0 < a <1
be fixed and let 0 < At < Aty. Assume (t;)1<i<n and (s;)1<i<n are sequences of
nonnegative numbers such that

N
aAt <> (1 +8) < At
i=1

and
At ) At
< min #; < max f; < —.
100N ~ 1=i<N I<i<N 10N
Then there exist a constant ¢ = c(«, At) and a probability measure "' that de-
pends only on (o, At) such that

N
(l_[ (HSjAthjAj)>HZkNl (thrsk)fAtax, >c- Mref'

j=1
PROOF: This is quite straightforward, noting that one can always write

N
8y 1= HIkm (hts=dtg
where y = HA=T0L ks g/ -

We are now ready to prove the main theorem of this section.

THEOREM 2.12 The continous-time Andersen process is uniformly ergodic: for
any vy > 0, there exists a constant k = k(vg) > 0, independent of (v, t, X'), such
that for any 0 < v < vy,

1P} — wllry < c-exp (—kv*Mp),

where ¢ > 0 is a constant independent of (v, vy, t, X').
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PROOF: We start from the following Duhamel formulation of P},

t
Py =e¢"H "8y +v f "RV AP ds.

x
0

Iterating the above 2N times and making a change of variables, we have

N
Pl > 2N / <]_[ (H—SfAH—f-fA))HZiil Wt~ s, dtds
S0\

2N N
v N
>(==) / (] |(H"-/'A~H’-1A~)>sz=' 0~ 5, dtds,
(2N> S(t) ]:1 ! ’

where

N

S(t) = {(tl,...,tN,sl,...,sN)eRiN:Z(thrsk)ft},
k=1

RiN :={(t15~-~atN5Sls~~~5SN):thOa SkZO,VISkSN},

N
dtds := [ [ dt; ds;.

j=1

Let 0 < t* < At be fixed, where At is the same as in Corollary 2.9. By Corol-
lary 2.11 (choose o = ¢*/100N), there exist a positive constant ¢ and a reference
probability measure 1™, both depending only on ¢*, such that

P = covNe et f dtds
O(r*)
> . (vt*)ZNe—vt*Mref

where in the above ¢ is a positive constant depending only on #* and

O(I*) = {(11, ...,tN,Sl,...,SN) € S(l*):

t* t*
< min f < max f; < .
100N ~ 1=<k=N 1<k<N 10N

The rest of this proof follows by repeating the same argument used at the end of
the proof of Theorem 2.3. We omit the details here. |
2.4 Discrete-Time Andersen Process, N > 1

We shall prove that the discrete-time Andersen process is uniformly ergodic.
Again with a slight abuse of notation let us denote

Py = (1 —vADH ™™ + vAtAH™ ) 8y,
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where A = % ZZNZI A; for N > 1. Also denote At, = At;/7, where Aty is the
same as in Corollary 2.9.

THEOREM 2.13 Let vog > O be arbitrary but fixed. Then for any 0 < v < vy,
0 < At < min{l/2vy, At,/20N}, and for any X' € T, there exists a constant
Kk = k(vy), independent of (v, At, X'), such that for any n > 1,

I(PS)" —mllry < ¢ - exp(—kv*VnAr),

where ¢ is a positive constant independent of (v, vy, n, X', At).

PROOF: Let m = [Af,/N At]. Clearly m > 20 by assumption. Let us also
introduce the following notation:
m:= (my,...,my),
n:=(ny,...,ny),
oy = a;(v, At,m, N) := WAD)N (1 — vAp)SNm=2N

@ = oy /N?N,

N
S| = {(k,m, n):k—i—Z(mj +nj) =6Nm — 2N,

j=1

k>0, m; >0, njEO,V]SJSN}

N
Sy = {(k,m,n):k+2(mj+nj)=6Nm, k>1,mj>1,n>1,
j=1

Vlf]fN—l, my > 0, I’lN21}

Then we have

)6Nm

(PEHN™ = (1 —vADOH ™ + vAtAH )" 8y

N
> o - Z (l_[ H_mjAt.AH_AtH_njAt.AH_At>H_kAtSX/

(k,m,n)eS; “j=I

N
> - Z (l_[ H_mjAtAH_njAtA>H_kAt5X’

(k;m,n)eS; “j=1

N
>y - Z (l_[ H_mjAtAjH_njAt.Aj)H_kAt(SX/

(k,m,n)eS; “j=I
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Now note that for (k, m, n) € S,, we have
al 36
kAt + (m; +nj)At = 6NmAL € 3AL, 6AL) = (§At1, 5Az1> .
j=1
If, forany 1 < j < N, we require %m <n; < 17_0’"’ then after a bit of algebra,
one sees that for all such n;,
At At
< I’lel < —.

100N 10N

By Corollary 2.11, we conclude that there exists a constant ¢ > 0 and a probability

ref

measure ', both depending only on A#; and such that

N

(1_[ H_mjAtAjH_njAt.Aj>H_kAt5x’ > C,Lme
j=1

where (k, m, n) € S5 and S3 is given by

20 10

By simple combinatorics, we have |S3| > ( 27—0 m)?N . Therefore we have

2N 2N
(Pxél)6Nm >c- ( 7 ) (VAt> (1 _ VAt)6Nm_2N/Lref

7 7
S3::{(k,m,n)eSzz—mfnjf—m,VlSjSN}-

—m
20 N
O6Ar
Z VZN . (Atz)ZN(l _ UAI)T'ZILref
> (UAIZ)ZNe—IZVAIZMref

Now the proof is finished by an argument similar to that used in the last part of the
proof of Theorem 2.5. We omit the details. 0

3 Forward Euler Approximation of the Andersen Process

3.1 Ergodicity of Forward Euler Andersen Process

The forward Euler scheme that approximates the equation of motion (1.1) using
a time step At is given by the following:

q* = q+ VA1,
vA = v+ F(q)At,
where we have denoted F(q) := —V®(q). Let us denote by 72/ the map
X = (q,v) — x* = (@, v¥).
Note that 77 is not a flow operator in the sense that
TANTAL L TAN o AR

As we shall see shortly, this complicates some of the proofs below.
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DEFINITION 3.1 (Forward Euler Andersen Process) Let {o,}7; be i.i.d. random
variables such that P(a, = 1) = A = vAtand P(o, =0) =1— X =1 — vAr.
Retain the same notion of S, Y,,, and Z, as in Definition 1.1. The discrete-time
forward Euler Andersen process is defined as

Xp4+1 = (1 - an)TAlxn + Oln‘S(Yn, Zn)TAter

Let 7 2’ be the Markov operator associated with 72’. The evolution equation
for the probability measures 12" is given by

,’-’Lﬁj_l — (1 _ )\‘)T—At At + )\AT—AI At'

Note that if there is a stationary probability measure u®' for the forward Euler
Andersen process, then it has to satisfy

(31) MAI — (1 _)\‘)T At At _i_)"AT At AI

LEMMA 3.2 Assume that 0 < Aty < go||VF||. &g is sufficiently small such that

1 1
g < min{ , }
JV8N||VF|? [IVF|

Let ¢ = 100||VF||/d. Then for any 0 < At < Aty, nAt < Aty, and for any
1 <1, j <N, the following inequalities hold:
3(Q;(T*)"x)
[
I(P;(T2)"x)
[
3(Q;(T*)"x)
H I(Pix)
I(P;(T2)"x)
e
PROOF: We shall prove this lemma inductively. Note first, by the definition of
T2, we have

— 81| <c-(nAr)?,
—(Sl'jl <c-nAt,
—nAtsjl| <c- (nAt)?,

<c-nAt.

WQTHY) QT o
30w ub T
a(P/TAtX) s a(P/TAtX) . ¢ BFJ
aPxy 77 IQix) QX))

Denote x,, := (72")"x. Clearly for [ = 0, the inequalities hold. Suppose that the
inequalities hold for / = n. Now consider / = n + 1 and assume (n + 1) Az < Afy.
Obviously

B(ijn—H) _ a(Qan) Ata(ijn)

9(Qix) 9(Qix) (Qix)
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By the induction hypothesis
0(QjXn11)
9(Qix)

Similarly, we have

<c-(mAD)? +c-mADAL <c-(n+ 1AL

— 5,1

8(ijn+l) _ a(ijn) Ata(ijn)

a(Pix) a(Pix) d(Pix)
Hence
IO¥e) _ (4 ) AssyI| < e (A 4+ conAl < e (n+ 1AL
(Pix)
The remaining inequalities are proved in a similar fashion:
H 3(PjX+1) ‘ _ H OPX0) i o OF 9(Quxy) ‘
3(Qix) 9(Q;x) 0(Qrx,) 9(Qix)
a(P, n) d(Quixy,) ‘
+ Ar-
<c-nAt+ At - |VF|(Vd + ¢ - N(nAD)?)
<c-(n+1)At.
0(PiXus1) H H 3(P;X,) o OF;  9(Qx,) ‘
8;il| = — 8 A
“ aPx) i T ; " 3(Qexn) 3(Px)
3(Pix,)
— S s At -
= H WP ‘ A 9P H

<c-nAt+ At - ||[VF|[(nAtd + ¢ - N(nAt)?)

<c-(n+1)At.
O

LEMMA 3.3 Let 0 < At < Aty < Aty where Aty is the same as in Lemma
3.2. Let (mj)1<j<n and (n;)i1<j<n be sequences of nonnegative integers such that
Zl 1(”1 +mpar < An. Let x© = (... qV, v, ... V). Fori =
1,..., N, recursively define

x%=D = (TS u)x® 2,

X(zi) = (TAt)miS(i, UN+j)X(2i71).
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Fix 1 < iy < N; then for any m > 2iy, 1 < j < N, there exists a constant ¢ > 0
such that

9 (m)
9Qx™) — i At I | < cAt},
au,0
a(Px™
H ( X ) < CAtl,
ouy,
8 'X(m)
8uN+io
(P xm
w — 8]'1'01 < cAty.
8uN+io

PROOF: This follows essentially the same lines as the proof of Lemma 2.7. We
omit the details. |

As is similar to what we did before, we have the following:

COROLLARY 3.4 We make the same assumptions as in Lemma 3.3 and

. At
min (n; At) > .
1<i<N 100N
Then there exists a constant Aty > 0 such that for any 0 < At; < At,, the map
u=(ug,...,Wy) € RN 5 x(N)

is a C* homeomorphism from R**N to R*N and there exist positive constants c,
and c, such that the following holds:

9 (2N)
det( X )
oJu

COROLLARY 3.5 Use the same assumptions as in Corollary 3.4. There exist a
positive constant ¢ < 1 and a probability measure ™, both depending only on
Aty, such that for any X' € T', we have

ClAldN < < CgAl‘fN

N
(H(T_A’)’"’A (T2 A )8 >copu

j=1

Let Atz = At /7; then we have the following:

THEOREM 3.6 (Uniform Ergodicity of Forward Euler Andersen Process) Let vy >
0 be arbitrary but fixed. Then for 0 < At < min{l/2vy, At3/20N} and any
0 < v < vy, there exists a unique invariant probability measure that we denote as

At Furthermore, for any X' € T, there exists a constant k = K (vy), independent
of (At, X'), such that for any n > 1,

Q)" — u™ 7y < c-exp(—kv*NnAb),

where c is a positive constant independent of (X', n, vy, v, At).
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PROOF: This follows by essentially repeating the arguments used in the proof
of Theorem 2.13. Therefore we omit the details. O

3.2 Regularity of the Invariant Measure

In this section we assume At is sufficiently small such that the forward Euler
Andersen process is ergodic. Let M denote the set of Borel probability measures
onl.

LEMMA 3.7 Let Aé\i = Ay --- Ay. Forany u € M, we have that AQT*A’ASQL
is again a probability measure that admits an infinitely differentiable density.

PROOF: Assume first 4 = 8y, where X' = (q/, v') € T is arbitrary but fixed.
For any x = (q, v) € I', we have

(ANT 2" Al8x) (dx)

(/ 5(q — {QTAT((I/»u)})gﬂ(u)du>gﬂ(v)‘dX

R4N
= Z </ S(q+k—q — uAt)gﬂ(u)a’u)gﬂ(v) - dx
keZdN RAN
1 q—q +k

keZd4N

Let © € I be arbitrary. Denote by [ the marginal probability measure on D
induced by w . The following is immediate:

1
(ART =2 AT ) (dx) = v 8 (V) - h(Q) - dx

where

—q +k . ,
=3 [g (%) (dq).
keZdN]D)

It is a simple exercise to show that the function A(-) is infinitely differentiable on
ID. We omit the details. O

Let us recall that u®' denotes the unique invariant probability measure of the
forward Euler Andersen process. If N = 1, the following theorem can be easily
proved:

THEOREM 3.8 Assume N = 1. Then u®' is absolutely continuous with respect
to the Lebesgue measure on T, i.e., the Radon-Nikodym derivative du®'/dx €
LY(T, dx).



120 W.EAND D. LI

PROOF: Since 2’ is the invariant measure, by (3.1), we have
MAI — (1 _ A)T*AZ‘MAI + kAT*AlMAI

where L = vAf.
Since N = 1, we have 4% = A. Hence

AMA[ — AT_AtMAt.
Let7 = =T A 4+ 2 A(T =22, Then we have
MAI — (1 _ )\,)T_AI/J,A[ 4 )\.AT_AI ((1 _ )\,)T_AI/J,A[ 4 )\'A/-'LA[)
— (1 _ )\.)T_AIMA[ 4 )‘4(1 _ )\,)A(T_At)2/.LAt 4 )\.ZAT_AIA/.LAI
— (1 _ )\2)j-l,LAt _i_)\‘ZAr]'—AIAMAt‘
Observe that by definition T is a Markov operator. By Lemma 3.7, we conclude
that A7 =2 Au®" has a C* density with respect to the Lebesgue measure on I'.

Denote this density as p;; then we have that the following Neumann series con-
verges in L'(T", dx):

dp® - 2 23k A5k
=) KA -2 T,
k=0
which proves that du®' /dx € L'(T, dx). O

We need to work a little bit harder to get the same conclusion in the N > 1 case.
For all u € R¥" | let us define

N

xC¥ (u; X)) := (1_[ TAS(, un ) TS, u,-))x/

i=1
where X' = (q/, V') € I is the initial point. We shall view x*V)(-; x') as a family
of maps parametrized by x'. It has been shown before that Vx' € I the map u —
x®M (u; x') is globally smoothly invertible. Let us denote the inverse maps as
u = ¢(x;x); then we have the following important lemma, which is intuitively
quite obvious:

LEMMA 3.9 VX' = (q, V') € T, the probability measure

N
<]‘[ T‘AfAiT‘AfAi)(SX/
i=l

is absolutely continuous with respect to the Lebesgue measure on I'. Furthermore,
let p(x;X') = p(q, v; ', V'); then p is periodic in q, , and v’ with periods 7",
7N and At=174N, respectively, and we have p € C* (D ® RN @ D @ R¥Y).

PROOF: A short computation gives the following representation of p:

det<m> Y gpk+ Qp(xi X)),

keZdN

p(X;X') = o
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where we have used the trivial fact that |det(d¢ (x; x')/9x)| is periodic in q with
period Z4N . Observe that by Corollary 3.4,

P (x; X'
det(m> — 0(ArNy,
ox
where the implied constant does not depend on (x, x’). Given this fact, the rest of
the statements easily follow. O

The next corollary is immediate:

COROLLARY 3.10 Yu € M, the probability measure (]—[fV:1 TMAT AN A is
absolutely continuous with respect to the Lebesgue measure on I'. Furthermore,
its density is infinitely differentiable. In other words, the Markov operator

N
Au=[]TYAT A
i=l

is a smoothing operator.

Remark 3.11. The introduction of the smoothing operator A, stems from the in-
tuitive observation that for small Az, Ay ~ A(Y.

PROOF OF COROLLARY 3.10: Observe that the following holds true Viu € M
and A € B(I'):

N
(HT ‘A’AiT‘A’AiM>(A) = / o / p(X; X)u(dx).
i=1 A

r

Since p is C* and periodic in X’ with period ZY @ At~'Z4N, the corollary easily
follows. U

Now we are ready to prove the regularity of the invariant measure in the many-
particle case.

THEOREM 3.12 The invariant probability measure ™' is absolutely continuous
with respect to the Lebesgue measure on T, i.e., the Radon-Nikodym derivative fi—’;
is in L'Y(T, dx).

PROOF: Since 2! is stationary, denoting r=(-— A)(%)ZN, we have
MAI — ((1 _ )\)T—At 4 )\,.AT_At)/LAt

— ((1 _ A{)T*At + AAT*A[)ZN‘FRLLAI

N 2N+1
_ ((] _ )\')T—At 4 i E A.T—AT) " At
Jj=1
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N
— (1 _ i)T/LAt + iT*Al l_[(AijAlAijAI)MAZ
j=1
N
= - )\.)T/J,At + A(H(TAIAJ‘TAIA]')>TA[MAI
j=1
where in the last two steps we have used 7T to denote the Markov operator whose
definition is given by
T _ (1 — )L)T—At + % Z]/'V:I AjT—At)QN-H _ X(H;VZI(T—AtAjT—AtAj))T—At
: 3% .
By Corollary 3.10, we denote by p; the Radon-Nikodym derivative of

N
<1_[(T_AtAjT_AtAj)>T_AtMAt

j=1

with respect to the Lebesgue measure on I'. Then the following Neumann series
obviously converges in L' (", dx):

dp® . & .~
=1) (A1=D'T"p.
dx =

which proves the theorem. g

3.3 Error Analysis for Forward Euler Approximation

Throughout this section we assume 0 < v < vy and 0 < Ar < At* where
(vg, Ar*) are fixed and Atr* is sufficiently small such that the forward Euler Ander-
sen process is uniformly ergodic. To analyze how well the invariant measure of the
forward Euler Andersen process approximates the Gibbsian measure, let us denote

PA = (1 —vAOH A + vAtAH™,
0% = (1 —vADNT ™ + vAtAT .
Since 7 and ' are stationary for P2 and Q*', respectively, we have
pt == QM — ) + (Y = P
= 0% =) +(Q°+ 0% + -+ (0N ") (QY — P,
Since the Markov operators Q' and A are nonexpansive, we have by the uniform
ergodicity of Q4
I =7 lry < Q)" (™ = m)llry +nl(QY — PA)7 1y
< c-exp(—v*NinAr) +nl(H™ = T~ *)xllry
where ¢ and k¥ = k (vy) are positive constants.

To help analyze the error term ||(H~2" — 7 27| 7y, we first prove a number
of simple lemmas.
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LEMMA 3.13 Denote the Gibbsian density on T (at temperature B~") as p(-). Then
there exists a constant ¢ = c(f) such that Vx € T, we have

IVxpX)| < ¢ - gg(Px)(1 + [PX]).

PROOF: We only need to observe that Vyp(x) = —Be 7™V, H(x), where
H(x) = ®(9x) + |Px|?/2. O

LEMMA 3.14 There exists a constant ¢ > 0, depending only on the potential ®,
such thatV 0 < At < At* andx € T, we have

|HAx — TA'x| < ¢ - (14 |Px|) A

PROOF: From the definition of H2!, we have

At K
OHAx = Ox + AtPx + / f F(QH*x)dt ds.
o Jo

Clearly this gives
|QH™x — QT x| < ||F||oo - AL,
Note that we also get V0 < s < At,
|QHAx — Ox|| < ¢i - (1 +|Px|)At

where c¢; only depends on ||F||. Since
At
PHAx = Px + / F(QH’x)ds
0
by the periodicity of F, we have

At
|[PHAx — Px — F(Qx)At| < / |[F(QH*x) — F(Ox)|ds
0
At
<cp- At -||VF| (1 4+ |Px])ds
0
<c-(1+|Px|)Ar?

where in the above ¢ and ¢, are constants depending only on F. |

COROLLARY 3.15 There exists a constant ¢ > 0 depending only on the potential
® and B such thatVx € T', 0 < At < At*, we have

lp(HA%) — p(Tx)| < ¢ ggp(Px) - (1 + [Px?) - Ar%.

PROOF: Denote x; := H2'x and x, := 7 2x; then we have

1
(1) — p(xa)] = /0 (%2 = X1) - V(X +£(Xs — x))dt

< |xp — x| max [Vp(x; +1 (X2 — X1))|.
0<r<1

Now the corollary follows easily by using Lemma 3.13 and 3.14. U
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LEMMA 3.16 There exists a constant ¢ > 0 that depends only on the potential ®
such that for¥V 0 < At < At*, x € T, we have

a(TA
‘det(u) — 1| < cAr?,
0x
P TfAt
‘det((—x)> — 1| < cAF.
0x
PROOF: This is a simple estimate on the determinant. O

With the preceding lemmas and corollaries, we have the following:

LEMMA 3.17 There exists a constant ¢ > 0 independent of At such that forV 0 <
At < At*, we have

I(H2 =T 2w llry < cAr’,

Remark 3.18. The meaning of the error term ||(H 2" — 7 2" | 7y is intuitively
clear: it is the error induced by evolving the canonical ensemble by two different
operators.

PROOF: By definition, Lemmas 3.13, 3.14, and 3.16, and Corollary 3.15, we
have that

I(H™ 2 =T *)xlry

—At
:lfm@fmﬂ—pﬂum@-Q%(gz—lgwa
2 ox
r

1
; / (%) — p(T-2'x)|dx
T

1= (foa (P52
ox

r
1
5/ lp(H™2'%) — p(T~4'%)|dx + %AIZ/ |p(T~%'%)]dx
r r

IA

+ %/p(T‘A’X)

A

1
- / 1) — p(T 21 ldx + S A7 / o(T~)ldx
I r

where the last inequality follows from the fact that the p only depends on the energy
of the system.
Now denote y = 7 ~’x and note that

a TA[
‘det(u)‘ <1+ cAf%.
ay
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Then we have by a change of variables from x to y,
(K% =T 2wy

1 c
sE/maww—p@mLuAﬂawiAﬂ/pma+wm%w
I I

1 c
= 5/ lo(T2y) — p(HA y)|(1 4+ cAt?)dy + EAz2(1 +cAr?)
r

A

%Atz(l +cA?) - (1 +/g,s/z(7>x)(1 + IPXIZ)dX>
r

c
EAtz(l +cAr?) - (1 + / gp2(M)(1 + |V|2)dV)

R4N

< cAf?

where in the above we have denoted by c the constants, which may vary from line
to line but do not depend on At. 0

Now we are ready to prove our main theorem:

THEOREM 3.19 There exists a constant At* > 0 such thatV 0 < v < vy, where
Vg is arbitrary but fixed, and ¥V 0 < At < min{1/2vy, At*}, the following estimate
holds:

IS =z lry < — At|log At]
v - U2N

where ¢ = c(v) is a positive constant.

PROOF: Denote by c the constants that only depend on vy but may vary from
line to line. By Lemma 3.17, we have

b — mllry < c-exp(—vNinAt) +n - cAr>
Take the integer n to be such that
—log At < v*NknAr < —101log At.

Clearly such an n exists, and we have
1
I = llry < et + —eArllog Al

c
< 1)2_NAt|10g Af|
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4 Velocity Verlet Approximation
4.1 Ergodicity of the Velocity Verlet Andersen Process

The velocity Verlet approximation of the equation of motion (1.1) with time
step At is given by
q® = q + VA1,
At _ F(@)+F(q*)
VA =v+ %Al,
where we have denoted F(q) := —VdD(q) Let us denote by 7 Al the map

x=(q,v) — x* = (@*,v¥),
Note that 727 is not a flow operator in the sense that
TAfl"FAfZ ;é TAt| ° TAQ.
DEFINITION 4.1 (Velocity Verlet Andersen Process) Let {o,} 7, be i.i.d. random
variables such that P(a, = 1) = A = vAtand P(a, =0) =1 — X =1 —vAt. Let

S, Y,, and Z, be as in Definition 1.1. The discrete-time velocity Verlet Andersen
process is defined as

Xor1 = (1 — ) T%y + xS (Yo, Z)T X,
Let 7 2’ be the Markov operator associated with 72?. The evolution equation
for the probability measures p2' is given by
pel = (1 =T A ps + AAT Al

Note that if there is a stationary probability measure u”' for the velocity Verlet
Andersen process, then it has to satisfy

(41) MAI‘ — (1 _ )\.)T_At At +)\’AT—A1‘ Al‘

LEMMA 4.2 Assume 0 < Aty < &||VF|. & is sufficiently small such that

1 1
n , .
{\/8N||VF||3 IVF| }
Let ¢ = 100||VF||V/d. Then for any 0 < At < qAty, nAt < Aty, and¥ 1 < i, j <
N, the following inequalities hold:

[fQT 1] <y
ij — ’

9(Q;x)
(P (T7)"x) (T5)"x) —8;: 1| <c-nAt
8(73X) ij = s
22D ] <
a(P;x)

<c-nAt.

“ d(P(T2)"x)
3(Qix)
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PROOF: We shall prove this lemma by induction. Note first by definition of
T2, it is not hard to verify that the following holds V 1 < j, k < N:

3(Q,Tx) ,0(F;(Q%)
_— = 8 1 At ,
30 k+2 3(Qe)
QT _ s )
aPx)
d(P; T 'x) 28(F (QT%'x))
3(Pex) ®“+2A (O TAx)

a(P,-TAfx)7 1 ta(Fj(QX))
IDx) 2 AX)

1 L o(F;(QT 2x)) 1, 0(F,(Qx))
+ At Z m(&ml + = At —)

27 = 27 Q)

The above can be put into a more compact form:

WQUTN) s i a oar,  PBTYD o oar
m = Ol + Ap(AL IPx) ikl + Bjr(X)At”,
MOTEN _ i, WRT _

W = At(sjkl, 3(0ex) = ]k(X)Al,

where an easy computation shows that Aji(-), Bjx(-), and Cj;(-) are absolutely
bounded by 2| VF||. Define x,, := (7 2")"x.

For [ = 0, the inequalities obviously hold. Suppose for / = n the inequalities
hold. Now consider / = n + 1 and assume (n + 1) At < Aty. Obviously

0(QX,41) _ 0(9)x,)
9(Qix) 0(Qix)
H 0(QjXny1)

3(Qix) ‘
<c- (A2 +2A1% - ||[VF||(Vd + cN(nAD?) + ¢ - (nAt) At

9(9kxy,) Ata(P/X")
9(Q;x) 3(Qix)

+A2§:&uw

By the induction hypothesis

— 51

< c(® +n)A2 +2A1% - |VF|Vd +2A1% - |[VF|| - ¢ - NA#

1 1
<cm?*+n)At* + EAtz -c+ EAIZ -C

<c-(n+1)>Ar%
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Similarly, we have

0(QjXp11)  9(9Q;Xy) a(Pix,) 2 0(Qrx,)
IPx)  9(Pix) At 3(Pix) AL ZA’k( ) P IPix)
Hence

9(9Q;x,
H (QJX +1) —(n+ I)Atéijl

3(Pix)

<c-(mAD* 4 ¢ (nA)AL 4 2A8% - |VF| - (WdnAt + cN(nA1)?)
<c-*+n)- AP + 202 |VF| - AtgVd + 2A7%|VF| - cN Az
<c-(n+ D>Ar%

The proof of the remaining inequalities is similar:

H 0 (PjXut1)
0(Q;x)

8(7) Xn) 8(Qk n) 2 8(kan)
H 3(0) ZC’k( V3@ Z Bt 5 a0
H d(Pix,) 0(QkX,) 9 (Prx,)

9(9Q;x) 9(Q;x) 9(9Q;x)

< c-nAt +2At|VF| - (Vd + ¢ - NnA?) + 2A82|VF|| - (¢ - (nAt)) - N

<c-(n+1)At,
HB(P i Xn+1) 1‘
'y
3(P;x)
NG SN (S SN 3 (PiXu)
- H ) 5le+Ath:1:CJk( 5B T A ZB,k( D3P
Ha(P %)
d(Pix) ol
9(QuXn) 9 (PiXn)
a(P;x) (Pix)
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< c¢-nAt+2At|VF| - (nAtd + ¢ - N(nAt)?)
+2A2|VF| - Wd +c- N - (nAr))

<c-(n+1)At
O

Using this lemma we can similarly establish a series of lemmas that are not
much different from the ones we gave in previous sections. These give us the
following:

THEOREM 4.3 (Ergodicity of the Velocity Verlet Andersen Process) Let vy > 0 be
arbitrary but fixed. There exists At* > 0 and a constant k = k(vy), independent
of (n, At,X), such that for any 0 < v < vy, 0 < At < min{l/2vy, At*}, the
velocity Verlet Andersen process has a unique invariant probability measure 1>
Furthermore, for any X' € T and n > 1, we have

Q)" — uliry < c-exp(—kv*VnAb),
where c is a positive constant independent of (v, vy, X', At).
4.2 Regularity of the Invariant Measure

The proof of the following theorem is not much different from the case for the
forward Euler Andersen process. Therefore we omit the details here.

THEOREM 4.4 The invariant probability measure u*" for the velocity Verlet An-
dersen process is absolutely continuous with respect to the Lebesgue measure on
['; i.e., the Radon-Nikodym derivative i—’; is in LY(T", dX).

Let us note that as in the forward Euler case, one has an explicit expression for
the probability measure AJ7T 4 ANy

(ANT 2 AJS¢)(dq, dv) = gs(V) - h(q; q) - dqdv

Ath
where K F)
q—q + q
h = — At ).
(@ Z gﬂ( A7 > )
keZdN

4.3 Error Analysis for Velocity Verlet Approximation

The error analysis for the velocity Verlet is not much different from the forward
Euler case.

LEMMA 4.5 Let At* be the same as in Theorem 4.3. There exists a positive con-

stant c that depends only on the potential ® such that the following holds true
VxeTl, 0 < Ar < Ar*:

|HAx — TA%| < ¢ (1 + |Px]P)AL.
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PROOF: In this proof we use ¢ to denote constants that depend on the potential
® but may vary from line to line. By definition of H%, we have the following:

A 2
OQHA'x = Ox + ArPx + —t F(Ox)

At a(F(QHS X
/ / f 3(0H%) (QH x)ds dt dt

= QT x + f ; f / 8?;5;1“) (QH'x)ds dr dt.
Since |PH*x — Px| <5 - ||F||00, We have
|QHA'x — QT %'x| < ¢ - |[VF||(1 + |Px) AL < c(1 + |Px|)Ar.
It remains for us to show that |PHA'x — PT2'x| = O(Atr?). Indeed, for 0 <

t < At, define G(¢; x) := F(QH'x). It is not hard to verify that G satisfies the
inequality

392G (¢;
TEED < e+ Pxy:
then we have
F TAt F At
IPT2x — PHAx| = ’ (Q X;Jf () / F(QH'x)dt
0

A

ELR@T) — F@n)

'F@me) +F(Qv)
+ 2

At
At — / F(QH'x)dt
0

At

T 82G :
PGEX) e

At T 82G :
YCE® o deai

<c(1 4 |Px]P) AL,
O

LEMMA 4.6 Denote by p the density of the Gibbsian probability distribution.
There exists a constant ¢ > 0 depending only on the potential ® and B such that
Vx eI, 0 < At < At*, we have

|o(HA%) — p(TX)| < ¢ gp(Px) - (1+[Px[) - AL
PROOF: This follows easily from the last lemma. O

LEMMA 4.7 Let At* be the same as in Theorem 4.3. There exists a constant ¢ > 0
independent of At such thatV 0 < At < At*, we have

I(H2 =T 2w llry < eAr.
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PROOF: Since p depends only on the energy of the system, and the velocity
Verlet scheme is volume preserving, we have

1
R f o (H7%) — p(T 2% ldx
r
1
=5 [ 1000 = p(T>xiax
T
1
- f P(T%) — p@ldx
I

1
- f P(TA%) — p(H ) ldx.
I

The rest of this proof follows easily from Lemma 4.6. U
Now we are ready to prove the main result of this section:

THEOREM 4.8 There exists a constant At* > 0 such that¥V 0 < v < vy, where vy
is arbitrary but fixed, and V 0 < At < min{1/2vy, At*}, the following holds:

At ¢ 2
Iu™ —wllry <= —5 Ar”[log At
V2N
where ¢ = c(vy) is a positive constant.

PROOF: Let us denote by c the positive constant that depends on vy but may
vary from line to line; then by Lemma 4.7, we have

In® —wlrv < c-exp(—vNknAt) +n - cAf.
Take the integer n to be such that
—2log At < v*NknAtr < —101log At.

Clearly such an n exists, and we have
1
Iu® = wllry < cAr” + —5 cAr’|log At
v

¢ 2
< ])2_NA[ | log At].

g

5 Transport Properties: Diffusion Matrix for the Lorentz Gas Model

In previous sections we have shown rigorously that the Andersen thermostat
correctly generates the canonical ensemble and therefore can be used to calculate
equilibrium properties. However, since it uses fictitious dynamics, it is not intu-
itively clear whether the Andersen thermostat can be used to calculate dynamic
quantities such as transport coefficients.
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To illustrate what may go wrong, let us consider a counterexample. Imagine
that the system consists of free-streaming particles; i.e., the interatomic potential
is 0. Since the process is uniformly ergodic, we have by the functional central limit
theorem [2] that the diffusion matrix is given by

Dg = 2/V® h(q,v)gp(v)dqdv

where £ is the solution to the problem

—v = Gh.
By inspection h(q, v) = %V, so that
Dy = 2 I
p V

where I is the identity matrix. Note that Dg depends rather sensitively on v and
therefore is not physical.

The above simple example might seem to suggest that the Andersen thermostat
should never be used to calculate the diffusion matrix. However, further considera-
tion shows that this is not always the case. The trouble with the counterexample is
that there is only one time scale present: In the absence of the thermostat, the par-
ticles simply perform free streaming and there is no diffusion at all. Such is not the
case in a generic Hamiltonian system thermostatted by Andersen. In general, there
are two competing time scales: One is set by the maximal Lyapunov exponent of
the chaotic Hamiltonian dynamics and gives rise to diffusion. The other is set by
the collision frequency of the thermostat. In the limit of vanishing collision fre-
quency, the system should spend most of its time doing “deterministic diffusion.”
Therefore the diffusion constant calculated using the Andersen thermostat should
not be too different from the deterministic diffusion constant.

To put the above heuristic discussion into rigorous terms, we must first look for
a deterministic system for which there is diffusion. This amounts to proving the
convergence of the Green-Kubo formula. At present, the best-known example is
the Lorentz gas model [7]. In [3], Bunimovich and Sinai proved the stretched ex-
ponential decay of the velocity autocorrelation function and thus rigorously proved
the validity of the Green-Kubo formula.

In the Lorentz gas model, the billiard moves freely between its collision with
the scatters. The collision is assumed to be elastic and therefore the modulus of
the velocity is conserved. The scatters are immobile disks, and they are periodi-
cally situated in space and do not overlap each other. As usual, the Lorentz gas is
assumed to have a finite horizon; i.e., the length of the free path of the billiard is
bounded. We shall study the Lorentz gas model with the Andersen thermostat; i.e.,
during exponentially distributed time intervals, the particle forgets its old velocity
and chooses a new velocity from the Maxwell-Boltzmann distribution at a given
temperature % It is standard to show that this process is well-defined as a Markov
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process. Note that the stationary distribution is given by

po(dqdv) ocd g @ gg(v)dv.
Let 7" denote the deterministic flow operator in the phase space; then Sinai’s result
implies that the following Green-Kubo formula converges absolutely:

Dﬂ = /Oo E*(v(Xp) ® V(TIX()))dl.
0

We shall prove that in the limit of vanishing collision frequency, the diffusion
matrix of the Andersen thermostatted Lorentz gas converges to the deterministic
diffusion matrix Dpg:

(5.1 lii‘lol Ero (V(Xo) ® V(Xs)>ds = Dg.
w0 Jo

Note that in (5.1) we have suppressed the dependence of X, on v to avoid cum-
bersome notation. Let us note that the Lorentz flow operator T’ preserves the
magnitude of velocities. As a consequence, the following lemma is trivially true:

LEMMA 5.1 Assume qq is an arbitrary but fixed point in the configuration space
of the Lorentz gas. Let Z be a centered Gaussian random variable with values in
R2. Then for any t > 0, the random variable

v =v(T"(q0, Z))
has the same distribution as Z. In particular, Ev = 0.

PRrROOF: This is obvious. O

Using this lemma, we can prove the following result:

THEOREM 5.2 Equation (5.1) holds; i.e., in the limit of vanishing collision fre-
quency, the diffusion matrix of Andersen thermostatted Lorentz gas converges to
that of the deterministic Lorentz gas.

PROOF: Adopt the same notation as in Definition 1.1. For any ¢ > 0, let us
denote by F; := F{Ti, ..., Ty,} the filtration generated by T, ..., Ty,. We have

t
E“”[ v(Xo) ® v(X)ds
0

Nio el Tk !
:Euo<zf | v(X0)®V(XS)ds+/ )
i=1 Y Xk LT

k=1 Tk 2l Tk

v(Xo) ® V(Xs)ds)

TNt
:]EMO(/ V(Xo)@V(XQdS) + 1410
0
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where

Zi:l Tk
1= IE"°< Z f . v(Xo) ®V(Xs)ds>

2<i<N, k=1 Tk

Yiet Tk
= Eﬂ°< Yoo | E(MXo)®v(Xy) | F v FiXo, Zi, ., ziz})ds)
2<ien, Y X Tk
it T
= Euo( Z _ v(Xo) @ E(V(X,) | F v F{Xo, Zy, ..., Zi_g})ds).
i—1
2<i<N; i Tk
Note that in the above the random variables Z; are defined in Definition 1.1 and
F{Xo, Z1, ..., Z;—3} is the o-algebra generated by Xo, Zy,...,Z;—» (if i = 2,
then it is simply F{Xo}). Now by a conditional version of Lemma 5.1, we have

E(v(Xy) | 7 vV F(Xo, Z1, ..., Zi—2)) = 0.
This shows that I = 0. Similarly,

t
II=E"1y,5; / v(Xo) @ v(X;)ds =0
Z}ivil Tk
so that

t Tint
EHo / v(Xo) ® v(X;)ds = EH° / v(Xo) ® v(Xy)ds.
0 0

Now define i (t) := fot E*(v(Xo)®V(7° Xp))ds. Note that by Bunimovich and
Sinai’s result, we have for any ¢ > 0, there exists a constant ¢; > 0, independent
of ¢, such that |a(¢)| < ¢; and h(t) — Dg ast — oo. Using this nontrivial fact,
we have

Ti At
lim [E#0 / v(Xo) ® v(X;)ds
0

—0o0
(0.¢]

= lim ve ™ h(s A t)ds
11— 00 0

= lim e_sh<t A f)ds
1—00 Jo v

o0 s
= / e_sh<—)ds.
0 V

Now by taking v | 0, an application of the dominated convergence theorem yields
(5.1). O

6 Concluding Remarks

In this article we have reformulated the continuous-time and discrete-time An-
dersen process. The main difficulty in proving ergodicity of this type of process is
that the noise is degenerate; i.e., only the velocity variables are randomized. Our
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method of proof follows the intuitive picture that the Hamiltonian flow operator
transports the smoothness in the velocity space into the configuration space. In this
way the transition kernel has a smooth density (up to exponentially small-in-time
terms). Furthermore, it approaches the equilibrium Gibbs measure exponentially
fast. We also analyzed the numerical approximations of the Andersen process. Two
representative methods are studied: forward Euler and velocity Verlet. We proved
existence of the invariant measure and absolute continuity of the invariant mea-
sure, and gave sharp error estimates in both cases. For the transport properties, we
showed in the low-collision frequency limit that the diffusion matrix of the Lorentz
gas system calculated by the Andersen thermostat is close to the true value. This is
in accordance with what is observed in molecular dynamics simulations.

Finally, it is interesting to compare the Andersen thermostat to the well-known
hybrid Monte Carlo methods (HMC) introduced by Duane et al. [5]. The HMC
method also uses fictitious momentum kicks, but only to make trial moves in the
configuration space. The main differences between the HMC method and the An-
dersen thermostat are the following: first, in HMC we are only interested in sam-
pling the configuration space; the fictitious momentum variables are only intro-
duced to advance the system in the configuration space, whereas in the Andersen
thermostat the momentum variables are always kept. Therefore, if we are only in-
terested in sampling the equilibrium measure, the HMC method is more efficient.
However, if we also want to calculate the transport properties of the system, then
HMC cannot be used. The second difference is that in HMC, one always needs to
use symplectic integrators to keep detailed balance, while as we have shown here,
the symplectic condition is not necessarily needed in the Andersen thermostat.
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