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STRONG ILLPOSEDNESS OF THE INCOMPRESSIBLE EULER
EQUATION IN INTEGER C™ SPACES

JEAN BOURGAIN AND DONG L1

Abstract. We consider the d-dimensional incompressible Euler equations. We
show strong illposedness of velocity in any C"" spaces whenever m > 1 is an integer.
More precisely, we show for a set of initial data dense in the C™ topology, the
corresponding solutions lose C™ regularity instantaneously in time. In the C! case,
our proof is based on an anisotropic Lagrangian deformation and a short-time flow
expansion. In the C™, m > 2 case, we introduce a flow decoupling method which
allows to tame the nonlinear flow almost as a passive transport. The proofs also
cover illposedness in Lipschitz spaces C™ 1! whenever m > 1 is an integer.

1 Introduction

In this work we consider the d-dimensional incompressible Euler equation posed on
the whole space:

o+ (u-Viu=—Vp, (t,z)cR xR,
V-u=0, (1.1)

u‘t:O = Yo,

where u = u(t, ) = (u1(t,x),...,uq(t,x)) : RxR?Y — R? denotes the velocity of the
fluid and p = p(t,z) : R x R? — R is the pressure. The first equation in (1.1) is just
the usual Newton’s law: the LHS describes the acceleration of the fluid in Eulerian
frame, whereas the RHS represents the force (we assume there is no external forcing
here for simplicity). The second equation in (1.1) is the usual incompressibility
(divergence-free) condition.! It can be also regarded as a constraint through which
the pressure term emerges as a Lagrangian multiplier. The system (1.1) has (d + 1)
unknowns (up,...,uq and p), (d+ 1) equations and thus is formally self-consistent.
To reduce the complexity of the system, a standard way is to eliminate the pressure
term by projecting equation (1.1) into the space of divergence-free vector fields.
Alternatively one may use vorticity formulation. For example in 2D, define w = V1 -u
(here V*+ = (=04,,0x,)), then Equation (1.1) becomes

! In this work, without explicit mentioning, we shall always assume the initial velocity uo is
divergence-free.
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Ow + (u- V)w =0,

where under some suitable assumptions u is recovered from w by the Biot—Savart
law:

u=A"'Vtw

(A
= 5= T W\ —y)ay, Yy =\~Y2,Y1)-

21 Jre y[?
Note in this vorticity form, it is evident that for smooth solutions |lw||, is preserved
in time for all 1 < p < co. The conservation of ||w|| is the key reason for global
wellposedness in 2D. Analogously in 3D, one can introduce w = V X u, and the
vorticity equation takes the form:

Ow ~+ (u-Vw = (w- V)u,
with (again under suitable regularity assumptions)
u=—-A"'V xw.

Compared with 2D, the vorticity stretching term (w - V)u is the main obstruction
to global wellposedness in 3D. In general dimensions d > 3, one can introduce the
vorticity matrix Q = Du — (Du)? (here and below for any matrix A we denote by
AT its matrix transpose) or in component-wise form Q;; = 0ju; — Ojuj. Then the
vorticity equation reads

X+ (u-V)Q = —(Du)'Q — QDu.

Analogous Biot—Savart laws holds between Q2 and Dwu. In this work we will be pri-
marily concerned with the local wellposedness issues of (1.1) in physical dimensions
d = 2,3. The generalization to higher dimensions is straightforward with some mod-
ification in numerology. Our main objective is to study the illposedness in criti-
cal/borderline function spaces.

The wellposedness theory for Euler equations has been extensively investigated
in many different types of function spaces, spatial-temporal domains and boundary
conditions (especially so for local wellposedness). We shall not attempt to give a
complete survey here and refer the interested readers to Majda-Bertozzi [MB02],
Chemin [Che98], Bahouri-Chemin-Danchin [BCD11], Constantin [Con07] and the
references therein for a more comprehensive account. The first group of results dates
back (at least) to Lichtenstein [Lic30] and Gunther [Gun28] who considered local
wellposedness in Hélder spaces C* (k > 1 is an integer and 0 < « < 1). Global
wellposedness of classical solutions (in Holder spaces) for 2D Euler was obtained
by Wolibner [Wol33]. By topologizing the space of differeomorphisms with Sobolev
H?® s > d/2+ 1 norms, Ebin and Marsden [EM70] obtained wellposedness of the
Euler equation on general compact manifolds possibly with C>° boundary. The gen-
eralization of H® to W*P with s > d/p + 1 was obtained by Bourguignon and
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Brezis [BB74]. In the Euclidean setting Kato [Kat72] proved local wellposedness of
d-dimensional Euler in the space CY H™ for initial velocity ug € H™(R?) with inte-
ger m > d/2+ 1. In a later work Kato and Ponce [KP88| removed the restriction
that m is an integer and proved wellposedness results in the general Sobolev space
WeP(R?) with real s > d/p+ 1 and 1 < p < oco. In order to deal with non-integer
s, Kato—Ponce [KP88] proved the following commutator estimate for the nonlocal
differential operator J* = (1 — A)*/2, s > 0:

17°(£9) = f7°gllp Sasp IDFllocll T gllp + 175 fllpllglloc,  1T<p<oo. (12)

(For p = oo a version of the L* end-point Kato—Ponce inequality (conjectured
in [GMN14]) and several new Kato—Ponce type inequalities are proved in recent
[BL14c].) The aforementioned Sobolev spaces W*P(R%), s > d/p + 1 are sometimes
called subcritical /non-borderline spaces (for d-dimensional Euler) and the space
Wa/P+Lp(R?) is called critical/borderline. The index sg, = d/p + 1 is critical in
the sense that it is the minimal requirement for closing the energy estimate. To see
this consider for simplicity the space H*(R%). By performing an energy estimate on
(1.1) (here we neglect the usual mollification/regularization arguments), one obtains

d
Z (Iullf) S [DulloollullF.- (1.3)

Note here for non-integer s, one has to use some version of the Kato—Ponce commu-
tator estimate to derive the estimate above. To close the energy estimate, one must
choose s such that || Dul|s < ||ul/g+. In view of Sobolev embedding H%/2*¢(R%) —
L>(R%), one quickly deduces the requirement s > 1 4 d/2 for p = 2. In a similar
vein one can deduce s > 1+ d/p for general 1 < p < oco.

More refined results are available in Besov type spaces which can accommodate

L*> end-point embedding. Vishik [Vis98] (see also [Vis99]) constructed global solu-
tions to 2D Euler in Besov space B;{lpH(R% with 1 < p < oco. Note that in 2D

the regularity index s = 2/p + 1 is critical (albeit at the expense of /!-summation

in dyadic frequency blocks). For general dimension d > 2, Chae [Cha04] obtained

local wellposedness of Euler in critical Besov space Bz’/lp + (Rd) with 1 < p < oc.

For the case p = oo the unique local solvability in Béo?l(]Rd), d > 2 was proved by
Pak and Park in [PP04] by using a compactness argument. Very recently Pak and
Park [PP13] extended their analysis to cover the case p = 1, i.e. the Besov space
Bﬁrl (RY). Tt should be pointed out that an important inequality used in these works
is a composition estimate of the form (due to Vishik, see e.g. Theorem 4.2 in [Vis99]
for the case Bgo,l; see also Proposition 3.1 in [PP13]): for 0 < s < 1,1 < p < oo,
fe€B,;andg: R? — R? a bi-Lipschitz volume-preserving map,

1F 097 IB;, Sswa (1+1og(llgllipllg™ Lip)) I f]

A more general wellposedness theorem which incorporates all the above (local) re-
sults can be found in the book [BCD11] (see e.g. Theorem 7.1 on pp293 therein): for

S .
Bp,l
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any 1 <p,q < oo, s € R such that B) , — C%! (ie.s>d/p+1lors=d/p+1and
q = 1) and divergence-free initial data ug € B, ,, one can construct a local solution
u,Vp € L=([-T,T}; B, ;) with T' > const /|[ug| 5; ; furthermore

u, Vp € C?B; for g < oo, (1.4)

7q,

(for ¢ = oo it is weakly continuous in time). It is worthwhile pointing out that, if
one insists on having the critical regularity s = d/p+ 1, then one must appeal to the
strong Besov space Bg{lp 1 No other wellposedness results were known in Bg/f 1 for
1 < g < oo. Oversimplifying quite a bit, a common theme in the above mentioned

results is the following: one finds a Banach space X such that

(a) X — C%1;
(b) A version of the Kato—Ponce commutator estimate or a Lagrangian-commutator
estimate holds in X.

Here in point (b), by a Lagrangian-commutator we meant an estimate such as com-
muting singular integral operators with a transport (composition) map. One can
even try to recast these wellposedness results into an abstract formalism allowing
as much generality as possible. This is done for example in recent [Lem12] using a
scale of Banach spaces satisfying nine hypotheses.

Despite the plethora of results in subcritical function spaces, the situation with
borderline spaces such as H%?*1(R%) for d-dimensional Euler had remained unclear
until very recently. In [CW12,DL12], wellposedness in critical H%?*! spaces were
proved for some logarithmically regularized Euler equations. However the analy-
sis therein relies heavily on the logarithm regularization and has no bearing on
the general case without logarithm. In [Tak10], Takada constructed? several coun-

terexamples (involving divergence-free vector fields) of Kato—Ponce-type commuta-

tor estimates in Besov Bg/qp Jrl(Rd) (resp. Triebel-Lizorkin spaces Fg, ép +1(]Rd)) for

1 <p<oo, 1< q< oo (resp. for Triebel-Lizorkin: 1 < p < 00, 1 < ¢ < 00 or
p = q = 00). These counterexamples suggest that one should perhaps expect a neg-
ative solution to the wellposedness problem in borderline spaces. To put things into
perspective, we now mention a couple of earlier results in such flavor. In studying
measure-valued solutions for 3D Euler, DiPerna and Majda [DM87] considered a
shear flow of the explicit form:

u(tvx) = (f($2)7079(x1 - tf($2)))7 Tr = (x17x27x3)7

where f and g are given single-variable functions. In the literature this flow is also
called the two and a half-dimensional flow and it solves (1.1) with pressure p = 0.
DiPerna and Lions used the above shear flow example (see e.g. p152 of [Lio96]) to
show that for every 1 < p < oo, T' > 0, M > 0, there exists a smooth solution
satisfying [|u(0)|w1r(rs) = 1 and [[u(T)|lwrr(rs) > M. Bardos and Titi [BT10]
recently used this example to construct a weak solution which is in the space C'¢

2 Takada also constructed in [Tak10] counterexamples for the case s < d/p + 1.
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initially but does not belong to any C” for any ¢t > 0 and 1 > 8 > 2. By using
a similar argument (see Remark 1 therein) one can also prove illposedness in the
spaces FOIO’2 and Béopo. More recently in [MY12], Misiotek and Yoneda revisited this
shear flow example and showed illposedness of 3D Euler in the logarithmic Lipschitz
space LLa(]Rd), 0 < a < 1, which consists of continuous functions such that

[f(z) = f(y)l

Iflle. =11flls +  sup < 0.
* 7 ocle—yl<2 |z = ylllog |z — yl|®

In a recent paper [CS10], Cheskidov and Shvydkoy proved?® the solution operator
of d-dimensional Euler cannot be continuous in Besov spaces Bﬁm(’]l‘d) (here T is
the periodic torus) where s > 0 if 2 < r < oo and s > d(2 — 1) if 1 < < 2. More
precisely, for initial ug of the form (below €; = (1,0,...), é&a = (0,1,...) denote
standard unit vectors in R):

o
up(x1,...,2q) = €1 cosxa + Z 2% cos(2924),
q=0

they proved that the corresponding weak solution must satisfy

limsup [Ju(t) — uollgs _(ray > 0 = 0(d,r,5) > 0.
t—0+ '

Note here this result confirms? that the weak in time continuity (for ¢ = oo) men-
tioned in the paragraph after formula (1.4) is essentially optimal.

As was already mentioned, illposedness/wellposedness in borderline spaces such
as W4/P+1r(R?) had remained unsolved until very recently. There are some exciting
evidences that the illposedness in critical spaces can now be resolved in full gener-
ality. In [BL14a,BL14b], we introduced a new strategy and proved the following

Theorem [BL14a,BL14b]. Let the dimension d = 2,3. The Euler equation (1.1)
is strongly illposed in the Sobolev space W#PTLP for any 1 < p < oo or the Besov
space B;f/f“ forany 1 <p<oo,1<q< 0.

Here the meaning of “strong illposedness” needs some clarification. To allow some
generality for later discussions, let us denote by X a general Banach space with norm
|-||x. For example X = W%P+1Lr(R%) or Bg/qu(Rd). Roughly speaking, the type of
strong illposedness results proved in [BL14a,BL14b] is the following: for any given

smooth initial data (9 and any e > 0, one can find a nearby data uo, such that

lug = ul?|lx <e,

3 For Navier-Stokes it was shown that the solution operator is discontinuous at ¢ = 0 in the
metric B;Ofoo.

4 Although the result in [CS10] is stated for the periodic torus T%, as remarked by Cheskidov-
Shvydkoy, there is no essential difficulty in extending it to the whole space case.
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and the nonlinear solution u corresponding to ug has the property that
eSS-SUPy <y, |[u(t)[[x = +o0,

for any ¢ty > 0. In yet other words, we prove that the inflation of || - ||x norm is
dense, and jumps to infinity instantaneously in time. More precise statements of the
results can be found in [BL14a,BL14b].

Broadly speaking, the scheme developed in [BL14a, BL14b] consists of three steps:

Step 1. Creation of large Lagrangian deformation. That is to say we find initial
data (with bounded critical norm) such that corresponding flow map has
large distortion within some well-controlled time interval.

Step 2. Local inflation of critical norm. In this step one performs a (modulated)
high frequency perturbation around the initial data chosen in step 1 such
that the corresponding critical norm is inflated through the large La-
grangian map. Here it is crucial that the flow map remains essentially
unchanged under the high frequency perturbation.

Step 3a. Patching in unbounded domains. In this step one repeats the local con-
struction infinitely many times in patches which stay essentially disjoint
from each other during the time of evolution. A key point used in this step
is finite speed propagation and decay of the (Riesz-type) interaction kernel.

Step 3b. Patching in compact domains. It is this step which requires a delicate
analysis. To accommodate infinitely many patches in a compact domain,
one has to analyze the fine interactions of these local patches. The whole
procedure is arranged in such a way that each patch has a local (very
short) patch time during which it interacts very weakly with other patches;
moreover, the critical norm on this patch is inflated in the short patch time.

While the analysis in [BL14a,BL14b] settles the illposedness in Sobolev spaces
Wd/p+1lp (Rd) and similar Besov spaces, it leaves completely open the end-point cases
p = oo. This includes spaces such as C', C%! and the like. As a matter of fact, a
long standing open problem is the wellposedness in C™ spaces with m > 1 being an
integer (cf. [KKP]). The situation is especially intriguing in view of the wellposedness
results in C™ forany m > 1, 0 < a < 1.

The purpose of this work is to completely settle the illposedness in the end-point
spaces such as C™ and Lipschitz spaces C™ 11 m > 1. A very rough formulation
of our results is the following

Theorem. Let the dimension d = 2,3. The Euler equation is strongly illposed in
C™(R%), C™=LY(RY) for any m > 1 being an integer.

In particular, the Euler equation is illposed in C? or C'!! This is perhaps a bit
surprising since we do have wellposedness in C1® for any 0 < o < 1. To prove the
above theorem, a very tempting thought is to follow directly the scheme developed
in [BL14a] and prove the inflation through large Lagrangian deformation with high
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frequency perturbation. As it turns out, this is not the case and some work is needed
(especially so for the borderline case C1).

We now give precise formulation of the main results. To avoid dealing with the is-
sue of life-span of smooth solutions in 3D, we shall just consider perturbations around
local solutions which are obtained by standard energy method. The perturbations
will be done in such a way that the lifespan of the perturbed solution is not altered
too much from the original one. As such the norm inflation will be produced strictly
within the lifespan of the constructed solution. For clarity of presentation we intro-
duce a simple notation. For any given initial velocity u(9) € C>°(R?), we denote by

Cd
(14 || graszraray)

Ty = To(u'?) = (1.5)
as the local life-span of the corresponding local solution to the Euler equation which
is obtained by the standard energy method. Here in the above c; is a constant
depending only on the dimension d, and we choose the norm |[u(9)| ga/2s2 just for
simplicity.”

Theorem 1.1 (Non-compact case for C™(R%),m > 1,d = 2,3). Let m > 1 be an
integer. Let the dimension d = 2 or 3. For any given velocity u(9) e C>*(R?) and
any € > 0, we can find a C° perturbation u®) : R% — R such that the following
hold true:

L [u® || p1gay + |u® | g gy + [[u®) || o (ray < €.

2. Let ug = u'9 + u® and Ty = Ty(u'9))/2 (see (1.5)). There exists a unique
classical solution w = u(t,z) to the Euler equation

ou+ (u-Viu=—-Vp, 0<t<Ty,zcRY
V-u=0,

u = ug,

satisfying

t,- 1 t,- m—1) < .

e (et Ve + o, o) < o0
Here w = V x u is the vorticity. Furthermore u € CYH™ and u(t, ) € C>®(R%)
for each 0 <t <Tj.

3. For any 0 < ty <17, we have

ess-SUP <<ty ([0t )| o (rey = +00. (1.6)
More precisely, for any n = 1,2,3, ..., there exist 0 < t. < t2 < %, and open
balls B,, = B(x,,1) C R, such that u(t,-) € C®(B,) for t € [t} 2], but

u(t, em(p,) >n, Vte [ty tr].

5 Of course any H*/?T1*¢ norm will also work with a possibly different constant Cd,e-
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REMARK 1.2. In 2D, since all smooth solutions are global, we can let 77 = 1 or
any finite positive constant. Similarly in 3D, if one works with smooth axisymmetric
without swirl slows, then one can also let T} = 1.

REMARK 1.3. Note that C™ C C™ 1! and for any f € C™, we have || f||gm-11 ~
|| fllcm. therefore an immediate corollary of Theorem 1.1 is the strong illposedness
in Lipschitz spaces C™~ ! for any integer m > 1. Theorems 1.5-1.6 below also
has the corresponding Lipschitz space version. We omit such statements which are
essentially repetitions.

REMARK 1.4. In a recent preprint [MY], Misiotek and Yoneda showed that the so-
lution map for 2D Euler in C! norm cannot be continuous. Their idea is to use the
construction from [BL14a] to deduce a contradiction with a result of Kato—Ponce
[KP86]. In® [EM], Elgindi and Masmoudi consider the C* problem for d-dimensional
Euler and some closely related models. In particular by exploiting the velocity-
pressure formulation (1.7) (as opposed to the vorticity formulation), they prove that
one can find a smooth flow such that ||u(t = 0)||cr» < 1, yet ||u(t)||cr becomes large
in a short time. Note that with some work, their result combined with the patching
argument from [BL14a] can already be used to deduce a C!'-analogue of Theorem 1.1
which is already quite interesting. On the other hand, the above mentioned results
do not cover C™ or C™~ 11 for m > 2. As was also mentioned in [EM], the compact
domain case is a difficult open problem. Our approach seems to be quite robust and
work for all cases. See Theorems 1.5-1.8 below for details.

Our next result is concerned with the 2D case with compactly supported data.
Needless to say, the results here can be easily extended to cover the case of peri-
odic boundary conditions. Due to the compactness of space, the solution will have
somewhat limited regularity.

Theorem 1.5 (2D C™ case, m > 1 with compactly supported data). Let k > 1
be an integer and let u(9) € C°(R?) be any given velocity field. For any e > 0, we
can find a perturbation u®) : R? — R? such that the following hold true:

1. uP) is compactly supported in a ball of radius < 1, m-times continuously differ-
entiable and

| D™ uP) || < e.

2. Let ug = w9 + 4P and wo = V- wug. Consider the 2D Euler equation (in
vorticity form)

Ow+ (A7IVw - V)w =0, (t,7) € R x R%

w = wy.
t=0

We thank T.M. Elgindi for helpful communications.
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There exists a unique time-global solution w = w(t) to the Euler equation
satisfying w(t) € L> N H~'. Furthermore w € CYC™ and u = A~'V+w €
CPL2 N C?C;I_l’a for any 0 < o < 1.

3. w(t) has additional local regularity in the following sense: there exists z, € R?
such that for any x # x., there exists a neighborhood N, > x, t, > 0 such that
w(t,-) € C°(Ny) for any 0 <t < t,.

4. For any 0 < tg < 1, we have

ess-SUPg<y<y, D™ u(t; ) ]|oo = +00.

More precisely, there exist 0 < t. < 2 < %, open precompact sets ,, n =
1,2,3,... such that u(t) € C°*°(,) for all 0 < t < t2, and
ID™u(t, )|=(@,) > 1y VEE [tn, t2].

n»’n

Our next two theorems are about illposedness in 3D with compactly supported
data. As is well known, the lifespan of smooth solutions corresponding to general
smooth initial data is a major open problem. The usual energy estimate [see (1.3)]
easily implies that the solution is global if one can have a priori control of C* norm
of the solution. Due to this reason, the inflation of the critical C'-norm is a bit
delicate since one can sometimes confuse it with a likely finite time blowup.”

For simplicity we shall primarily work with a class of special flows known as
axisymmetric flows without swirl (see below). In some sense this is a matter of
taste: we want to separate the study of critical/borderline norm inflation (which is
a local question) from that of finite-time blowup/global in time regularity (i.e. a
global question). More concretely the reason of choosing axisymmetric without swirl
flows is twofold: (a) their properties are akin to 2D flows and more amenable to
analysis; (b) these flows generally generate global solutions for which lifespan is not
an issue (as individual flows). Here in point (b), we should stress that in the study
of C! norm inflation, there is still some issue with the control of lifespan since we
will work with axisymmetric without swirl flows with low regularity.

As it turns out, in our construction there are some subtle technical differences
between the C! case and C™, m > 2 case. In the C! case, the constructed solutions
have limited regularity (but they can be shown to be unique). Roughly speaking,
the Li-norm of vorticity is allowed to diverge like loglogq as ¢ — oco. In the C™,
m > 2 case, the solutions behave much better. In particular, the vorticity remains
bounded in C™~! norm on the whole time interval [0, 1].

For clarity of presentation, we shall state the results as two separate theorems.
The reader should not be surprised to find some repetition in the statement of
the results. The first is about illposedness in C' in 3D with compactly supported
data. For simplicity we consider vector fields on R? with some symmetry. Let u(9) ¢
C(R3) be axisymmetric without swirl, i.e.

7 At least some work is needed to rule out this latter possibility.
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w9 (x) = ul9) (r1,29,2) = u(g)’r(r, z)er + u(g)’z(r, 2)es, 1= /x?+ 22,

where e, = %(:Ul,xg,O), e, = (0,0,1).

Theorem 1.6 (3D C! case with compactly supported data). Let ul9) € C°(R?)
be any given velocity field which is axisymmetric without swirl. For any such u9)
and any € > 0, we can find a perturbation u®) : R3 — R® such that the following
hold true:

1. v is axisymmetric without swirl, compactly supported in a ball of radius <1,
continuously differentiable and

||Du(p)||OO < €.

2. Let ug = w9 +u®) and wy = V x ugy. Consider the 3D Euler equation in vorticity
form

Ow+ (u-Viw=(w-V)u, (t,z)eRxR?,
u=—-A"1V xw,

w = wp-
t=0

There exists a unique local solution w = w(t, x) to the Euler equation on the time
interval [0, 1] satisfying

sup Hw(ta ‘)HXe < 00,
0<t<1

where

wllg
wllx, := sup
H H ’ 2<g<o0 H(Q)
and 0(q) = loglog(q+ 100). Furthermore w € C([0,1], Xy) and u € CYL2NCPC
for any 0 < a < 1.
3. w(t) is compactly supported, i.e. for some constant Ry > 0,

supp(w(t,-)) € B(0,R;), VO0<t<1.

4. w(t) has additional local regularity in the following sense: there exists x, € R3
such that for any x # x,, there exists a neighborhood N, > «x, t, > 0 such that
w(t, ) € C°(N,) for any 0 <t < t,.

5. For any 0 < tg < 1, we have

ess-suPg. i<, [|Du(t, )| oc = +o0.

More precisely, there exist 0 < t,ll < t% < %, open precompact sets €,, n =

1,2,3,... such that u(t) € C>®(£,) for all 0 < t < t2, and

[Du(t, | p=(o,) > 1, Vit E [ty ta].

nr’n
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REMARK 1.7. We should point it out that the uniqueness of the constructed solu-
tion is not an issue in Theorem 1.6. In [Yud63] Yudovich proved the existence and
uniqueness of weak solutions to 2D Euler in bounded domains for L vorticity data.
He then improved (see [Yud95]) the uniqueness result (still for bounded domain in
dimensions d > 2) by allowing vorticity w € Np,<p<oc L to grow like ||wl|, < CH(p)
with 6(p) increasing slowly in p (such as 6(p) = logp). Here one should note that
in the uniqueness result (for d > 3), the bound on ||w(t)||, is assumed to hold for
all 0 < t < T where T" > 0 is the lifespan of the solution under consideration.
In Theorem 1.6, our constructed solution have ||w||, which grows like loglogp for
all 0 <t < 1. Therefore uniqueness is guaranteed by using Yudovich’s result. For
completeness we also mention that in the Besov setting Vishik [Vis99] proved the
uniqueness of weak solutions to Euler (in R?, d > 2) under the following assumptions:

e weE P 1< py<d,
e For some a(k) > 0 with the property

(o] 1
—dk = +o0,
/1 a(k)

it holds that

k
Z | Poswl|oo| < const-a(k), VEk>4.
j=2

Here Py; is the Littlewood-Paley projector adapted to the frequency |£| ~ 27. Again
for d > 3 the above bounds are assumed to hold for all 0 < ¢ < T' (i.e. not just on
initial data).

We finally state the 3D C" case for m > 2.

Theorem 1.8 (3D C™ case, m > 2 with compactly supported data). Let k > 2
be an integer. Let u(9) € C°(R?) be any given velocity field which is axisymmetric
without swirl. For any e > 0, we can find a perturbation u® : R® — R3 such that
the following hold true:

1. u?) is axisymmetric without swirl, compactly supported in a ball of radius <1,
m-times continuously differentiable and

| D™ uP)|| o < €.

2. Let ug = u9 +u®) and wy = V x ug. Consider the 3D Euler equation in vorticity
form
Ow+ (u-Viw=(w-V)u, (t,z)eRxR3
u=—-A"V xw,

w = wy-
t=0
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There exists a unique local solution w = w(t, x) to the Euler equation on the time
interval [0, 1] satisfying

sup ([lw(,)ll2 + llw () o) < oo
0<t<1

Furthermore w € C2C™ 1 and uw € COL2 N COCT™* for any 0 < o < 1.
3. w(t) is compactly supported, i.e. for some constant Ry > 0,

supp(w(t,-)) € B(0,R;), V0<t<1.

4. w has additional local regularity in the following sense: there exists x, € R? such
that for any x # x, there exists a neighborhood N, > z, t, > 0 such that
w(t,-) € C*°(Ny) for any 0 <t < t,.

5. For any 0 < tg < 1, we have

ess-SuPg<p<y, || D" u(t; -)|loo = +o00.

More precisely, there exist 0 < tL < t2 < %, open precompact sets ,, n =
1,2,3,... such that u(t) € C>®(S2,) for all 0 < t < 2, and

ID™u(t, Y peqay > ns VEE 122

n»'n

We now give a brief overview of the proof and go over some key technical points.
The “mechanism” of C™ norm inflation. We begin with some heuristics. Consider
the C! case. There are at least two ways to see why the C'' norm should inflate.
The first is through vorticity formulation. Consider for simplicity 2D Euler which
reads
Ow + (u- V)w =0,
u=A"1V+tw,

w’ = Wy-.
t=0

Define the characteristic line

at¢(tv :U) = ’LL(t, ¢(tv l‘)),
»(0,z) = .

Then w(t) = wy o ¢(t)~1, where ¢(t)~! is the inverse map of ¢(t). Since u(t) =
A~1VLw(t), we then get

Du(t) = A~V D(wg 0 6() ).

Note that R = A~'V+D is a Riesz-type operator. One can even consider a slightly
more general expression:

X =R(wo 0 9),
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where ¢ is some general map. The assumption is that ||Duge <1, R = A~IDVE
(i.e. we do not work with more general Riesz operators) and one would like to show
| X ||oo is large. Note that the situation here is a bit delicate. For example if ¢ is the
identity map or any linear orthogonal transformation on R?, then since Laplacian
commutes with any such transformations, one gets

[Xlloo S 1Duolloc S 1.

Therefore to produce large || X||o norm, one must look for it within a class of spe-
cial ¢ such that the Riesz transform does not act “isotropically”. A preliminary
calculation (see Proposition 2.1) shows that any non-orthogonal (anisotropic) trans-
formations can be used to produced large || X||oc norm (of course it must conspire
with special wy to achieve this). The main idea of the proof is to “steer” the nonlinear
Euler flow map such that it behaves an-isotropically in the above sense.

The second way to see C! norm inflation is through the original velocity formu-
lation. Let 0 be any one of the derivatives d;, 1 < j < d. Then taking 0 on both
sides of (1.1) gives

O (Ou) + (u-V)(0u) + (Ou - V)u = —0Vp.

Since —Ap = V- ((u-V)u) = Du ® Du (here Du ® Du denotes the summation
Zi’ y O;ujO0;u;), we can solve for pressure and plug it into the above to get

di(0u) + (u - V)(0u) + (Ou - V)u = A'VI(Du @ Du). (1.7)
Rij

8 < 1. With this a priori

Assume now® on some time interval [0,7], one has ||Du|ec S
assumption, one can then work toward a contradiction by using (1.7). Indeed in
(1.7), the second term is transport which preserves L> and is harmless; the third
terms is also OK since it is assumed to be bounded; the term on the RHS, however,
has a Riesz transform in the front. Since R;; is unbounded on L°°, this term can be
used to produce large L> growth and hence C! norm inflation (of velocity).

We now sketch the main steps of the proof. In this short introduction we shall
only explain the 2D case. The 3D case is a little bit more involved especially in the

C1 case.

Step 1a: Local inflation of 2D C' norm. We take initial stream, velocity and
vorticity in the form:

Yo(z) = > 27 %a(2x),
<M

up(z) = Y 277(V'ia)(2x),

j<M

8 The key idea in [BL14a] is that instead of controlling some quantity Y~ directly, one can assume
first it is bounded, and then work toward a contradiction or an estimate. This line of thought is
also exploited in the current work.
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wol@) = 3 (Aa)(@a),

j<M

where the function a € C2°(R?) is odd in the z; and x9 variables and is supported
in |z| ~ 1. In some sense the function a(x) will be the main degree of freedom in our
construction. We then consider one of the entries of (Du)(¢,0) which is the quantity
(01u1)(t,0). Let ¢ = ¢(t, z) be the forward characteristic line:

{8t¢(t7 l‘) = u(ta ¢(t7 ‘T))a
»(0,z) = .

Then since vorticity in 2D is transported along the characteristic line, we get (after
some algebra)

Orua(t,0) ~ Y / Aa(z)F(2¢(t,279x))da,
j<m IR’

where F(21, z2) = 2122/|2|* is essentially the kernel of the Riesz transform A~10;0s.

We then make a short-time flow expansion (see Lemma 3.3 and the derivations in

Section 4) which gives for A = 27, = € supp(a),

1 t
Ao (t, )\m) =2+ tVta(z) + / (t—7)(Vp) (7’, ;) dt + error.
0
It follows that

[(D1u1)(t,0)] = Mt | Aa(x)VF(z)- VYia(x)dz + error.
R2

Limain

It is possible to choose a(z) such that I does not vanish. Thus the main part of
(O1u1)(t,0) is roughly of order Mt. However, as it turns out, in the “error” term,
the contribution of the pressure is not small unless we make a judicious choice of
the function a(z) (see Lemma 4.1). Define A = ||[Dul|p . With a little bit work
we have

|error | < t2A%M + 3 A3M? + t* M3 + 15 AS M3,

Now discuss two cases. In both cases we shall choose M > 1. If A > log M, then we
are done (which is precisely inflation of C'! norm); Otherwise we have A < log M.
Now choose t = K/M with 1 < K < M, KA < M. This renders the error terms
under control, and thus

|(O1u1)(K/M,0)| > const -K > 1,
achieving the desired local C''-norm inflation.

Step 1b: Local inflation of 2D C*, k > 2 norm. Without loss of generality con-
sider k = 2. We shall adopt a different strategy from the C! case. The idea is to do
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a high-low frequency splitting and “decouple” the flow. Take initial stream function
in the form

l h
vo(@) = v (2) + 6" (@),
where the low frequency part ¢((]l) will be used to “steer” the flow, and
w(()h) (z) = Z 273 ag(2z).
M<j<M-+VM

Here the function ag € C2°(R?) is supported in |z| ~ 1. Define w, w respectively
as solutions to the following systems:

(9,0D + () - V)w® =0,
ul) = A-IvLwO®,

! l
‘”(Z)Lzo = o = Ay,
Ow + (u-V)w =0,
uw=A"1V+tw,

w‘ = wp = Aty;

\ t=0

Let @ solve the linear system
o+ (u - V)o =0,

(IJ‘ = wy-
t=0

Define i = A~'V+&. We then show that (see Lemma 5.1) the nonlinear flow can
be decoupled:

|D*u — D?ii|| e < 1.
Let @™ solves
oo™ 4+ (u® . v)uh =0,

S| = M)
w 0 wo .

Denote @™ = A=1VL5M) | Then since @ = & + w® | we get
|1D*u — D2 || oo pe S 1.

(here we are regarding the flow w®) as O(1) in terms of estimates.) Therefore as far
as C? norm is concerned, we have

nonlinear Euler flow with initial data w(()l) + w((]h)

~ linear flow driven by u with w(()h) as initial data.
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In the literature, this is often called a passive? scalar since the vorticity & is
transported by a given external flow.
Define the flow map

0 (t, x) = u®(t, oV (t,x)),
¢(0,2) = .

To produce C?-norm inflation, it suffices to give a good lower bound of the
quantity (below - (ﬂgh),ﬁéh)))

X(t) = (Quity”) (2,6 (1,0).
As it turns out, for M > 1, one has

IX(t)| 2 VM | Fy(DoW)(t,0)x)(Aag)(x)dx +negligible error,
RZ

L (1)
where

3 2
oy — 3x175
Fo(wy,m2) = T
We then choose a good low frequency data wél) such that for ¢ = 04, the matrix
D¢W(t,0) does not belong to SO(2) (see Proposition 2.1). Accordingly we choose a
good function ag such that

Lu(t) 2 t.

This in turn yields the desired local C? inflation since M can be taken large.

Step 2: Patching for 2D. There are two cases: unbounded case and compact
domain case. The unbounded case is easy. One can just revisit a patching argument
already appeared in our earlier work [BL14a] with some minor modifications. The
nice feature of the construction is that solution will be smooth in each patches.
In the compact domain case, we have to analyze the interactions between patches.
For this we have to build several auxiliary lemmas (see Section 7) to control the
perturbation errors whilst still producing norm inflation. For the C! case the main
building block is Lemma 7.5 which in some sense streamlines the argument. On the
other hand, patching for the C™, m > 2 case is easier in view of flow decoupling
(see the end of Section 7 for more details).

9 In the “active scalar” case, the transport will be self-induced. The 2D Euler equation itself is
already an example: diw + u - Vw = 0 and u is related to w by the relation u = A™'V+w.
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2 Notation and Preliminaries

In this section we collect some notation and preliminary results used in this paper.

For any function f : RY — R, we use || f||z» or sometimes || f||, to denote the usual
Lebesgue LP norm for 1 < p < oo. For any vector valued function f : R% — R™,
we still use the same notation || f[|, or || f||z»(re) instead of || f|| z»we)m to denote the
sum of LP-norm of all its components.

For any vector-valued function f : R — RF, we shall denote by D f the Jacobian
matrix whose entries are given by (Df);; = 0;f;. We shall adopt the usual multi-
index notation. For example, for a multi-index 3 = (f1,...,34), 5; > 0 and §; € Z,
we denote |3| = 31 + - + (g4, and

DP :8511...355_

Sometimes we write 0., simply as 0; whenever there is no obvious confusion.

For any two quantities X and Y, we denote X <Y if X < CY for some harmless
constant C' > 0. Similarly X 2 Y if X > CY for some C' > 0. We denote X ~ Y if
X SY and Y < X. We shall write X Sz, 7, 7z, YV if X < CY and the constant C

depends on the quantities (Z1, ..., Zy). Similarly we define 27, 7, and ~z 7.
We shall use the notation X < C(aq,...,qr)Y to explicitly specify the dependence
of the constant C' on the quantities/parameters o, ..., ay.

We shall denote by X+ any quantity of the form X +e¢ for any ¢ > 0. The notation
X — is similarly defined. The notation X+ and X— is particularly handy when
making some computations with “critical/borderline” thresholds such as exponents
in some inequalities.

For any center 2o € R? and radius R > 0, we shall use the notation B(zg, R) :=
{z € R?: |z — x| < R} to denote the open Euclidean ball. More generally for any
set A C R%, we denote

B(A,R):={y €R?: |y —z| < R for some z € A}. (2.1)

For any integer k& > 0 and any open set U C R? we use the notation C{f)C(U )
to denote the set of continuous functions on U whose derivatives D°u, |8] < k
are all continuous in U. Following the convention, the space C*°(U) is defined as
C®(U) = N2, CE (U). The space of smooth functions with compact support in U
is denoted by C2°(U). The Banach space C*(U) consists of functions u € Cf_(U)
with the norm

lulloxy = Y 1D%ull () < oo
1BI<k

For any 0 < v < 1, the Hélder semi-norm || - ||+, is defined by

u(x) — u(y
gy = sup 1A=l

TH#Y ‘:L' - y"y
z,ycU
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Also

lullew @y = llull L=y + llullen 0y

lullcr oy = lulor@y + > 1D ul| g 17y
|B|=k

The Hélder space C*7(U) consists of functions u € C¥(U) with finite C*Y-norm.
Note that the space C*! is usually called Lipschitz. Sometimes the norm || - [|co.: is
denoted by || - ||Lip-

In the introduction, we have mentioned a couple of results using Besov spaces. A
convenient way to introduce these spaces is to use the Littlewood—Paley frequency
projection operators. Let ¢(§) be a smooth bump function supported in the ball
|€] < 2 and equal to one on the ball || < 1. For any real number N > 0 and
f € S'(R%), define the frequency localized (LP) projection operators:

Pon f(€) = (¢/N)(©),
Pon f(§) :=[1 = @(&/N)]f(E),
Pnf(§) = [p(§/N) — (26 /N)f(E).-

Similarly one can define P-y, P>y, and Py<.<n = P<y — P<j), whenever N >
M > 0 are real numbers. We will usually use these operators when M and N are
dyadic numbers. The summation over N or M are understood to be over dyadic
numbers. Occasionally for convenience of notation we allow M and N not to be a
power of 2.

For any s € R, 1 < p, ¢ < oo, the homogeneous Besov seminorm ||- || ;. is defined
p,q
as

(Sxso VP Ig) s H1<g<ox,

1l = .
supyso VPN fl e (re) if ¢ = oo.

The inhomogeneous Besov norm || f||p: of f € S'(RY) is

1fllB;,, = [1fllp + /]

e .
prq

Sometimes the space Bgopo(Rd) is also called the Zygmund space denoted by
C3(R?). If s = k+, k > 0 is an integer, and 0 < v < 1, then C? coincides with the
Hélder space C*7 defined earlier.

In some parts of this paper (see the sections concerning 3D axisymmetric flows),
we will need to use Lorentz spaces. For convenience we recall the definitions here.
For a measurable function f, the nonincreasing rearrangement f* is defined by

f*(t) =inf{s: Leb(z : |f(x)] > s) < t}.
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For 1 < p,q < oo, the Lorentz space LPY is the set of functions f which satisfy

T ( / <tif*<t>>q‘ff)“ < .

For ¢ = oo, LP"*° is the set of functions such that
1
| fllLee = suptr f*(t) < 0.
t>0

For p = oo, we set L7 = L™ for all 1 < ¢ < oo. Note that LPP = LP. For
1 < p < o0, the space LP? coincides with the real interpolation from Lebesgue
spaces.

Denote by SO(d) the set of d x d orthogonal matrices with determinant 1 (the
matrix entries are real-valued). It is well-known that the usual Laplacian on R?
is invariant under any orthogonal transformations (or put it slightly differently, it
commutes with any orthogonal transformations). This property is highlighted in the
following proposition. For simplicity we just state the case dimension d = 2.

PROPOSITION 2.1. Let Ko(z) = log|z| for 0 # x € R?. Fix any integer m > 1 and
denote K,,(x) = 07" Ko(x). Consider any linear map T : x — Ax with det(A4) = 1.
If A ¢ SO(2), then there exists x¢g € R? with |z¢| = 1, such that

(A(Ky 0 T)) () # 0.

REMARK 2.2. Since AKy(z) = 0 for = # 0, easy to check that A(K,, oT) =0
(on R?\{0}) if T is an orthogonal transformation. The easiest case is of course the
identity transformation.

Proof of Proposition 2.1. Denote
A— (all al2> '
az; a2
Since det(A) = 1, easy to check that 7T is bijective on R2.

Then a simple computation (by using the fact AK,, =0 on R?\{0}) gives

A(KpoT) = (a3, +aiy — a3, — a3y)(011Kpm) o T
+2(ar1a21 + a12a22)(012K,,) o T,

where the above identity holds on R?\{0}.

By using the QR decomposition and the fact that Laplacian commutes with
Q@ € SO(2), we can assume A is upper triangular, i.e. ag; = 0. Since det(A) = 1, we
can write aj; = A (A # 0), aza = A1, and thus

AKpoT)= (N4 a2y — AN (011 K)o T 4 2(a1a - X1 (012K,,) o T.

Now discuss two cases.
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Case 1: ajo = 0. Then clearly A # 1 (otherwise A € SO(2)).
By a simple induction on m, it is easy to check that

Cm+25€71n+2 + Z2gm+1(x)
|z [2(mT2) ’

oK, =

where ¢12 # 0 and gp,41 is a polynomial homogeneous of degree m + 1. Clearly
(011 Km) (1 = 1,29 = 0) # 0.

Case 2: ajo # 0. Then we only need to show that 919K, does not completely
vanish on R?\{0}. Assume not, i.e. 9201 K, = 0 on R?\{0}. Then we get 9, K, (z) =
f(z1), for some function f. Taking z = (z1,z2), with x; fixed and |z2| — o0, we
get 01 Kn(z) — 0 and hence f(x1) = 0. Therefore 01 K,,(x) = 0. This is clearly
impossible, since 01 K,,, has the form

Cm1 2T+ 2ogm (2)

where ¢,+1 # 0, and gy, is a polynomial homogeneous of degree m.
Therefore in both cases, we can find nonzero vector g, such that

(A(Km o T)) (yo) # 0.
Letting zo = yo/|yo| then gives the result. O

2.1 Local wellposedness of 3D Euler in C1**, 0 < a < 1.  As was already
mentioned in the introduction, the purpose of this paper is to show illposedness
of incompressible Euler in integer C* spaces. As such, it is fairly instructive to
review the standard local wellposedness theory in C1%, 0 < a < 1 and understand
the limitations of standard methods at the endpoints @ = 0 and o = 1. In this
subsection we give a short review of such a result in 3D. For a textbook account,
one can see for example Chapter 4 of [MB02] (or Chapter 7 of [BCD11] for a more
detailed discussion in favor of Fourier analysis). The wellposedness theory in [MB02]
uses the (non-local) particle-trajectory method and assumes the initial vorticity wq
is compactly supported. Here we shall assume ug € C1%(R?) and!? vy € L?(R3). The
presentation below is just a variation of the theme of standard arguments. Therefore
it will be somewhat sketchy (but we hope it is self-contained and still conveys the
main ideas). In the whole proof, there are only two technical points: (1) Estimate
of Holder norm under a bi-Lipschitz map; (2) Boundedness of Riesz-type singular
integral operators in Holder spaces.
We begin with a rather simple lemma. Note that it holds for any 0 < o < 1.

10 In view of uniqueness results, some form of integrability of wo is usually needed. Typically one
assumes wg € LP for some 1 < p < d. Alternatively one can pose assumptions (at the level of
velocity) for up or make use of Besov spaces such as in [BCD11]. For example in [PP04] one has
uniqueness of solutions (for velocity) in Bioyl(Rd). Here for simplicity of presentation we just add
the (natural) assumption ug € L*(R®). Of course this assumption can be dropped.
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LEMMA 2.3. Let 0 < o < 1. Let ¢ : R? — R? be a bi-Lipschitz map such that
det(D¢) = 1. Then for any f € C%(R?), we have

I1f o dlloe < || fllca (1 + [ De]|%), (2.2)
I flloe Sallf o dlloe(1+ Dol 1), (2.3)

Proof of Lemma 2.3. The inequalities obviously hold for & = 0. So assume 0 < a <
1. Clearly (2.2) just follows from the estimates:

[f o dlloc < I flloos
1 o @llea < 1 llea 1DOIS-
For (2.3), one can use the identity f = fo¢o ¢! to get,

e < 11f 0 Blleall D@ 1%

By using ¢! o ¢ = Id and differentiation, we have ||D(¢™!)|co < [|[(D$)!||oo (here
(D¢)~ ! is the matrix inverse of D). Since det(D¢) = 1, we get (below adj denotes
the adjugate matrix),

(D¢)~' = adj((De)).
Thus

1(D¢) oo Sa I DBIIS
Therefore (2.3) follows. 0

Theorem 2.4 (Local wellposedness of 3D Euler in C**,0 < a < 1). Let 0 <
a < 1. Consider the 3D Euler equation (1.1). Assume the initial velocity ug €
LQ(RS) N Cl’a(R3). There there exist T() = TQ(H’LL[)||Cl,a(R3) + ||u0”L2(R3)) > 0 and
a unique local solution u € L°([0, Tp]; Co®(R3)) N CY([0, Tp]; L2(R3)). Also Vp €
L3*([0, To); Cx* (R?)) N CP(([0, To; L (R?)).

REMARK 2.5. It can be shown that u(t) and Vp(t) is weakly continuous in time with
values in C2®. Of course we should point it out that the lifespan of the local solution
is governed by critical quantities such as fg |(Du)(s,)|lccds, fg lw(s,-)||cods and so
on in the spirit of the usual Beale-Kato—Majda criteria.

Proof of Theorem 2.4. We proceed in several steps.

Step 1: Uniqueness. The uniqueness proof actually (almost) contains the con-
traction argument needed later. Hence we present it first. Let u? and u? be two
solutions corresponding to the same initial data ug. Set = u* — u?, and we have

{am + (- V)ult + (WP - V)p = V(A - pP),
n(0) = 0.

Since ||Vu?|loo < 1, an L? estimate on 7 then gives n = 0.
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Step 2: A priori estimate. Assume W is a smooth solution to
oW+ (U-V)W = (W -V)U,
U=-A"1vxW,

W = Woe HER®) = (2, HLR).

Define the forward characteristics

8t¢>(t,:r) = U(ta @(t,:c)),
®(0,2) = x.

Then easy to check that
| D&(t)]0 < elo 1PVt (24)

On the characteristics,
t
W(t, ®(t,z)) = Wy(z) —l—/ (W -VU) (s, ®(s,x))ds.
0

By Lemma 2.3,

W (#)ce < (1+ [|DD(H)]32) <HWo\ICa +/0 W - VU= (1 + \IDCI)(S)\Iiﬁ)d«?) :
(2.5)

By splitting into low and high frequencies and the assumption 0 < « < 1, easy to
check that

IDU@)][cx S W @)~ + U (E)]l2
SIW @) lles + [Uoll2- (2.6)
Define
Alt) = eJo BHIW (s)llo)?ds

By (2.4) and (2.6), one has || D®(t)||cc S A(t) (here we suppress the dependence of
constants on ||Up||2). From (2.5), we obtain

~

A(1) A AL)* (nwoum

t 2
+ [ ol + ||W||ca>2ds<1+A<t>2a>>

S A@)T(IWol[Ee + AT
Clearly this implies for some Ty = Ty (||[Woll2 + ||[Wo|lc«), we have the estimate
W@B)lce < [Wolle- + [Woll2, VO <t <Tp.
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Step 3: Mollification and contraction. For each dyadic N > 2, let uéN) = P<nuo

(P<n is the Littlewood-Paley projector projected to frequency |{| < N) and de-
fine «™) to be the corresponding solution to the Euler equation.!! Denote w®) =
V x u™). By using the estimates in Step 2, we easily deduce that for some Ty =
To(JJuol|cre + |luoll2) > 0, w™) have at least life span [0, Ty] on which

sup sup [Jw ™ (#)[lce < Juollcre + [Juolla.
N>20<t<T,

With the uniform estimates in hand, we can then perform a contraction argument
in L2 (similar to Step 1) and show that (™) is Cauchy in C?([0, Ty); L2(R?)) and
converges to the limit solution uw. The Holder regularity of u and Vp can be easily
checked (one just takes any two points z # y and send N to infinity as usual). We
omit routine details. O

REMARK 2.6. As is clear from the above proof, the assumption 0 < a < 1 is only
used in (2.6), where we need to bound DU in terms of the vorticity W. This is a
manifestation of the unboundedness of Riesz-type operators in Lipschitz spaces.

3 Estimate of the Flow Map for the 2D C*! Case

Let
at¢(t7 l‘) = u(ta ¢(t> l‘)),
#(0,z) = x,
where u is a smooth solution to
Ow + (u- V)w =0,
uw=A"1V4o,

w‘ = wy-
t=0

Denote the initial velocity ug = A~'V<+wy. Assume on the time interval [0, Tp],
To <1, we have

o maxo<i<r, || Du(t,-)[c = A > 1;
e u(t,0) =0;

* [[wolloo + [lwollr < 1.

Then

LEMMA 3.1 (Rough control of the flow map). For any A > 3,0 <t < Tp,|z| < 1, we
have

1 1
‘w (u xf) e~ b (ﬁ)‘ < AP log(3 + [luol| s )-

' Here we appeal to the local wellposedness theory in Sobolev H™ spaces. Easy to check that
uf)N) € H2® and ™) (t) is smooth.
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Proof of Lemma 3.1. By using the definition of the characteristic line, we have
t
o(t.0) o = [ uls.os,2))ds

0

t s

—u(@)t+ [ [ outr.o(r.o)drds
0o Jo
t

— ()t + [ (6= )0 u(r, 6(r,)))dr.
0
Now since
Ou~+ (u-V)u= —Vp,
we get
O (u(t, 6(t,2))) = =(Vp)(t, ¢(t, ).
We now only need to estimate
INTD) (86 (8:5)) o et

But this follows from Lemma 3.2 below. O

LEMMA 3.2. For all A > 3,0 <t <1y,
X
d < A2 tA 5
|72 (0 (8- 5))],. gy S A% 10803+ ol

Proof of Lemma 3.2. Easy to check (Vp)(¢,0) = 0 (this follows from u(¢,0) = 0).
Then

0 1 (1 5)) < 70 (10 () - e
S U0l s -[o (£.5)]- (3.1)
Observe
Mo (85)| = 2o (£5) = 6(t.0)] < I1DS]xclal.
Since (below Id denotes the identity matrix)

D¢ = DuD¢,
D(0,x) = 1d,

easy to prove that

1Do(1) o < €.
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Hence

‘w (t, %) ‘L;C( < et (3.3)

lz|<1)
Now we estimate || D?p(t)||oo. Recall
~Ap =V ((u-V)u) = djurdpu; = O((0u)?).
Obviously (here R;; denotes Riesz transform)
D?p = Ry;(0((9u)?)).
< A, the usual log-interpolation inequality then gives
ID?plloc S A log(3 + |[ull =)
< A? log(S—l— HUOHHS) (3.4)

Plugging (3.4) and (3.3) into (3.1) then gives the result. 0

Since by assumption [|0ul|co

LEMMA 3.3 (Better control of the flow map). For any A > 3, 0 <t < Ty, |z| S 1,

we have
‘Aqs <t, ix) — 2~ thug (ix) - )\/Ot(t —7)(Vp) (T, ;) dr

< 343 log(3 + ||ugl| =)

Proof of Lemma 3.3. We have

Ao (10 (13)) - 9 ()
S ID%llclre (1.5) = al.

Now easy to check that [below Id denotes the identity matrix, also recall (3.2)]

X
H>\¢ (t’ X) B :E"Lgo(|m|51)
S H(D)(t, 2) — 1d [ Lo 121<1)
S H[01(D9)][ oo
S HIDut) || oo | DS()[|oo < Ate'.

~

By (3.4),
1D?plloo S A*10g(3 + [luol|as).

‘A¢ <t, i\a:) — oz — g Gx) . /\/Ot(t —7)(Vp) <T, ;) dr

< 4% 1og(3 + [uo | 11). .

Hence
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4 The Main Argument for Local 2D C! Norm Inflation

Take initial data in the following form:

dolx) = > 27%Ya(2a),

100<5<M

up(z) = > 279(Vta)(2x),
100<5<M

wo(x) = Y (Aa)(2x), (4.1)
100<5<M

where v, ug, wg are stream function, velocity and vorticity respectively. The assump-
tions on M and the function a will be specified later. For the moment, we assume
supp(a) C {z: A\ < |z| < A2} with Ag < 2A\1, A1 ~ 1, A9 ~ 1. This is just to ensure
that the functions a(2’z) have non-overlapping supports. Also to simplify matters,
assume a(z) is odd in z; and zo (i.e. a(xy,z2) = —a(—x1,22) = —a(z1, —x2), for
any x = (r1,22)). Easy to check'? that the u(t,0) = 0, i.e. the origin is a stagnation
point. Also ¢(t,0) = 0.

We will work with the quantity (01u;)(¢,0). Recall that w(t, ¢(t,z)) = wo(z),
u=AT1Vtw = (A7 10w, A7101w), therefore

(ﬁlul)(t, 0) = —(A_lalagw)(t, O)

1
:/ w(t,x)xlafdx
T JR2 |z

—~ [ cala) Pt o)

where we have denoted

2122

F(Z):W7

2= (21,2) € R2
By using (4.1), we get (below we denote Aa = b for simplicity)

m(Oun)(,0) = Y /R 2 b(272)F(4(t, z))da

100<5<M

:Z/ o(t,2772))dx.

100<5<M

Here we have made a change of variable z — 2772 and absorbed the scaling factors
into F'.

12 Tn later sections (cf. Section 7), the symmetry assumption is removed by tracing the flow of
origin in time. Here for simplicity of presentation, we consider the case that origin is a stagnation
point.
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Observe that, for A = 27, 100 < j < M, = € supp(a), we have by (4.1) (since ug
have non-overlapping supports),

Aug (;) = (V+a) ().

Easy to check that log(||ug||gz) ~ M. Therefore by Lemma 3.3, for A\ = 27, z €

supp(a),
Ao <t x> =z + tAug (ix) + )\/Ot(t —7)(Vp) (T, %) dr
+O(t3 A% log (3 + ||uo || m2))
=z +t(Via)(z) + )\/0 (t —7)(Vp) (T, %) dr
+O(t3 A% M).

We shall take ¢t = K/M, where 1 < K < M and AK < M. For such a small ¢,
easy to check that 27¢(¢,277x) ~ |z| ~ 1 for x € supp(a). Then Taylor expanding
F around the point x (with = € supp(a)) gives

r (2 (13))
= F(z) + (VF)(x) - (tVLa(:v) A /0 (t — 7)(Vp) (T, X) dr + O(t3A3M)>
+ O(HDQFHL;C(MJ\NU) . O(t2 + (tzM)Q + t6A6M2).
Clearly then
W(alul)(t,())

= b(x)F(z)dx (4.2)
100§‘§M /RQ
+Mt/ b(z)(VF)(z) - (VYta)(z)de (4.3)
RZ
+ b(x)(VE)( (t —7)20(Vp)(r,2 7 z)dr (4.4)
100§<M/ / g
-+ error,

where
| error [|oo S tPASM? 4 12 M + M3 + 5 A M3,

The contribution of the “error” term is negligible as long as we choose t = K /M,
K <M.

For the first term (4.2), easy to check that it is zero since b(z) = Aa(z) and
F = const -0102(log | z]).
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We now show that the third term (4.4) has the bound
1(4-4) |0 S t2A*M

The crucial point here is that we get M instead of M?2. This bound obviously follows
from the following estimate:

LEMMA 4.1. Let a(x) satisfy (4.10)—(4.12), then for any 0 < 7 < t,
> / )-20(Vp) (1,2 x)dx| < AM
100<<M

Proof of Lemma 4.1. We suppress the time dependence in this proof. For example
we write p(z) instead of p(7, z). Recall that

Vp=A"'VV - ((u-V)u).

Since A‘l(‘?i@j is a homogeneous operator which commutes with scaling, we get

> 2(Vp)(2ir) =ATIVV - Zz] (2792) - (Vu) (277 2)
j

= ATV ) (0u) (277 a) (0u) (27 x)

J

-~

H

Note that by assumption ||Ou|lc < A, and hence

1H oo S MA%.

Now observe

/R2 b(x)(VF)(x) - 27(Vp)(r,2 z)dx

100<j<M
= / b(x)(VF)(z) - A™'VHdx
R2

=— [ ATV (b(z)(VF)(x))Hdz.
]R2

We only need to show that A~V - (bVF) € LL(R?). Clearly for |z| <1,
ATV - (BVF)| pa (uj<y S NIATIV - (0VF)|| e S 1.

Only need to check the regime |z| > 1. Consider a general vector function g =
(g1,92) € C°(R?), easy to check that if
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/R2 g(y)dy =0, (4.5)
/ y-g(y)dy =0, / (z-y)(x-g(y)dy=0, VzeR? (4.6)
R2 R2

then
(A7'V - g)(x) = O(|=[?), || >1,

Therefore we only need to check the conditions (4.5)—(4.6). Note that condition
(4.6) is equivalent to the following

/ 1191(y)dy :/ Y292(y)dy = 0, (4.7)
R? R?

[ 01520+ s )y =0, (1.9

Now recall g(y) = (Aa)(y)VF(y), F(y) = const -0102(log |y|). Easy to check (4.5)
is always satisfied. Then we just require

| Bawme iy =o,
| @ammanrs=o

/RZ(AG)(ZJ)(ylGQF(y) + 4201 F(y))dy = 0.

Therefore the lemma is proved. O

LEMMA 4.2 (Existence of the function a(z)). Let A be radial and A € C°(x : p1 <
|x| < p2 < 00) for some p1, pa > 0. Let

a(z) = A(z)x3zs.
There exists A(x) such that

/ Q(Aa)(a:)(VF)(a:) - Vta(z)dz > 0, (4.9)
/R (D) (@)1 01 F (x)dz =0, (4.10)
/]R (Ba)(@)e2dyF (x)dz = 0, (4.11)
/]R (Ba)(@)(2102F (x) + w20y F (x))dr = 0. (4.12)

In fact, instead of (4.12), a(x) satisfies the stronger condition:

/ (Aa)(2)2105 F(2)d = / (Aa) ()220 F(z)dz = 0. (4.13)
R? R
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REMARK 4.3. Of course one can choose other possible forms of a to make (4.9)—
(4.12) hold. It is quite possible that a simpler choice of a(x) is available.

Proof of Lemma 4.2. This is just a calculation. Denote r = |z|. Since A is radial,
we shall write A(r) and denote A’, A” the radial derivatives. Then clearly

9
Aa = (A” + A') x‘%xg + 6 Ax129,
T
T
O F = T—g(r2 - 456%),
T
O F = 7;(73 — 423),
x% 3 3
—Oha = — (A’ e Aa:l) :
4

Oa=A"- %xz + 3Am%:c2.

Using parity, easy to check (4.12) and (4.13) hold.
In terms of A(z), the conditions (4.10) and (4.11) are

9
/ ((A” + rA') 33‘?.7)2 + 6Ax1:v2> -z - %( 2 4l‘%)dl’1dl‘2 =0,
R2

9
/ <<A" + TA') xi’xg + 6Am1:1:2> - Z9 - %( 2 4m§)dm1dx2 =0.
RQ

By using polar coordinates and a short computation, we get the equivalent
conditions

(o.)
/ r(8A+ 9rA' 4+ r*A")dr = 0,
OOO
/ r(24A + 9rA' + r2A")dr = 0.
0
Integrating by parts in r, we get the equivalent condition

/OO A(r)rdr = 0. (4.14)
0

This single condition guarantees that (4.10) and (4.11) hold.
On the other hand,

(4.9)

2 2 9
-/ ((A/,+2Af> x:{’x2+6Ax1:B2> . <Ax§+Al,xz.x§> oo —ded)
R2 .

7«6
9 2 —4 2
+/ <<A”—|— TA/> x:fz:g—FGA:Elmz) . (3Am%az2+A' . % . :U:fxg) . M
R2

dx.
76
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A slightly involved computation using polar coordinates yields that
1 o
(4.9) = oo / 4 (33AA" +9(A)r + 3AA"r + A’ A"r%)dr
0
After several integrating by parts, we get the equivalent condition
o0 [ee]
/ (AN2rPdr — 12 / A?r3dr > 0. (4.15)
0 0

We now only need to choose A(z) such that (4.14) and (4.15) hold. To this end,
let m € C°(R) be such that [ m(x)dz = 0. Define

A(r):%m (7“21).

Easy to check that (4.14) hold. On the other hand for e small, we have

/ (A/)2r5dr pe et
0

whereas

oo
/ A%r3dr <e
0

Easy to see that (4.15) holds for sufficiently small e. 0
Now denote C; = 37 fo (A (T) dr as in (4.9). Then
m(d1u1)(t,0) > MtCy — O(t* A*M)
—O(t3A3M? + 2 M + t* M3 + 5 A5 M3).
Choosing t = K/M with 1 < K < M, KA < M, then obviously yields the bound
(Ovur)(K/M,0) > KCy /2.

This gives the desired inflation of C! norm.

5 2D C™, m > 2 Case: Decoupling of the Flow Map

In this section we will state and prove a basic flow decoupling lemma which is the key

to obtaining norm inflation for C™ norms when m > 2. To simplify the presentation,

we shall just give the details for the case m = 2, i.e. C? case. The general case C™,

m > 3 is a simple change of numerology and we leave it to interested readers.
Consider the following systems:

oW + (u® - V)w® =0,
u) = A-IvLuO,

wO| =l
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Ow ~+ (u-V)w =0,

uw=A"V+tw,
_ W
w‘tzo wy' Fwy -

Let @ solve the linear system

{ataj + @ - V)@ =0,

o, 0

w =wp =Wy +wy

o

Let @ = A7'V+& be the velocity corresponding to @. Let uél), uéh) be the
(0 ()

velocities corresponding to wy’, wy ~ respectively. We assume 0 < Ty < 1, and

~

l h l h
N2 + [l 12 + o lloo + 10§ oo S 1.

These conditions guarantee that on the time interval [0, Tp],

- l h
1) e + w(®) e S Cr(+ [ful e + 0l |lme), &> 3, (5.1)

where C}, is some constant depending on k.

The following lemma gives quantitative estimate of the difference between u and
4. The advantage of this simple lemma is that it gives us the flexibility to decouple
the flow map.

LEMMA 5.1.

D?u(t,-) — D*a(t, -
R | D=u(t, -) a(t, ) loo

< (log(l[u 1+ + lu§? s+ + 3)) el Px sz comn To (T (1 + || Dasy o)) w0l [l oo
+ (ol s+t -+8)) PNz (T (14| Do o))t
+ (1D%wo| oo + 3) (log(lu 17+ + [[ul” |17+ + 3))

Pz 0 T (T (1 + | D)
+ (1 D%wol| oo + 3) (log([lu 17+ + [[ul” |17+ + 3))
.e%”Du(Z)HLtoch([U,To])TOTOHUéh)HZ%||w[()h)”2%'

REMARK 5.2. In our later construction, we shall take uéh) = VLq/}(()h) roughly of the

form

Py~ S 27¥ag(2a),
M<j<M+vVM

u@) ~ Y 27%(Vhag)(2a).
M<j<M+VM
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h _ h _
Then [|[D2wollee S 2MVM og(|[ugllas) S M, lul |2 S 273, w2 < 272M.
Clearly it gives

max || D?u(t) — D%u(t, )]s < 1,
0<t<Ty

i.e. we can decouple the flow map. Note also that @(t) = u®(t) + @M (t), where
o™ = A=1vLo® | and @™ solves

M (t) + ul(t) - VO (t) = 0,

h) _ )
0 Wy -

]
In producing C?-norm inflation, we only need to examine @) (t).

REMARK 5.3. In the proof of Lemma 5.1 below, we shall often (sometimes without
explicit mentioning) make use of the following simple (maximum principle) estimate:
namely if u is a smooth solution to the linear equation

Ou+ (a-Viu=f,
u(0) = uo,

then

t
[u(t, oo < l[uolloo +/0 1/ (s, Mloods. (5.2)
Sometimes one writes the above inequality formally as a differential inequality:

Ftllulloo < [1flloo-

Proof of Lemma 5.1. This is a rather standard energy estimate. We sketch the
details.
Estimate of ||uY) — ul|5: Since

o + (w0 - VY = —vp),
Ou+ (u-V)u= —Vp,

we get
A (u® — ) + (W —u) - V)u® + (u- V) (D —u) = =V(p? —p).
Clearly
1
§\<9t(Hu(’) —ul3)] < [ — 3] Dul?o.
Therefore

D4y — < Lol Du® || Lge Looto 741 (h)
mas [u00) () < NP o o,
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Estimate of [|[u) — u)joo, |w — w® |00
From the equation

O(w—-wD) + (u—u) Vo +ul . V(w-w?) =0,

we get [by using (5.2)]

max [lw — w® e < [0 ]|oe + ( max Hu—uU)HOO). max || Dw|s - T.
0<t<Ty

0<t<Ty <0<t<T0

By interpolation,
1 1
lu = uP|os < fu—u®|3|w — 0.
Therefore

)
Og%!lw W loo

2
S g oo + <0m>; |Dwllss - T0> e
=t=>40

Also

()
Oggollu u' || o

1 1
S R RS

+eTOHD“(””L?%i"([OxTo])To + max || Dwl[os - HU(()h)HQ-
0<t<T,

Estimate of ||D(w — @)||0o:
Set n = w — @. Then

om—+ (u—u) - Vw +u . vy =o0.
Therefore
8,Dn+ D(u—u) . Vw+ (u—u) .- V(Dw) + Du® - Vi +uV - V(Dn) = 0.

To bound ||Dn|ec, by using (5.2), we only need to treat the second, third and

fourth term above. Note that the forth term gives the integrating factor bounded

by el Pu®llegereeco.manTo Therefore we only need to treat the second and the third.
Note that

ID(u—u®) - Vool S 1 Dwllool|D(u — u®)]|o
! h
< 1Dwlloolw — wOlloo Tog([ul || s + lul? | zs + 3).
Also

Oy . < _.Opn . 2
[(w —u') V(Dw)lloowoggollu u oo - ([[D7wolloo + 3).
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Here we used the estimate
ID?w(t) o0 < [[D%wollos + 3. (5.3)

which can be easily checked using the usual log-Gronwall inequality (together with
the fact ||Juoll2 + |lwolloo <1 and 0 < ¢ < 1). We postpone the proof of (5.3) to the
end of this proof.

Thus

[1D(w = @)l

l h W || poo poo h
S og(|fu | s + [l [ s + 3)ell P sz aonon Ty <T0 Jmax ||Dw||oo> gl
>t=40

3
o 10g([[uf s+ Nl s+ )P 3o T (TO max HDwuoo) Il
0<t<Ty
M| Loo oo 10 A h
+ (| D2wpll oo + B)e2IPu 7 i rie qoton T (Tooggo Hleloo> ez
2 M 20 00 T 0 h % h %
+ (1Dwoll oo + B)e3 1P sz ao o To gy | | 3. (5.4)
Similar to (5.3), one can also easily check that

max ||[Dw(t)]|co

< |ID 1.
max | Do +

~

Plugging the above into the RHS of (5.4) then yields a bound for ||D(w — @)||so
expressed in terms of initial data only.

Finally to bound || D?(u—1)||e0, We just note that D?(u—1) = A7V D2 (w—).
The usual log-interpolation inequality

ID?(u = @)l < 1D(w = @)lloo log(llull s + il r+)

together with (5.1) then yields the desired bound for ||D?(u — ) ||co-

Proof of the estimate (5.3):

Denote 02 as any one of ﬁgixj,

i =1,2. Then

0:0%w + ATV w - Vw + A7V ow - Vow
+(A7IVtw - V) (0%w) = 0.

Then clearly by (5.2), we have

0 (10%w(t)]o0)
SIATIVA0w |l Dwlloo + [| ATV 0w 0| D?w] | oo

By interpolation, easy to check

1 1
IATIVE 0] 0 S wllol| D2l
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By using the log-interpolation, we have
ATV 0wl 00
< [wlloe log(3 + [|wll2 + [ D*wl|o0)
< [[wlloo log(3 + [ D?w|o0).
One can then arrive at

0 (1 D?wl|s0) < llwlloo | D*wlloc log(3 + [ D?wlloc)-

Integrating in time then gives the desired estimate (5.3). O

6 Local Norm Inflation for the 2D C™, m > 2 Case

The bulk of this section is on the norm inflation for 2D C? case. At the end we
sketch how to do the general C™, m > 2 case.

6.1 The case for C2. We choose initial stream function in the form
! h
vo(r) = v (2) + 6 (2),

where w(()l) will “generate” the desired Lagrangian deformation and w(()h) has the
expansion

w(()h) (x) = Z 2 ¥ ap(2x).

M<j<M+V

The corresponding velocity and vorticity have the form:

w@) = Y 27U(Vhag)(2e),
M<j<M+~vM

i@y = 3 279 (Aag)(2a).

M<j<M+vM

We shall choose M > 1. More detailed assumptions on w(()l) and ag will become clear
later. For the moment we assume supp(ag) C {z : pp < |z| < p1} for some positive
numbers 0 < pg < p1 < 2pp so that the functions ag(2’x) have non-overlapping
supports. Denote uél) = Vlzpél) and w(()l) = Aw[()l). We assume supp(w(()l)) C {x:
0 < p2 < |z| < p3 < oo} for some py > 0, p3 > 0. This is just to ensure that it is
compactly supported away from the origin.

Let u(t), w(t) be the velocity and vorticity corresponding to the 2D Euler flow
with initial data ug = u(()l) + uéh), wo = w[()l) + w(()h).

To get norm inflation, it suffices to examine any one of the entries D?u(t). In
particular we will consider d11us = 911 (A 1Ow) = A‘lﬁfw.



GAFA NORM INFLATION IN C™

Define

3 2
] — 3r175

ol ==

Let
u® = A=1vLw®),

O] =0
v ‘t:O “o

and let W solve the linear system:

().

{atw +u® . YW =0,
W‘t:O —

Define the flow map

0 (t, x) = u®(t, oV (t,2)),
¢1(0,2) = .

37

By Lemma 5.1 and Remark 5.2, the main part of m(911u2)(t, o) (¢,0)) is given

by the quantity
[ Fola = 60 0)W (1. )z

_ / Fo(¢O(t,2) — 6O (¢, 0))l (x)dz
R2

- ¥ /R R (230(1,279 ) (Aao) ()

M<j<M+vM

where gg(l) (ta 1‘) = ¢(l) (ta 33‘) - d)(l) (tv 0)

Now note that ¢() is completely fixed and independent of M. It is not difficult

to check that as A\ — oo,

/R 2 FodW (t, A7 ) (Aao) (@)de — | Fo(A(t)z)(Aag)(z)da,

R2

where

A(t) = (De")(t,0).

Clearly now we only need to choose w[()l) such that for some small 0 <t <1,

/R Fy(A()a) (Aap)(2)dz > 0.
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To do this one can just choose'3 ¢(()l) such that for small ¢,

r(t) 0O
w0=("0)

with r(0) = 1, r(¢) = 1+ for ¢t = 0+. Consider for r > 1,

/ Fy (7‘1‘1, 1x2) Aay(z)dr = / A (Fo (Txl, 1302)) ap(z)dx.
R2 T R2 T

It is not difficult to check that (as it should be) AFy = 0 and,

9, <A(F0(m1, ix2)>

Obviously we only need to choose ag € C2° to be sufficiently localized near the point
(x1,22) = (1,0) so that

= 48(2] — 102323 + 5x123) /(2% + 23)° =: Hy(z).

r=1

Hy(x)ap(x)dx > 0.
R2

For sufficiently small ¢, we then have
Fy(A(t)z)(Aag)(x)dx > Hy(x)ag(z)dx(r(t) —1).
R2 R2
Clearly then for M sufficiently large,
7| (O11u2)(t,0)] > VM - const .

This gives the desired local C? norm inflation.

6.2 The case for C™, m > 2. As was already mentioned, the general case
C™ is a simple change of numerology. Therefore we shall be rather brief and only
sketch the needed modifications.

The initial stream function is sought in the form

vo(@) = 4§ (@) + 45" (@),
where again 1/}61) will produce the Lagrangian deformation and
w(()h) (z) = Z 2~ (mHDig, (27 ).
M<j<M+VM

The corresponding velocity and vorticity then have the form:

w@= Y 27(Via)(@a),
M<j<M+VM

w@)= Y 27 Vi(Agg)(2a).
M<j<M+vVM

13 For example one can just take 1/1(()1) to be a suitable odd function of x1 and x2.
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We will consider 97" uy = 07 (A~ 0w) = A*18T+1w and examine the quantity'?
@) (t.0) = [ Fulo)o(t.)ds,
RQ
where
Fpu(x) = const -07"(log |2])
= const -|z| "D (2 4 gy Foy (2)),
l

where Floy () collects terms of the form x5~ with I < m.
Now similar to the C? case, we need to consider the quantity

H=0,A <Fm(m:1, 1x2)>
r

r=1

Since
1
A <Fm(rx1, :Eg))
T

1 1 1
_ 2092 2
=r*(0{Fp) (m‘l, TJJQ) + T—2(82Fm) <7“a:1, rwz) ,
then easy to check that
H = (2(8% - 8%) + x101A — :BgagA) Fm(ml, :IJQ).

Note that by definition, AF,, = 0 for |z| # 0 and ag(x) will be chosen to be localized
near (x1,x2) = (1,0). Therefore on the support of ag, we have

H = 48%Fm(:n1, x9) = const -|x]_(2m+6) (x71n+3 + $2Eow(x))v

where Fjoy is a polynomial homogeneous of degree m + 2. Obviously H (r1=1,29 =
0) # 0 and we can choose ag sufficiently localized near (x1,z2) = (1,0) such that

/H(:Bl,ajg)ao(:z)da: # 0.

After this modification, the rest of the argument proceeds in a very much similar
way as in the C? case. We omit further details.

7 Patching for 2D C™, m > 1 Case

In this section we will establish several lemmas needed for the patching of local
constructions in previous sections. The bulk of this section will be occupied with the
2D C' case. At the very end we sketch the patching argument for general C™, m > 2
case. Note that the latter case is considerably simpler in view of flow decoupling.

1 Without loss of generality we consider the case ¢(Z)(t, 0) = 0. Otherwise we can just shift to the
point <;S<l)(7§7 0) as in the C? case.
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We first state a simple control of flow map lemma. Let U (¢,2) be a smooth
velocity field and consider

90 (t, ) = U@ (t, d©) (¢, x)),
)0, z) = .
Assume on some time interval [0, 73], T7 > 0,

max || DU (¢, )]s = A; > 0.
0<t<T,

Note that here we do not assume U (t,0) = 0.
Denote

(I)(t7x) = (I)(O)(ta .’E) - q)(O)(tv 0)7
U(t,z) = UC (¢, 2+ 0 (t,0)) — U (t, 8 (¢,0)).

Then

LEMMA 7.1. For any A > 3, |z| S 1, and any 0 < t < Ty,
t
'AtI)(t, A la) — 2z — MU0,22) — / (t — TINOU) (1, A" ta)dr
0
S AftPeth, (7.1)
and

/t(t — DXNOU) (T, N La)dr| < (At + A2t?)el, (7.2)
0

REMARK 7.2. The weak estimate (7.2) will be used in controlling error terms (in
the proof of Lemma 7.4) when making the Taylor expansion later.

Proof of Lemma 7.1. By definition, it is easy to check that
0P (t,x) =U(t, ®(t, x)),
®(0,2) =z,

and U(t,0) =0, ®(¢,0) = 0. Also maxo<i<7, [|[DU(t,)||cc = A1.
Now for any y € R?, we have

B(t,y) —y = /0 Ulr,y)dr + /0 (U(r, ®(r.y)) — Ulr,y)) dr

=U(0,y)t
(t —7)(0:U)(r,y)dr

(U(r,®(1,y)) — U(r,y)) dr.

_l’_

J
J

+
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It remains to estimate the quantity
t
1 :/ sup  sup  MNU(7, (1, A\ tx)) — U(r, \"'z)|dr.
0 0<7<t A>1,|z|<1
Clearly

Q1 <t[|DUllos sup  sup [A®(t,A"'z) — 2]
0<7<t A>1,|z|<1

<tA; sup  sup |A®(T,A"lz) — x|
0<7<t A>1,|z|<1

Now consider F(z) = A®(r,A\"'z) — 2. Note that F(0) = 0 (here we used
®(7,0) = 0). Therefore

1 @) | e o1y = 1F/(2) = FON L (a1<1) S I1PF (@)= (111
SID®(7,2) = 1d || (12151 -

Since 9, D® = (DU) (7, ®(1,2))D®, it is easy to show that | DP(7,-)|e < ™
and [|0; D®||s < A1e™1. Since D®(0, 2) = Id, we get

[D®(t, 2) —1d||L= St sup (|0, DO(7, 2)| Lz
0<r<t

< Agteth,
Hence

sup  sup  |AD(T, A lz) — 2| < Ajtelt (7.3)
0<r<t A>1,[2/<1

and
Q1 < A2eth,

This settles the estimate (7.1).
Since U(0,0) = 0, we have

AU (0, A7) | 1o (a1 <1) S 1DV | S At (7.4)
The estimate (7.2) then follows from (7.1), (7.3) and (7.4). 0

Let U™t = U®(t,x) be a given smooth velocity field. Consider 2D Euler in
vorticity form

Ow + (AIVEw + U™ - Vw = 0,

LU’ = Wwo,

and let ug = A~1V-<1wy. Define the characteristic line
0p(t,x) = (A'VEw + U)(8, 6(t, ),
¢(0,z) = z.

Assume on some time interval [0, Tp], Tp < 1, we have
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o maxo<i<7, (1 + [[(DATIVIW)(t,)|[oc) = A > 1;
o maxo<i<r, ([[UH(t, )| 1o + | DOUE, ) ||oo) S
o maxo<i<, AT VIw(t, )| S 1.

Denote
UPt(t,x) = U™t + ¢(t,0)) — U™, $(t,0)).
Then

LEMMA 7.3. For any A > 3,0 <t < Ty, |z| < 1, we have

t
/O (t = PAUS (7 AL a)dr| < £2. (7.5)

Proof of Lemma 7.3. Observe Uf**(¢,0) = 0. Therefore for |z| <1 and A\ > 3,
N (0, U (1, A L)
= N0, UP) (7, A~ ) — (8:-UF)(7,0)|
S NDOUP (T, 2) || poe 121 <1) -
By using the definition of Uf**, we have
0-UP (7, 2) = (0;U)(7, 2 + (7, 0)) — (9;U")(7, ¢(,0))
+ 87¢(Ta 0) : (VUeXt)(Ta T+ ¢(Ta 0))
- T(b(T? 0) : (VUeXt)(Ta ¢(T7 O))
By using the assumption on w and U, we have

10:0(7,0)| S 1A V5wl + U
<1

Therefore

1DO-U |0 S 18- DU |00 + | DU

S L O

Now under the same assumptions as in Lemma 7.3, we further assume the initial
wp is taken in terms of the stream function ¢y as follows:

do)= 3 27 ¥a(¥a),
VM<j<M

wl@)= 3 (Aa)(@a),
VM<j<M

where the function a(z) is the same as in Section 4 (see Lemma 4.2).
Then
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LEMMA 7.4. Assume for some p > 0,
U™ 0,z) =0, for|x| < p. (7.6)
For any 0 < t <1, we have the estimate
((AT1810w) (1, 4(t,0))] = Mt — Mt> A% — M(A%? + A4h)e? 4,

Proof of Lemma 7.4. This is similar to the argument in Section 4. Therefore we
only sketch the details. Recall F(z) = x1z2/|z|*. By Lemma 7.1, we have (note
that the term involving U®*(0, \"'z) drops out due to the assumption (7.6) and by
taking M sufficiently large),

T(AT 01w)(, ¢(t,0))
- ¥ / F(2(6(t,27T2) — (t,0)))Aa(z)dx

VM<j<M
> Z t/VF(x)-VLa(:L’)Aa(x)dx
VM<j<M
+ ) VE(z) | (t=71)2(0,Us) (7,2 2)drAa(z)dz  (7.7)
ol T
+ Y VF(z)- | (t—7)2(0:U01) (7,27 2)dr Aa(x)ds  (7.8)
ol T
+ error,
where
Ui(r,z) = (ATIVEw) (1,2 4 ¢(1,0)) — (A71VLw) (1, ¢(7,0)),
Us(r,2) = U (1,2 + ¢(7,0)) — U™ (7, ¢(7,0));
and

| error ||oo S M(A%? + A*th)e24,

By Lemma 7.3, we have
|(7.7)] < M2
Therefore we only need to deal with (7.8). For this denote u(t) = A~'V+w(t). Then
since V4 - u(t) = w(t), we get the equation
2
VE (Gt (w4 U - Vu) = = (VU - (O5u).
j=1
Here we denote U™ = (U™, US*"), and we have used the fact that in 2D, if V-u = 0,
then
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V- (u-Vu) = (u-V)(VE-w).

Thus we get

2
O+ (u+ U™ . Vu=—Vp— A~IVE (Z(VLU;?X‘:) : (aju)) .

j=1
In terms of u, we have

(aTUl)(Tﬂ .CE) = (aTu) (T7 T+ ¢(7—7 O)) + 8T¢(Ta 0) ) (vu) (7—7 T+ (z)(T? 0))
_(aTu)(Ta ¢(T’ 0)) - a‘rd)(Tv 0) ’ (vu) (7-3 ¢(T’ 0))

= ((u—i—UeXt)(T, o(1,0))—(u + UeXt)(T,JZ+¢(T, 0))) (Vu)(r,z4+¢(71,0))
(7.9)
_(VP) (7—7 T+ ¢(Ta 0)) (710)
+(Vp)(7,9(7,0)) (7.11)
2
— (-Ale (Z(VLU;?X':) : (aju)) ) (1, + ¢(7,0)) (7.12)
j=1

J=1

+ (—Ale (i(vLijt) : (aju)) ) (1, ¢(7,0)). (7.13)
Observe that for A\ = 27,
Al(u + U (1, X7+ 6(7,0) = (u+ U™ (7, ¢(7, 0)) | 2= (12l <1)
S 1Dullse + DU oo S A+1 5 A.
Therefore the contribution of the term (7.9) in (7.8) is
< M2 A?

which is OK.

Now for the pressure term (7.10), we may proceed the same way as in the proof
of Lemma 4.1 (note that translation by ¢(7,0) does not affect the argument), and
its contribution is

< Mt2A2%

The contribution of (7.11) to (7.7) is zero since for any [ = 1,2,
/ Op, F(z)Aa(x)dx = / Op, AF (x)a(x)dz = 0.
R2 R2

(Recall that F corresponds to A~19195 and a is supported away from zero.)
By the same reason, the contribution of (7.13) to (7.7) is also zero.
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Finally for the term (7.12), denote xy = ¢(7,0) and note that
A (A—lvl(viU;Xt : aju)> (t, A" 2 + o)
- ((A—lvi) (vifot(A—ly) -aju(xly))) (z + Azo)
= (@79 (T Ay = o) - (A Y — 20)) ) (@),

where in the above we used the notation (9ju)(A~1y) to stress that the scaling is
done before applying the non-local operator A~1V-+.

After the above switch, one can proceed in a similar fashion as in the Vp case.
Note that we need to check the condition A~V (VFAa) € LL. The only difference
is that the conditions (4.7) and (4.8) become!®

/yng(y)dy = /yzgl(y)dy =0,

/(—ylgl(y) + y292(y))dy = 0.

This only introduces the stronger condition (4.13) in Lemma 4.2 which is obviously
satisfied.
Hence the term (7.13) also gives the contribution

< Mt? A% O

LEMMA 7.5 (Patching lemma for 2D C' case). Suppose u? € C®°(R?) is a given
velocity field on R? such that for some Rg > 0,

supp (u) € {z = (@1, 22) : 22 < —2Rg}.
Then for any 0<e< 1%3, one can find 0 < §y=0q(u?, €, Ry) < Ro, 0 <tg=to(u?, ¢, Ry)
<e, and B € C2(B(0,¢€)) (P depends only on (u?, €, Ry)) with the property
197 [loo + 1D*97 [0 < €
such that for any velocity field u® € C2°(R?) with the properties:

° supp(uc) C{z = (x1,22) : ©2 > Rp};
o [[u€ll2 + || Du®||0 < bo;

the following hold true:
Consider the 2D Euler equation (in velocity form) for v = (uy, u2):
ou+ (u-V)u+ Vp =0,
V-u=0,

U :uA—i-uB—l—uC,

5 One just need to replace g(y) therein by g(y)* = (—g2(y), 91(¥)).
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where uP = VP, Consider also the corresponding vorticity equation
0w + (u - V)w = 0,
uw=A"V+tw,

wt_ozw6‘+w§+wg,

where wi! = V+-ut, wf = AyPB w§ = V+-uC. Then the smooth solution u = u(t, x)
with vorticity w = w(t, x) satisfies the following properties:

1. for any 0 < t < ty, we have the decomposition
w(t,z) = w(t,z) + wB(t,z) + W (L, ),

where

supp(w?(t)) ¢ B (SUPP(UA)a ;R0> ;

1
supp(w?(t)) c B <0, €+ 8R0> ;

1
supp(w®(t)) € B <supp(uc), 8R0> . (7.14)
2. there exist 0 < t1 < ta < to, such that for any t € [t1,ts], we have
_ 2
DA™V WP) ()| e (o) <ot 2 Ro) > - (7.15)
and
”(DA_lvlwA)(t’$)HL;°(|J:|§6+§RO) HI(DATVEOP) ()| L (o)L Ro)
+ (DA () L (o) <et Ro) SRowd 1- (7.16)

0

Consequently,

1
IDw)(t @) e (af<er L ro) > - (7.17)
Proof of Lemma 7.5. We take wég in the form
1/163(:6) = Z 2 %a(2 ),
VM<j<M

where a(z) is the same as in Lemma 7.4 and M will be taken sufficiently large.
Introduce w?(t) such that

oA (t, x) + (u(t,z) - V)wi(t,z) =0,

O.)A = w{)‘.
t=0
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Define w?(t), wY(t) similarly (with initial values w® and w§ respectively). By using
finite speed transport and choosing tg sufficiently small, one can easily make for any
0 <t <to,

supp((1) < B (supp(u). {57 )

1
supp(w?(t)) ¢ B <O, €+ 16R0> ;

supp(wC(t)) C B <supp(u0>, 116R) .

Note that here we take =Ry (instead of 1Ry in (7.14)) to have a little bit more
room to play.
Now w = w? + wP + w®, we have
Du(t) = DATIVwA(t) + DATIVEWE (1) + DATIVELE (1).
Since the support of w?(t) remains at a distance at least Ry from the support of
wB(t), easy to check that for any 0 <t < t,
|’DA_1VJ_WA(t)||Lg°(|x\<e+§Ro) Sud,Ro 1-
Similarly
||DA_1vac(t)HL;"(|$|<6+§RU) SRO L.
Also since supp(w?(t)) C B(0,e + 15 Ro), easy to check that
||DA_1VLWB(75)||Lg°(|x\26+§R0) S/Ro L.

Therefore the main “mass” of [Du(t)|| o (jz<et gy IS given by | DATIVAWB (1) |0
© 8

which is concentrated in the region B(0, € + %Rg).
To get (7.17), we only need to examine the equation for w?(t). Clearly it has the
form

OwB (t, ) + (ATIVLWB(t) + U™ (t, 7)) - VwB(t,2) = 0,

B

_|_
B
w wy

t=0
where

U (8) = Xeer - (A9 (8, 2) + (AT19400) (1, 2)) )
Here x4 1 g, € C°(R?) is such that y.. 1 g () = 1 for |z| < e+ {5Ro and
X<ep 2, () =0 for [z] > €+ L Ro. Easy to verify that
[Tt )| o + [ DOU () loo Sro 1-

We can then apply Lemma 7.4 to get the result. We omit further routine details.
O
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We now sketch the patching argument for general C™, m > 2. To avoid un-
necessary numerology we will just explain the C? case. We just need to modify the
inflation argument from Section 6 and still produce C? norm inflation for the system

Ow + (U (t,z) +u-V)w =0,
uw=A"1Vtw,

w‘ = wo,
t=0

where U is smooth (it represents contribution of velocity from other patches) and
U®*(0,x) = 0 for z in a small neighborhood of the origin.

Take wg = Ay, g = ¢él) + @D(()h), where
(()h) (z) = Z 273 ay(2 ).
M<j<M-+VM
Let w® and w™ solve respectively
OV + (Ut + A-1vLu® . V)w(l) =0,

wl ‘ — wy) = Avg’;

o (Ut 4+ A-IvLu0 . v =0,
w®) ’t:O = w((]h) = Az/;éh).

By using a similar argument to that in Lemma 5.1, it is not difficult to check that
we can also get flow decoupling (in the presence of smooth U®*) such that

ID?u(t) — D*a(t) |l < 1,

where @ = A~1V+w®),

Similar to Section 6, we then only need to examine the quantity

Q= [ FA®) das(z)da,
where A(t) = (D¢p®)(t,0), and
Qo (t,2) = (U + ATV D) (¢, 0O (¢t 2)),
{qﬁ(l) 0,2) = x.
Since
8DV (t,x) = (DU + DA™ V4w D) (2, ¢V (¢, 2)) DoV (t, ),

we get

(@:D6D)(t,0) = (DV4 ) (@ = 0) + O(1).
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Note here we used the assumption U®*(0,z) = 0 for x in a neighborhood of the
origin. Hence

DO (t,0) = 1d+t(DVL) (0) + O(8?).

Obviously then
Q=t | VE(z)- (DV 4" (0)2) Aag(z)dz + O(£2).

Now a little thinking shows that clearly we are back to the situation in Section 6
where U®* = 0. The same choice of w[()l) and ag would work. Therefore we are done.

8 Proof of Theorem 1.1 for d = 2 and Proof of Theorem 1.5

LEMMA 8.1. Let fi € C®(R?) with supp(f*) € B(0,1), i = 1,2. Let W and ',
i = 1,2 be smooth solutions to the following systems:

W + (ATWAW - V)WV =0,
Wl = Wol@) = f1@) + 2@ —aw);

o' + (ATIVLW . V)Wl =0,
o = @)

wZ

where i = 1,2, zw € R? is a vector parameter to control the distance between
1 2
supports of f* and (translated) f<.
For any € > 0 and integer ko > 3, there exists Re = Rc(e, ko, || /! || gro+are),
”f2HHkO+3(R2)> > 0 sufficiently large, such that if |xy | > R, then the following hold:

1. For any 0 <t <1, W(t,x) admits the decomposition

W(t,x) = W(t,z) + W2(t,x — 2w), (8.1)
where
supp(W') € B(supp(f*), Ro) =: Bi,
supp(W?) C B(supp(f?), Ro) =: Ba,
and

Ro = Av- (Ilf l + 1 oo + 1£2M1 + 11 ]ls0)-

Here A; > 0 is an absolute constant.'©
Note that supp(w'(t,-)) C By, i = 1,2 for all 0 < t < 1 as well.

16 Tt is roughly the same constant occurring in the inequality ||A_lef||Loc<R2) <A f Nl r2) +
£l oo r2))-
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2. All H*, k > 2 norms of W* can be bounded (almost) purely in terms of initial
data in the i*" patch: for i = 1,2, and any k > 2,

) X . 1 2 ) . )
Qax [WHE )l < O 1 loos 1/ o) 1Ml (8.2)

3. w' and W* are close:

Dax lw'(t) — W' ()| gro < €. (8.3)

Proof of Lemma 8.1. This is more or less straightforward. Let W' be the solution
to the linear system:

OWL+ AWV . YWl =0, 0<t<I,
wi =
t=0 !
Also let W?2 solve the system
OW? + (AW (t,z + o) - VIW2 =0, 0<t<l,
we =g
t=0 f

By using finite speed propagation, the inequality [|A™'Voul| e ge) S [l re) +
|| L (r2) (and the conservation of L' and L> norms of vorticity), we easily obtain
(8.1).

The estimate (8.2) follows from simple energy estimates. For example, consider
the equation for W1

W+ (ATIVEW . v)W! = 0.
The drift term A™'VLIW naturally splits as
ATIVAW = ATIWVAEWT £ ATIVEWR (- — aw)).

We only need to treat the second term above and estimate its contribution (in the
energy estimate). Since supp(W") C B;, we can insert smooth cut-offs and write:

Vo = X< Ro+100A T VW2 (- — aw))

= X|z|<Ro+100 /R2 K(2 = Y)X|y—aw|<Ror100W > (y — 2w )dy

= X|z|<Ro+100 /RZ K(% = Y)Xjamy|> Lo Wy — 2w)dy, (8.4)
where K is the kernel corresponding to A~'V+ and |zyy| is taken sufficiently large.
Note that K(z) ~ |z|~! for |z| = 1. Obviously then for any integer k > 1,

ID*V oo Sk IW2(E, ) K
S W2t = 0,91 < 1F7]loo-

The estimate of (8.2) for W? is similar and therefore omitted.
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We now turn to (8.3). We only need to treat the case i = 1. Set n = w! — W1
Then

o+ ATV v+ ATV Y — Vet vt = 0,
Clearly

Slnll2) SNATIVED - VW s + [V VIV,
SNATIVA o [V oom + [V oo [ VW |2
Sk Ill2W | g2 e2) + [V oo | VW2

In the last inequality above we have used the fact that |A™'VLnllay < nllie < |Inll2
since 7 is compactly supported. By the analysis in (8.4), easy to see that (below
R = |zw])

Voo Sro BT

Since n(t = 0) = 0, we get

1
Mo <p. — Ws L F2 | s).
Ogggl\ln(t, M2 Sk, RC(IIf (e (I VZED:

Interpolating with (8.2) (note that w’ obeys the similar Sobolev bounds as W*) and
taking R = |z | sufficiently large then gives the result. O

PROPOSITION 8.2 (Local to global, gluing of almost non-interacting patches). Let
{fj}j’oz1 be a sequence of functions in C°(B(0,1)) and satisfy the following condi-
tion:

STl +sup | < Cf < ox. (8.5)

j=1 J

Denote C1 = C] + 1. Let kg > 4 be a fixed integer. Then there exist centers
z; € R? whose mutual distances are sufficiently large (i.e. |v; — x| > 1 if j # k)
such that the following hold:

1. Take the initial data
OO .
wo(z) = Z [z —xj),
j=1

then wy € L' N L™ N C*. Furthermore for any j # k
B(z;,1004,C1) N B(zg, 1004,C) = 2. (8.6)

Here A1 > 0 is an absolute constant.
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2. With wy as initial data, there exists a unique solution w to the Fuler equation

Ow + A7'Vtw - Vw =0
on the time interval [0, 1] satisfying w € L' N L® N C®, u = A~'Vtw € C*.
Moreover for any 0 <t <1,

supp(w U (x,341Ch), (8.7)

and w(t,x) can be decomposed accordmg]y as:

E (.d ZL‘—.%'J

where wi (t,-) € C>°(B(0,3A,C1)) for all 0 < t < 1. Furthermore for any k > 3,

It Mo < N 2 )
s [0, )l < o P (539

where Cy > 0 is a constant depending only on k and C.

. For any j > 1,

J N _~j . k, 10 _j. .
s [ () = & (6 ) zsoroo < 2 (5.9)

Here &7 is the solution solving the equation
07 + ATIWVEGT VT =0, 0<t<1,2eR?
Gt =0,2) = fi(x), T € R2.

. For any integer 1 < k < kg, there is a constant C} > 0 such that

oo
sup - Z(DkA*lVL@j)(t, T —xj) < Cp. (8.10)
0<t<1 —
! Ly (R?)
. For any j > 1, there exists r; > 0 such that
; 1
sup |(DFATIVEO)) (t, )| < = (8.11)
0<t<1 27
1<k<ko
|| >7;

Therefore for any 1 < k < ky,
o

Z(DkAflvj‘Jﬂ)(t, T —xj)

j=1
e €T
D+ xa (
j=1

where ||Tk]lco < 2 and x<1 is a smooth cut-off function such that x<1(x) =1 for
|z| <1 and x<1(z) =0 for |z| > 2.

5 DA - ),
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Consequently by choosing the centers x; sufficiently far away from each other,
we can have

supp <X<1 <x ; xj) A(DFATIVEG) (3 — xj))

(" supp <X<1j<f” ;l xl) C(DFATIVERY) (8 x — xl)> — 2, (8.12)

for any j # .

Proof of Proposition 8.2. Note that (8.6) is fairly easy to achieve. The properties
(8.7), (8.8) and (8.9) follow from recursively applying Lemma 8.1 [using (8.5)], and
a simple contraction argument.
The inequality (8.10) follow from (8.9), Sobolev embedding and the triangle
inequality:
[e.e]
DAV — Z(DkA_le@j)(t, T —xj)

Jj=1 s

<Y IDFATIVH W - o)
j=1

oo
Sk Y Nlw? = @ | oo < G
j=1

The property (8.11) obviously follows from the fact that &’ is a smooth and
decaying function. The property (8.12) justifies that the infinite sum in (8.10) is
actually a locally finite summation. O

We are now ready to complete the

Proof of Theorem 1.1 for 2D. Without loss of generality we can assume u(9 = 0.
The argument for nonzero u(9) is a small modification.

For each j > 1, we can use the local constructions (for C* see Section 3 and for
C™, m > 2 see Section 5) to find ¢/ € C2°(B(0,1/100)) such that

o @1l + g’ llm +[1¢°]
e Let w’ solve

om < 2791,

o + (W - V)i = -V,
V- =0,
il =i
w -0 g’.

Then for some 0 < tjl. < t? < 277, we have

m~7 . 1 42
I(D™@)(t,2)lloo > o Wt €[22,
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Furthermore,

sup [|(D™@)(t,2)|| L= (fof>1/2) < L.
0<t<1

e Let @ = VL .4/, Then

max || D™ (¢, Y]|oe < 1.
0<t<1

Define f7 = V. ¢g/. We then apply Proposition 8.2 to conclude the proof. O
For the proof of Theorem 1.5, we need a simple perturbation lemma.

LEMMA 8.3. Let fi € C°(B(0,100)), i = 1,2. Let w* and w be smooth solutions to
the 2D Euler equations in vorticity form:

Ow® + (u? - V)w* =0, 0<t<1,zcR?

ut = A1Vt (8.13)
_ gL

o=

(O + (u-V)w=0, 0<t<1, zcR2

wa

u=A"'Vtw, (8.14)
\w’t:() EAREA
For any e > 0, there exists § = 6(e, f!) > 0 sufficiently small such that if
1£2]lo0 <6
then
max [|w(t,-) —w(t, )| < €. (8.15)

0<t<1
Proof of Lemma 8.3. Let n = w® — w. Then n(t = 0) = f2, and
om + (A7IVEn) - Vw4 (u-V)p = 0.

By finite speed propagation (and choosing || f2||oo small if necessary), easy to show
that for any 0 < ¢t < 1, we have supp(n(t,-)) C B(0, Ry) for some Ry > 0 depending
only on f'. Then easy to check that

1AVt Yoo Sro () oo
By a simple energy estimate, we also have

alg. . <
Qax [ Vet )llee Sy 1.
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Using the equation for 7, we then have

t
It Moo Spr 112 lloc +/0 In(s, )llcods.

The desired conclusion now easily follows from Gronwall and choosing || f?||eo
small. O

We are now ready to prove

Proof of Theorem 1.5. We shall only sketch the proof for C' (m = 1) case. For
m > 2 one can just use the material from Section 5 and proceed in a similar fashion
as in Section 6. Note that the patching argument for C™, m > 2 is actually easier
in view of the flow decoupling.

Without loss of generality we may assume u(9) = 0.

For j > 1, define z; = (0,1 + %) The point z; will be the center of 4 patch.
Define z, = lim;_. z; = (0, 1).

By recursively applying Lemma 7.5, we can find stream functions wg e Cr
(B(zj,2777199)) such that

1 lloo + 1D* 5|00 < 27

and the corresponding j'-patch develops C'-norm inflation in a time interval < 277
(we omit the laborious details here since it is essentially a re-statement of Lemma
7.5 with more explicit constants).

We then take initial stream function in the form

Yo=Y U,
j=1

and v’ = Vg, wy = Atly. By using Lemma 7.5 together with Lemma 8.3 it
is not difficult to extract the needed regularity properties and prove the inflation
statement. We omit further routine details. O

9 3D C™, m > 2 Case: Flow Decoupling for Axisymmetric Flows
Without Swirl

We begin by reviewing a little bit the theory of axisymmetric flows on R3. We call a
scalar function f = f(z1, 2, 2) : R? — R axisymmetricif f = f(r,2), r = /2% + 3.
An axisymmetric vector field u on R? has the form

w(zy, 2, 2) = u'(r, 2)e, + u (1, 2)eq + u*(r, 2)e.,

where

1 1
Er = ;(.%’1,372,2), € = ;(_$27$170)7 €z = (070) 1)
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If u’ = 0, we then call u an axisymmetric flow without swirl. In this case, the
vorticity w = V X u becomes parallel to ey:

w(z,z9,2) = wg(r, z)eg = (Ou" — Opu)ey,

and the vorticity stretching term simplifies as well:

1 1
(w-Vu=-u"wley = ~u"w
T r
1
= ;(u e )w.

From a technical point of view, the change Vu — %u’” brings a lot of simplification
in the perturbation theory as one can (for example) freely move the metric factor %
to w whenever needed.

The vorticity equation then takes the form

1
Ow + (u-V)w = ;urw

= %(u cep)w, (9.1)

or more compactly,

) (%) +(u- V) (%) = 0. (9.2)

We shall frequently switch between the expressions (9.1) and (9.2) below without
explicit mentioning. The form (9.1) has the advantage that it reacts well with the
usual Cartesian derivatives. On the other hand the form (9.2) can be used to deduce
(easily) the conservation laws.

We recall the following two lemmas which we will often use without explicit
mentioning.

LEMMA 9.1 (LP9-preservation). Let 1 < p,q < oo. Suppose u is a given smooth
divergence-free vector field on R%, d > 2. Let h be the smooth solution to the
transport equation

Oh+ (u-V)h = f,

Then for any t > 0, we have
t
1) | Lo (ray < holl oo e +/0 1 ()| oo ey dr-

If f =0, then

A Lra(ray = [[holl Lr.a(ra)-



GAFA NORM INFLATION IN C™ 57

Proof of Lemma 9.1. See for example Proposition 2 on p484 of Danchin [Dan07] or
Prop 2.2 of Abidi-Hmidi—Keraani [AHK10]. O

LEMMA 9.2 (Axisymmetric Biot-Savart law: estimate of u"). There exists an ab-
solute constant C' > 0 such that

wf

r

u?"

r

<C

Lo (R?)

)

LS,l(RS)

where u = u"e, + ufe,, w = V x u = wey.

Proof of Lemma 9.2. See Proposition 3.1 of [AHK10]. The key idea is to use the
kernel estimate (see Lemma 1 from [SY94]) of the form

|w(y) |w(y)
u(x)] < d r d
|u"( )|N/|y Y+ /|y Y 0

—z|<r |'T - y|2 —z|>r |£L‘ - y|3 .

Analogous to the 2D case, we shall prove a perturbation lemma for decoupling
the flow map. In order not to obscure the main ideas, we shall just state and prove
the case for C2. The general case m > 2 is a simple modification of numerology
which we leave it to interested readers.

Consider the following systems:

A=) + (0 V) (=) =0

s

u) = — A1V x w®),

Let @ solve the linear system

o(3)+ @ V)(2) =0,

l h

Let &« = —A~'V x @ be the velocity corresponding to @. Let u(()l), uéh) be the
(1 (h)

velocities corresponding to wy’, w, ~ respectively. We assume 0 < Tp < 1, and for
some r; > 0,

supp(wy)) C {(r,2): 11 <7 <1, J2] S 1),
supp(wéh)) CA{(r,z): 11 <r <1, |z| S 1}
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l h
w) | en”

l h
2 + [l 2 + <1

T

(e e] e}

These conditions guarantee that on the time interval [0, Tp],

lu@) e < Crllw(O)|lax, k=3,
[Dw®)]loe S 1+ [[Dwolloo,
ID*w(t) e S 1+ [1D*wolls,

where C}, is some constant depending on k.
LEMMA 9.3.

D?u(t,") — D*a(t, -
omax, | D=u(t, -) a(t, ) loo

S (lOg (3 + [l o + ||Uél)\|H10>) - 10T Du® [0 Lee (to. 7o)

h) %
'<(1+||Dwo|!oo)Hu((>)llg (max ID*u(t)]|oo + max || D*ul)(t)]

0<t<Ty 0<t<Ty

m
+(1+ | D2wolloo) ™ <max |D?u(®)lloe + max [ D*u® ()]s

0<t<Tp 0<t<T,

Proof of Lemma 9.3. We start with

Set n = w — @. Then
om~+ (u—u) . Vo +u - vy

= %((u —u) e w + %(u(l) - ep ).

)

)

5

3

)

GAFA

Taking the derivative (here 0 denotes any one of the derivatives 0y, , 0z, or 0,) gives

8,0n +0(u —u) - Vw + (u — u®) - Vow + 0u® - Vi + (u® - V)(8n)

_ 9 <l(u ). e,.) w4 %((u —u®) - e)u

r

+0 <1(u(l) . er)> n+ %(u(l) - ey )0n.

r

Note that for any axisymmetric function f with f(0,z) = 0, we have

f(’l", Z) — f(0> Z)

r

f

T

< [0r flloo < 1D flloo-

o0 ‘ o0
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Then!” clearly,

max | Dn]oo

0<t<Ty
< STz 010 e ([D(w — 1) lool Dwlloo + 1 — 4 oo | D%w]loc)-
0<t<T,
Now since

A (u—u®) 4+ (u—u®) - Vu 4. V(u—u)=-V(p—pW),
we get

! To || Du® || poo o0 (R)
0Si<T, lu— ]y S eTolPuP ez s |y 5.

By using the interpolation inequalities (applied to u — u(®)

1Dl ) S 1 oy 1D 1

4 3
1 £l ey S 11 e gy 1D F e
we get

Dlu — u®
. [[D(u—u)]o

< —_uDNE(11D2 2, (1) é)
< max ([lu— v 3 (1D0%llse + D% o)

o

2

S eF TP gz oo V) g ( max || D*u(t)||c + max ||D2u<l><t>|oo) :
0<t<Ty 0<t<Ty

and

max |lu —u ||
0<t<Ty

3

4 7

Se%To”Dum||L?°L%°([0,To])||uéh)||27 max [|[D*u(t)]|oo + max [|D2u® ()]s ) -
0<t< T, 0<t<T

Hence the result follows from the usual log interpolation inequality (to bound
|D?(u — 1) ||oo in terms of the product of || D7l and a log-term). 0

17 Note that if v(z1,2,2) = v"(r,2)er + v*(r,2)e. and v is smooth, then v"(0,2) = 0 since
otherwise v will not be smooth at (0,0, z). Similarly if w(z1,22,2) = w’(r, 2)eq is smooth, then
w(0,0, z) = 0. These facts were used in the derivations.
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10 Local C™, m > 2 Norm Inflation: Argument for the 3D Case

To suppress numerology, we shall just give the details for the case m = 2. The general
m > 2 is a simple modification (similar to what was done at the end of Section 6).

We start with a general derivation. To produce C?-norm inflation, we will exam-
ine the quantity (9,,u*)(t,0) which belongs to one of the entries of D?u(t). By using
w? = 0,u* — 9,u” and the incompressibility condition

1
;&(rur) + 0,u® =0,

it is easy to derive

1
u? = A"t (&(rwe)) : (10.1)
r
where A~! = — const |#| % (x denotes the usual convolution).

Similar to the 2D case we shall choose initial data wy with support away from
the r = 0 axis. By differentiating (10.1) twice, we get (below C; > 0 is an absolute
constant)

2 2 2 1
(0.0 (£,0) = C) / Hrﬁr(rwe)-rdrdz
ré 4 z22)2
2 4 2
=0 / 324(2257)(4)9(&1", z)rdrdz. (10.2)
e+ z4)z2

Note in the above derivation we only used the Biot—Savart law in axisymmetric
form (to express u in terms of w?’) and no dynamics is used yet. Now assume that
w? obeys the equation:

() +(V-V)(5) =0,

Here V. =V"(t,r, z)e,+V*(t,r, 2)e, is a given velocity field. Define the axisymmetric
characteristics lines ¢(t,r, z) = (¢" (¢, 2), ¢*(t, 1, 2)), such that

{C‘W(th z) = (V'L (¢, 2)), VE(L, o(t, 7, 2))),
#(0,7r,2) = (r, 2).
Then

we(tv ¢(t7 T, Z)) _ wg(r, Z)

or(t,r,2)  or

Using the above relation, we then make a change of variable!® (r,z) — ¢(t,r, z) in
(10.2) to get,

Vt>0,r>0, ze€R.

'8 Note that the map (r,z) — ¢(t,r, z) preserves the measure rdrdz.
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: wp (7, 2)
(0,,u®)(t,0) = Cy | Fi(o(t,r,2))———>rdrdz,
r

el / Fu(o(t,r, 2) )l (r, 2)drdz, (10.3)

where

3r2(r2 — 422
Fi(r,z) = (—,)
(r2 + 22)2
We shall use the above formula in the computation below.
We now specify the form of initial data for producing C?-norm inflation in the
3D Euler equation. Take initial (axisymmetric) stream function'® of the form

do(r, 2) = P (r, 2) + 03 (r, 2),

where 1[)((]1) will produce the Lagrangian deformation and 1/J(()h) has the expansion?’

W= Y 27 Yap(2(r, 2)).

M<j<M+VI

More assumptions on 1[1(()” and ag will be clearly specified later. For the moment we
just assume ag is smooth and compactly supported on {(r,z) : p1 < 7 < pa2,p3 <
r+|z| < pg} for some 0 < p1 < pa < 2p1, 0 < p3 < pgy < 2p3. This way the replicates
ao(27(r, z)) will have non-overlapping supports. We also assume wg’(l)
supported away from the » = 0 axis.

Then recalling u" = %(—(%)w, w? = 19,9, and W = 0,u” — u?, we get

o

is compactly

r - 1 /

whr = 3 2V (ow) (),
M<j<M+VM

z - 1 A

)= Y2 7 (0ra0) (2 (1, 2),
M<j<M+vVM

wgPrzy= S 279by(2(r,2)),
M<j<M+VM

where

1 1
bo(?", Z) = ; <_azza0 — Oprag + Tar(IO) .

19 Note that the velocity-stream relation is different from 2D. Due to the incompressibility condi-
tion 9y (ru”) + 0:(ru®) = 0, the velocity-stream relation takes the form u" = %(—@)w, u® = %8,-1&,
i.e. there is a new metric factor % in front of the differentiation.

20 Because of the new velocity-stream relation and the metric factor %, we have here 2% instead
of 2731,
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Let ug = uél) +uéh) and denote @ as in the setting of Lemma 9.3. By Lemma 9.3,

it is not difficult to check that we the main part of (0,,u*)(t,0) is given by the
quantity (see formula (10.3))

a Y / Fu(0D (¢, 7, 2))2bo(20 (r, 2))drd=
M<j<M+vM

=0 Z /F1(2jqb(l) (t, 2797, 277 2))bo(r, z)drdz.
M<j<M+VM

As A\ — oo, we have?!

/ LD, X, A7 12))bo (7, 2)drdz

- / A (A(t) (Z)) bo(r, 2)drdz, (10.4)

where A(t) = D¢W(t,0) (here Do®) denotes the Jacobian matrix in 8, and 9.).
Now we only need to specify ¢él), ap and t such that (10.4) is nonzero. The simplest
choice of 1/1(()1) is such that the dynamics near (r = 0,z = 0) is hyperbolic, namely

oru” M) (£,0,0) 0
( U )(t ) ) qu)(l)(t,O)

0 (9:u=1)(t,0,0)
From the incompressibility condition %E)T(ru“(l)) + 0.u> = 0, we have
20,u” W (¢,0,0) 4 0.u>D(t,0,0) = 0.

O (Dg)(t,0) = (

Therefore one can choose wél) such that

A(t)r
r
A<t><2)=< 1 >
PYOR
where A(t) > 1, A(t) = 14 for t = 0+. Consider now for A > 1, the integral

/ Fy(Ar, X 22)bo(r, 2)drdz

= /Fl()\r, /\722)% (—azzao — Oprag + i@rag> drdz.
It is not difficult to check that
/ 05 (Fy(Ar, A"22)) ’,\:1% (—azzao — Dprag + iam) drdz
= /Fg(r, 2)ag(r, z)drdz,

21 Similar to the 2D case, we may (for simplicity of presentation) assume oW (t,0,0) = 0. Otherwise,
one can just shift to the point ¢ (¢,0,0) and consider (9..u*)(t, ¢ (t,0,0)).
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where
r(rt —12r222 + 82%)
(r2 4+ 22)1?1 '
Now clearly we only need to choose ag(r, z) to be supported in a sufficiently small

neighborhood around the point (r = 1,z = 0). With such a choice, we have for M
sufficiently large,

Fy(r,z) = =270

|022u*(t,0)| > const V.M,

producing the desired (local) C*-norm inflation.

11 Local C*-Norm Inflation for 3D Case

We shall again work with axisymmetric flows without swirl. We will retain similar
notations as in the previous section and only sketch the construction since it strongly
parallels with the 2D case. We shall examine the quantity 0,u*(¢,0). Recall that
u = A7 (20, (rw”)). Easy to check then
z 1
-

(0.u7)(1,0) = C / T

2 0
:302/ Tz sw (t’r’z)rdrdz,
(r2 4 22)2 r

Oy (rw®)rdrdz

where Cy > 0 is an absolute constant. By using the conservation of w? /r on charac-
teristic lines, we then have

(0,u®)(t,0) = 3CQ/F3(¢(t,r, 2))wo(r, z)drdz, (11.1)
where
Fy(r,2) = oz
3(r, 2) = EETT

Now take initial axisymmetric stream function in the form
%(7“7 Z) = Z 2—3ja3(2j(747 Z)), (112)
100<j<M

where a3 is supported on r ~ 1, 7+|z| ~ 1 such that a3(2’(r, z)) have non-overlapping
supports. More conditions on ag will be specified later. In what follows, to simplify
notation we will often write > ;o< simply as 3y, Now

) = 3 27 (0.0) (),
J<M

wilr,2) = 3 27 %(arag)(zj (r, 2)).

J<M
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Consequently
wh(r,z) ==Y b3(2(r,2)),
J<M
where
1 1
b3(r,z) = — (8zza3 + Opraz — 8,@3) .
r T
The formula (11.1) then becomes
1 )
- 5 0060 = 3 [ B0t r )b 1, 2))drd
j<M
= / F5(2¢(t,279r, 279 2))bs(r, 2)drdz.  (11.3)
j<M

Now to avoid problems of estimating the pressure in axisymmetric coordinates,
we switch to Euclidean Characteristic lines. Define

hP(t, 1, x2,2) = u(t, ®(t, 1, 22, 2)),
®(0,z) = x.

For x = (21,29, 2), we denote 2’ = (x1, 22,0). Then

RHS of (11.3) = Z /F3(2j<1>(t, 2—;’33))53(33)

dx. (11.4)

Here and below, we will slightly abuse the notation and denote any axisymmetric
function f = f(r, z) simultaneously by f = f(x) = f(z1, z2, 2).
For simplicity of presentation, assume that?? u(¢,z = 0) = 0 and denote

| Du(t) || oo poe (joay) = A > 1.

Then by essentially repeating the proof of Lemma 3.1 and Lemma 3.2, we get for
any A>3,0<t <4 |2] <1,

1 1
‘)\q) <t, )\$> —x — tAug <A$> ‘
< A%2e M og(3 + |Juo)| £re).-

Also in place of Lemma 3.3, we have

’)\@ <t, 1\3;) — oz — thug (ix) - /\/Ot(t —7)(Vp) <T, %) dr

< A% log(3 + [[uol o).

22 This can be easily achieved by choosing 1o (r, 2) to be an odd function of z. Of course this kind
of property is no longer available in the patching argument later. There one need to shift to the
point ®(t,0) similar to what was done in the 2D case.
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For A =27, j < M, and x € supp(as), easy to check that
1 1 1
A )= —;(@ag)(r, z)e, + ;(@ag)(r, z)e, =: H(x).

Now similar to the 2D case, we can Taylor expand the integrand F5(-) in (11.4)
around the point z. This will introduce the main term (for producing norm inflation)

St / (VE)(z) - H(z) b?’gix)d:c, (11.5)

and the pressure error term

bs() ;. (11.6)

/|

> / VF3(x) - /O (t —7)27(Vp) (7,2 7 2)dr

J<M

and negligible error terms (provided we choose t = N/M, with 1 < N < M).
Now similar to the 2D case, we can bound (11.6) by const -M A2 provided we
satisfy the condition

bg(.%')
']

AV (VFg(a:) ) € LL(RY).

Note that for any vector function g = (g1, g2, 93) € C°(R3), A=V . g € LL(R?) if

/RS 9(y)dy =0, (11.7)
[ - stwnas=o. (118)
/]Rg(:z:~y)(x~g(y))dy20, Ve R (11.9)

/ yegr(y)dy =0, V1<k<3,
R3

/Rs(ykgl(y) +yge(y))dy =0, Vk#IL

For g(x) = VF3 b:(2) recalling that Fy(z) = r22/(r? +22)%/2, by = 1(0..a3+ Orra3 —

|’
%8,«(13) and ag is an odd function of z, we then obtain the equivalent condition (after
a tedious computation)

3 3 _ 4 2
/ ,2(7“—7“29)&3(?"’ z)drdz = 0. (11.10)
(r2 + 22)>



66 J. BOURGAIN AND D. LI GAFA

We need to find ag such that the above integral vanishes. We also need the integral
in (11.5) to be nonzero. Easy to check that

1
VF;-H= ;(—8TF38Z(13 + aragang).

Then

/ VF(z )b 3(2)

1 1
= /ﬂ(—angazag + Oragang) . <02Za3 + Oprag — T8Ta3> drdz.
After several integration by parts, we obtain

/ VF(x) - H(m)bfiﬁ)dx

) 1 1. (1 1. (1
= /(@ag) . <_7"38ZF3 - 587- ﬁang - 582 ﬁang drdz
, (1. (1 1. (1
—|—/(3Za3) . <28Z ﬁang + 5& ﬁang drdz
1 1 1
—l—/@za;;é?rag <38TF3 — —282ZF3 + Oy (28TF3>) drdz.
r r r

4 _ 94,252 4
:/(8ra3)2~3r oz —1;82 drds

r(r? 4 22)>
4 4 2 2.2 —4 4
+/(82a3)2- 2T - ® drdz
r(r? + 22)z
1 —4
/a a0z G =4 (11.11)
(r2 +22)

Now let g € C°(R) be such that 0 < ¢g(z) < 1, ¢o(2) = 1 for |z| < 1 and
wo(z) =0 for |z] > 2. For 0 < s < 1, consider the function

2 2

h(s,r2) = (1—5) zgoo(r_é )20 ('Z’_S_f)> 5 200 (r_5ﬁ> o (’Z‘ _G(QHE)) :

—~

ho(T’,Z) hl (7"72)

w

We shall choose 0 < § < €. Here the special value rg = % is such that 37"8’ =4rg
in the integrand of (11.10). Easy to check that for 6 < e < 1,

3 4 2
/th(r, z)drdz > 0,
(r2 4+ 22)2

3r3 — 4rz2
/ 2B A drdz < 0.
(r2 + 22)3



GAFA NORM INFLATION IN C™ 67

Hence by the Intermediate Value Theorem, there exists sg € (0,1) such that
3 3 4 2
/Mh(so, r,z)drdz =0,
(r2 4 22)2

i.e. (11.10) is fulfilled by choosing as(r, z) = h(so,, 2).
Now return to (11.11). Easy to check that uniformly in 0 < s < 1, we have

3rt— 241722 + 8
/8hsrz|2r Tz+zdrdz
2+ )8

> const -0 e

The other two terms in (11.11) are O(1) (in terms of ). Therefore by choosing ¢
sufficiently small we can make the integral (11.11) non-zero.

Collecting all the estimates, we conclude that for t = N/M, 1 < N < M, we
have the bound

|0,u*(t,0)| > const -tM = const -N > 1.

This produces the desired C'-norm inflation for the 3D case.

12 Patching for 3D C! Case

Let U™t = U®(t, 11, 29, 2) be a given smooth velocity field on R? which is axisym-
metric without swirl, i.e.

U (t, 1,29, 2) = U (t, 1, 2)e, + U (t,r, 2)e,.
Consider 3D Euler in vorticity form

dw+ ((u+U) - V)w = (w- V)(U™ + u),

u=—-A"'V x w, (12.1)
w’ = wp.
=0
Let ug = —A7'V x wy and we assume v is axisymmetric without swirl. Note that

the system (12.1) can be written more compactly as

) (%) F(ut+ U .V (%) —0,

which highlights the axisymmetry of the system.
Define the characteristic line

{atqs(t,x) = (u+ U™ (t, ¢(t,2)), (12.2)

¢0,z) ==z

Assume on some time interval [0, Tp], Ty < 1, we have



68 J. BOURGAIN AND D. LI GAFA

° maXOStho(l + HDu(t, )Hoo) =A>1;
o maxo<i<, (|U (L, )l + [|1DOU(E, ) oo) S 15

Now we specify initial data wg for (12.1). We shall borrow the notation from
Section 11, and choose initial axisymmetric stream function in the form [see the
derivation therein after formula (11.1)]

do(r,2) = > 27%a3(2(r,2)),

VM<j<M

wi(r,z) = — Z b3(2(r, 2)),

VM<j<M
where
1 1
bs(r, z) = - 0,,a3 + Oppaz — ;8Ta3 .
Note that
u(t,r,z) =u"(t,r,z)e, + u*(t,r, z)e,.
Then

LEMMA 12.1. Assume for some p > 0,
U™ (0,z) =0, for|z| < p.
Then for any 0 <t < Ty, we have
[(0.u7) (L, d(t,0))| = Mt — Mt>A? — M(A%? + A%)e2A,

Proof of Lemma 12.1. By a similar derivation as in (11.4), we only need to work
with the quantity

. iy bs (2
a= Y [ Ao - st
VM<j<M
where ¢(t, x) is given in (12.2), and we recall that F3(x1,z2, 2) = F3(r, 2) = r?2/(r’+
22)5/2 o) = (1, ,0).
By Lemma 7.1 and Taylor expanding F3(-) around the point x, we get

dx,

Q> Yt [ OB Pz e B gy (123
VHM<j<M 2]
+\/M§<M / VFs(z) - /0 (t — )2 (0.U1) (7, r%)m%ﬁ)m (12.4)

t

+ 0y VFS(Q;)./(t—7)2f'(aTU2)(T,2ja:)drbf’gif”’)dx (12.5)
VII<j<M 0

+ error,
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where

Ui(r,z) = u(t,z + ¢(7,0)) — u(r, #(7,0)),
Us(t,2) = U (1,2 4 ¢(7,0)) — U™ (7, ¢(7,0));

and
|| error [|oo < M - (A%2 + A%h) 24,

Note that (12.3) can be handled in the same way as (11.5). It gives the main order
Mt.

By Lemma 7.3 (note that the argument therein is independent of the dimension),
we have

|(12.5)] < M+t?

which is acceptable.
For (12.4), we note that by using (12.1), d;u satisfies the equation

du+ ((u+ U V)u=—-Vp— A~V x (AU Ou),

where we have used the symbolic notation OU®**0u to denote generic terms of the
type ;U Ojuy,. The actual form does not matter in the estimates.
Now note

(0-U1)(7, 2) = (Oru) (7, 2 + ¢(7,0)) + 9:6(7,0) - (Vu)(7, 2 + ¢(7,0))
= (07u)(7,9(7,0)) — 0-¢(7,0) - (Vu)(7, ¢(7,0)).

= ((u+U) (7, 6(7,0)) = (u+U*) (7, 24+¢(7,0))) - (Vu)(7, 2 + ¢(7,0))
(12.6)

—(Vp)(r,2 + ¢(7,0)) (12.7)

+ (Vp) (1, ¢(1,0)) (12.8)
+ (A7 x (U 0u)) (1,2 + ¢(7,0)) (12.9)
— (A7 x (0U*0u)) (1, ¢(7,0)). (12.10)

Now similar to the situation in the 2D Lemma 7.4, the contribution of the terms
(12.6) and (12.7) to (12.4) are

< Mt2A?,

which is acceptable.
The contribution of (12.8) and (12.10) to (12.4) are zero. This follows from the
fact that

/a Fy(a | /| =0, 0= 04,0y, or 0. (12.11)
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To prove (12.11), one just recall that Fs(r,z) = r2z/(r2 4+ 2z2)2 and bs(r, z) is odd
in z. If j = 1,2, then since V;F3(r,z) = %&Fg(r, z), the integral then obviously
vanishes (by using oddness in x;). If 9; = 0, then 0, F3 is even in z and the integrand
is odd in z which also vanishes.

We only need to focus on the term (12.9). It will have the same bound Mt2A?
provided we verify the condition

bg(x)
/]

A*Vx(V&@) )eLﬁR&

Now for a vector function g = (g1, g2, 93) € C°(R3), easy to check that A~'V x g €
LL(R3) if

/ﬁ@ﬂyza

l/w%@ﬂyzQ V1<j,k<3.

After a tedious computation, it is not difficult to check that it is equivalent to the
condition (11.10) which is already satisfied by the same choice of a3 as in Section 11.
No additional work is needed. O

LEMMA 12.2. Let f € C°(B(0,100)), g € C°(B(0,100)) be axisymmetric func-
tions on R® which take the form:

f(x> = f9<ru 2)697 g(:L') = ge(r7 2)69, r = (.’L'l,.fQ,Z), r= \/ Hﬁ'% + x%v
where f° and ¢? are scalar-valued and vanish near r = 0, i.e. for some ro > 0,
supp(f9) c {(r,2) : 7 > ro},
supp(g”) € {(r,2) : 7> 1o},

Let w® and w be smooth solutions to the following axisymmetric without swirl
Euler equations:

O(5) + (u - V)(%7) =0,
u = —A7IV x w?,

"=

t=0
2(2) + (u- V)(2) =0,
uw=—-A"'V xw,

g + .
o f+yg

w
\

w ‘

There exist a finite positive constant Cy > 0 depending only on the data f, and
an absolute constant Cy > 0, such that for any 2 < p < oo,
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— e < . C1||%||L3,1(R3) -1 .
max l(t) — (1), < ;- (lglly + 11V gl2)

Let
0(p) = loglog(p + 100).
For any € > 0, there exists 6 = (¢, f) > 0 sufficiently small such that if

1 9 _
sp (o< lgl, + IV o)) <0(e ) (212)
2<p<oco (p)
then
t) — w(t
sup  sup leo(t) — «(®)llp < €. (12.13)
0<t<1 2<p<co 0(p)

REMARK 12.3. Our choice of 0(p) ~ loglogp is certainly an “overkill” here. We
chose such 6(p) just to be on the safe side. Alternatively one can choose 6(p) = logp
which corresponds to the requirement in Yudovich’s uniqueness theorem?? [Yud95].
In our application later, we shall take the function g(z) = ¢%(r, 2)eg approximately
of the form (neglecting some additional prefactors)

¢’ (z) = Z $(2x),
M-N<j<M

where ¢(x) = ¢(x1, 22, 2) = ¢(r, 2) is a smooth axisymmetric function supported on
r~ 1, |z| ~ 1. Easy to check that

g
||;||L3v1(R3) SN,
lglly S N -2 MM,
11V]Lglly S 275N,

Then for 1 < N < M, we have (below C3 > 0 is an absolute constant)
L izl -1
e et (g, + [V~ gll2
) (lgllo + VI gll2)
- 1 . CoN—1M
~ loglog(p + 100) '

—CyN

Ifp < %, then the above quantity is less than e which can be made arbitrarily

small. If p > %, then the above quantity is less than

1 G N
log log(% + 100)

)

which can also be made arbitrarily small by choosing M sufficiently large.

23 As was already pointed out by Vishik in [Vis99] (see the footnote on P770 of [Vis99] therein),
“Not much stronger than linear” on p.28 of [Yud95] is a misprint and logp growth of |wl|, is what
is actually covered by [Yud95].
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Proof of Lemma 12.2. In this proof we shall denote by C any finite positive con-
stant which depends only on f. The value of 'y can change from line to line. For
example by standard wellposedness theory for axisymmetric without swirl flows, we
have??

at' 103<C.
%%WM:NH@)_f

For any two quantities X and Y, we shall use the usual notation X <Y if X < CY
where C' > 0 is some harmless absolute constant.

We proceed in two steps.

Step 1. Estimate of ||[u® — ul|2. Since u® and wu satisfies the equations:

Ou+ (u- V)u = —Vp,
o’ + (u® - V)u* = —Vp,
we get
O(u—u") + (u- V)(u—u®) + ((u—u")- V)u" = =V(p—p").
Then clearly

—ut (¢, - —u)(0, )|y - emaxosezt [IVue (£l
Qo ([|(u — u®)(t, )ll2) < fl(w = u®)(0,)ll2 - €

SIVITigllz - Oy
Step 2. Estimate of |jw — w?||,. Set = w — w®. Then since

u'f‘

Ow + (u-V)w = W,

O + (U - V)w® = (UT) w?,

we get
o+ (- V) + ((u—u) - V)w'
:7"74‘(“—“ ) o

Therefore for any 1 < p < 0o, we have

1 ) o
aNW@suu—wwmwzwwwwm+H Il
p "
_q lw®
ol — H
o0
_ u”
< Cflu = lylnlg™ + |l 1 (12.14)

24 Here the axisymmetric without swirl assumption is used to guarantee that the solution is global
in time. In particular it exists on [0, 1].
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Now by conservation of L*!-norm of w/r, we have

sl

T |lpsa
(0
S T pan
SR H

On the other hand, for p > 2, we have

[ =l Sl —u®l2 + Il
S CollIVI~gllz + lnll,.

Plugging the above estimates into (12.14), we get for any 2 < p < oo,

aulmlly S CAIVIgllz+ (G + |2 ) il

Integrating in time then gives (for 2 < p < 00)

< CreCill2lls -1
OIQ%HU( My < Cre (lglly + 1TV gll2),

where C7 > 0 is an absolute constant. Note that by taking p — oo, the above
inequality also holds for p = oco.
Finally the estimate (12.13) is a simple consequence of the above inequality. O

We are now ready to state a proposition which gives the existence and uniqueness
of solutions to the 3D axisymmetric without swirl Euler equation for a special class
of initial (vorticity) data. Roughly speaking the constructed solution w = w(t) have
the property that ||wl|, < loglogp for p large.

PROPOSITION 12.4. Suppose {g;}5°; is a sequence of axisymmetric functions on R3
satisfying the following cond1t1ons.

e For each i > 1, g; € C°(B(0,100)) and has the form g;(x) = g?(r, z)eq, where
gf is scalar-valued and vanishes near r = 0:

supp(g?) € {(r,2) : 7> r;}, for some r; > 0.

e For each i > 2, denote f; = 23;11 gj, then (recall 6(p) = loglog(p + 100))

L oo, » >
sup | eIl (]| ggll, + [V gill2) ) < 6,
2<p<os <e<p) (lgilly + 11V gill2) | < 6

where 6; = (27, fi) as defined in (12.12).
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Let
(o]
9= Z 9i
i=1

and consider the system

Ow+ (u-Viw=(w-V)u, 0<t<I;
u=—-A"1V xw, (12.15)

Then there exists a unique solution w to (12.15) with the following properties:
1. w is compactly supported:
supp(w(t,-)) € B(0,Ry), VO<t<1.

Here Ry > 0 is an absolute constant.
2. w obeys the bound:

t
sy 1Ol

0<t<1 2<p<oc  0(P)
3. Forany 2 < p < oo, w € CYLE([0,1] x B(0, Ry)); alsou € CPL2N L L ([0, 1] x
R3). In fact u € CPC([0,1] x R3) for any 0 < a < 1. Also w € C([0, 1], Xp),
where Xy is the Banach space endowed with the norm

[wllp
wl|x, ;= sup . 12.16
Jeilx, = swp ot (12.16)

Proof of Proposition 12.4. For each m > 2, let w™ be the solution to the system

() + (U™ V(D) =0, 0<t<1,

7 T

U™ = —ATIV x W™,

m _ m .
w — Z¢:1 9i-

By Lemma 12.2 and our assumptions on g;, we get

m-+1 t _ mt
 up IO =@l

<27,
0<t<1 2<p<oo 0(p)

Clearly we can then extract a limiting solution w in the Banach space C([0, 1], Xy)
[see (12.16)].
By using energy conservation, we have ||[u™(¢)||2 = ||« (0)]]2 < 1. Since

sup sup [lw™ (t)]|ae) S 1,
m>2 0<t<1
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it follows that
m < m m
Sggg%llu ()l Nggolggg(\\w ()l + [[w™(D)]2)
<.

Then for some constant Ry > 0, we have supp(w™(t)) C B(0, Ry/2) for all m and
0 < t < 1. This implies that the limiting solution w is compactly supported in
B(0, Ry). The other regularity properties of w (and u) can be easily checked. We
omit the details. O

The next proposition is the key to our patching of solutions for the 3D C! case.
The overall statement of the proposition is a bit long due to some technical com-
plications pertaining to the 3D situation. In short summary the main body of the
proposition should read as “Let u_; € C°(B(0,100)) ... Then for any 0 < € < €,
we can find a smooth ... with the properties ... and dy ..., such that for any w;

”

with the properties ..., the following hold true: ....”.

PROPOSITION 12.5. Let u_; € C°(B(0,100)) be a given axisymmetric without
swirl velocity field on R3 such that

u_p =u" e, +u’e,.
Denote the corresponding vorticity w_1 = w? eg, where w? | = 0.u" | — Ou? ;.
Assume for some r_1 >0, 0 < Ry < 1—(1)0,
supp(w?) € {(r,2): r>r_1, 2 < —4Ry}.
Denote

u*y = || Du—1||co-

Then for any 0 < € < €y with g = €g(u—1) < Ry sufficiently small, we can find a
smooth axisymmetric without swirl velocity field ug = uge, + uje. (depending only
on (e,u_1)) with the properties:

e uy € C°(B(0,100)) and for some rg > 0,

supp(ug) C {(r,z) : ro <r <e, —€ < z < €}. (12.17)
Also
* 1 *
| Duplloo < €u; < it (12.18)

e denote wy = V x ug, then (see (12.12))

1 20 3,1 -
SUP2<p<oo <9(p)601” e (Jlwollp + 119 1wo!2)> <8 wo); (12.19)
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and §g = 0¢(€,w_1,wp) < e sufficiently small such that for any smooth axisymmetric
functions w; = w?eg, 1 < j < N (here N > 1 is arbitrary but finite) with the
properties:

o w; = V xuj, where u; is axisymmetric without swirl, u; € Cg°(B(0,100)) and

€
[ Dujlloo < ﬁuil;
o supp(uj) C {(r,z) : »>1;,2 > 2Ry} for some rj > 0;

e for each j > 1, denote f; = (wgl +wd + Zf;% wf) eg, then

1 CE T _
Py e (e(p)ecl s (Ll + 1] 1wju2>) <5

where 6; = 6(27376¢, f;) as defined in (12.12);
the following hold true:
Let w be the smooth solution to the axisymmetric system
O (¢)+w-V)(¥)=0, 0<t<1,
u=—-A"V xw,

N
w‘t:o = (W +wf + 25 W)es,
then

1. w is compactly supported: for some absolute constant Ry > 0,
supp(w(t,-)) € B(0,R;), V0<t<I1. (12.20)

2. w obeys the uniform bound: for some constant Co > 0 (Cy is independent of
N),

t
wp sup 12Ol

< (. 12.21
0<t<1 2<p<co  O(D) ? ( )

3. for any 0 <t < ¢, we have the decomposition
w(t) = w(t) + WP () + WO (1), (12.22)
where
supp(w?(1)) C {(r,2) : 2 < —4Ro + Ve};
supp(w” (1) € {a : [z] < 5Ve);
supp(wC(£)) € {(r,2) : 2> 2Rg — v/eh:

and wA(t = 0) = w_q, wB(t = 0) = wheg, wC(t = 0) = (1L, w)ep.
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4. the C' norm of initial data u(t = 0) = —A~1V x w(t = 0) has the bound:
| Du(t = 0)]|co < 2u™ ;. (12.23)

5. the C! norm of u is inflated rapidly on the time interval [0, €] and in the region
|z| < Ve there exists 0 < t§ = th(e,u_1,u0) < €, 0 < 1 = t3(e,u_1,up) < e,
such that

IDAT'Y X WP ()| e (2] <o) > % for any ty <t <t2;  (12.24)
on the other hand, for any 0 <t < 3,
DA™V x wc(t)HL;CUx\SRO/lOO) < Ve
DA™V x WA(t)”L;cux\gRo/loo) SReuy 1 (12.25)
and
IDAT'Y X WP (1) o (] > /) < € (12.26)

6. all H*, k > 2 norms of w® can be bounded purely in terms of initial data wy
on the time interval [0, €|: for any k > 2,
max [[w?(8)[| e < C(k, Ro, u’y) |lwol| - (12.27)
0<t<e
Note here the bound of ||w?| g+ is “almost local” in the sense that it depends
only on u* | but not on other higher Sobolev norms of w? or w®. Similarly we
have
max lw@®) || gx < C(k, Ro,u™ ) ||lw_1]l e, Yk >2. (12.28)
Proof of Proposition 12.5. We shall sketch the details. The main point is to specify

the choice of ug to achieve (12.24). Following the notation as in (11.2), we take the
axisymmetric stream function in the form

bolr2) = —— S 27 ¥ay(20(r, 2)),

logN1 .
Ml—N1SJ§M1

where log log log log log log My = Ny and we shall take Ny sufficiently large. We then
have

Uy = uper + UGez,

where

1 . . 1
up(r, z) = Z 279a5(2(r, 2)), ah(r,z) = =(—8.a3)(r, 2);
log V¢ My —lsi<M, r

1 _. , 1
WO, o 2T, a2 = 0w
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Also wg = wgeg with

W, 2) = —— )

log M\ i<,
Clearly
| Duglloo S —
Y b
0l ~ 1og Ny

and (12.17)—(12.18) can be easily satisfied (by taking N; large).
For (12.19), we note that

wo
Dl < Ny,
| r less S log Ny !
1 3 1
< o~ (Mi=N.)2 - o=2M,
HWOHP ~ logNl = )

V] woll2 < 270,

and

]'wa031 —
wM@m(wmemwwu%m+mw1me

< < 1 NllMl)
< sup e »
2<p<oo IOg IOg(p + 100)

< max{e_N1 ! }
- " loglog(My/Ny) )~

Obviously by taking Ny large, (12.19) is satisfied.
The properties (12.20)—(12.21) follows from our assumptions on w; and Proposi-
tion 12.4.
Define w

A wB, and w® as solutions to the linear systems:

() + (u- V)(2) = 0,

wA = W-1;

t=0
0(£) + (u- V)(2) =0,
WB‘t:O -
0(5) + (u- V)(£5) =0,
wO| _ = (23 e

The decomposition (12.22) then follows from the definition. Note that the separation
of the supports of w?, w? and w® easily follow from the finite speed propagation.
The bound (12.23) is trivial. The estimates (12.27)-(12.28) follow from local energy
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estimates using the separation of support. The bound (12.25) comes from the fact
that ws and we are supported away from |z| < Ry/100.

It remains for us to check (12.26) and (12.24). Note that on the time interval
[0, €], w? satisfies the equation

B

0(47) + (WP + U™ - V)(57) =0,

T

uB = —A7IV x wB,

w = Wo,
t=0

where U (t, ) = U(t, %) X|g|< R, /100 (here X|z|<r,/100 18 a smooth cut-off function
localized to |z| < Ro/100) and

U=u4+u’ = -A'Vxw? - AV xu°.

By using the fact that supp(w®) C {|z| < 1./} and the decay of the Riesz
kernel, we get

IDAT'Y X WP () o (2] >/0)

= [ Rij (Xy< 2 e (9 L (10l vo)
S el @)

_ W
S <

™

where to achieve the last inequality above, we need to take the parameter Nj in the
definition of wy sufficiently large. Therefore (12.26) is proved. Note that by (12.26),
to prove (12.24), we only need to show

2
DA™V x wB(t)|0o > -

We are now in a position to apply Lemma 12.1 (with simple changes in numerology).
For this we need to check the condition

[T 10 + 1 DOU oo SRogu_s 1- (12.29)

We just need to check the contribution of w® to ||[D3;U"| . The other estimates
(and the contribution of w?) are simpler and therefore omitted. By definition we
just need to show

DA™Y x 00w || Lo (f< Ro /100) SRosu_ 1-

Since supp(w®) C {Ro < |x| < 100}, and

C
o’ = —(u- V)w® + urw—,
,
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obviously we have (note that (u- V)w® =V - (u @ w®)),
|IDAT!V x athHL;c(|x\<Ro/100)

<ro lullo (

C w
w1 + HT

1)

§R07u—1 L.
1

wC(t =0)

r

<n Hu!oo‘

Therefore (12.29) is proven and (12.24) follows from Lemma 12.1 by taking the
parameter Ny (in the definition of wy) sufficiently large. O

13 Proof of Theorem 1.1 for d = 3, Proof of Theorem 1.6
and Theorem 1.8

We begin with a simple lemma which is the 3D analogue of Lemma 8.1. It is effec-
tively a re-statement of Lemma 7.13 from [BL14a] with minor expositional changes.

LEMMA 13.1. Let w', w? be given smooth solutions to the 3D Euler equations in
vorticity form:

atwj + (uj . V)wj — (wj . V)uj7 0<t<,
w =AYV x Wi,

=P eCE®), j=1.2

Here the lifespan of each solution w’ is assumed to be at least [0, 1].
Define

Us = Max max | (£, )] so- (13.1)

Consider the problem
oW+ (U -VW = (W -V)U,
U=-A"1VxW, (13.2)

w = W07
t=0

where
Wo(z) = fH(z) + f2(x — zw),

and xy € R? is a vector parameter which controls the mutual distances between f!
and (translated) f2.
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For any € > 0 and any integer ko > 4, there exists

R. = R.(e, ko’jnzl?é [nax lu? (8) | reo+a) > 100w

sufficiently large, such that if |zy | > Re, then the following hold:

1. There exists a unique smooth solution W to (13.2) on the time interval [0, 1].
Furthermore for any 0 < t < 1 it has a smooth decomposition

W(t) = Wht,z) + W2(t,z — zw), (13.3)
where
supp(W'(t, ) € Bsupp(f),ro +¢), i =1,2.
2. The flow W' is uniformly close to w':

OIIglflSXl ||W (t, ) —w (t, ')||HA:0(R3) <e 1=1,2. (134)

3. All higher Sobolev norms of W' can be controlled in terms of f': Let

M, = “t, - + ATV x f! .
?15%55 (0%% [w" (£, )loo + |l a ||2>
Then for any k > 4,i=1,2,

maxc [W(t, ) ie < Ok, || Flze, M) < o (13.5)

0<t<1

Proof of Lemma 13.1. The proof is an adaptation of the argument for Lemma 8.1.
We omit it here. For more details one can refer to the proof of Lemma 7.13 in
[BL14a]. O

PROPOSITION 13.2. Assume {w’ }524 is a sequence of smooth functions each of which
solves the 3D incompressible Euler equation (in vorticity form)
O’ + (W -Vl = (w - V), 0<t<1,
W = —A"IV x Wi,
w’ = fI € CX(R3).
t=0
Here we assume the lifespan of each solution w’ is at least [0,1]. For each j > 1,
assume that supp(w’(t)) C B(0,271%) for any 0 <t < 1 and
J J < 27105, :
12 (1 (1) -+ [ (9)]c) < 2 (13.6)
Let kg > 4 be a fixed integer. Then there exist centers x; € R? whose mutual

distances are sufficiently large (i.e. |x; — x| > 1 if j # k) such that the following
hold:
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1. Take the initial data (vorticity)

2= Pl

then Wy € L'NL>®NC™>. The corresponding initial velocity Uy € L>*NL>®NC.
Furthermore for any j # |

B(x;,100) N B(x;,100) = @

2. With W, as initial data, there exists a unique smooth solution W to the Euler
equation (in vorticity form)

W + (U - V)W = (W - V)U,
U=—-A"1V x W,
w = Wh,

on the time interval [0, 1] satisfying W € L°LL N LPLX, U € CYL2. Moreover
for each 0 <t <1, W(t,-) € C® and U(t,-) € C°.
3. For any 0 <t <1,

oo
supp(W U (x4,1). (13.7)

W (t) can be decomposed accordingly as

= ZWj(t,x —xj),
j=1

where W7 € C°(B(0,1)). Furthermore for any k > 4,

J < I
OH<1§<X1HW( M < Co || ]

where Cy > 0 is a constant depending only on k.
4. For any j > 1,

I(t, ) — W (t, )| greo+s =7, 13.
Qoax [W(L, ) = ! (&)l zosrn <2 (13.8)

5. For any integer 1 < k < kg, there is a constant C} > 0 such that

>
sup [|(D*U)(t, ) = > _(D*u?)(t, & — )| Lo zs) < C- (13.9)

0<t<1 =
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6. For any j > 1, there exists r; > 0 such that

, 1
sup |(DFud)(t, x)| < R (13.10)
0<t<1
1<k<kq
|| >r;

Therefore for any 1 < k < ky,

o0

> (DM)(t,x — )

J=1

— () + 3 xa (“‘“’”f) (DM (b, — ),
j=1

T

where ||7k|lco < 2 and x<1 is a smooth cut-off function such that x<i(z) =1
for |z| <1 and x<1(xz) =0 for |z| > 2.

Consequently by choosing the centers x; sufficiently far away from each other,
we can have

supp <X<1 <x ;%> (DR (t, @ — :J:j))

J

(N supp <><<1 <f”’ ;f”) (DRl (t, 2 — :m) —z,  (13.11)

for any j # 1.

Proof of Proposition 13.2. This is similar to the proof of Proposition 8.2. One just
need to apply recursively Lemma 13.1 (and taking into consideration (13.11)) and
choose x; sufficiently far apart from each other. We omit the routine details. O

Proof of Theorem 1.1 for d = 3. This is similar to the 2D case. One just needs to
repeat the local construction (for C* use Section 10 and for C™, m > 2 use Section
9) to create a sequence of profiles v/. After that apply Proposition 13.2. O

Proof of Theorem 1.6 and Theorem 1.8. We shall only sketch the proof for C!
(m = 1) case. For m > 2 one can just use the material from Section 5 and pro-
ceed in a similar fashion as in Section 6. Note that the patching argument for C™,
m > 2 is actually easier in view of the flow decoupling.

Without loss of generality we may assume u(9) = 0.

For j > 1, define z; = (0,0,1 + %) The point z; will be the center of j*® patch.
Define z, = lim;_ z; = (0,0, 1).

By recursively applying Proposition 12.5, we can find (axisymmetric without
swirl) stream functions 1% € C°(B(z;,2777100)) such that

1 lloo + 1D*5 |0 < 277
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and the corresponding j'-patch develops C'-norm inflation in a time interval < 277
(again we omit the laborious details here since it is essentially a re-statement of
Proposition 12.5 with more explicit constants).

We then take initial stream function in the form

Yo=Y U,
=1

and define the corresponding axisymmetric without swirl velocity u¢ and wq respec-
tively. It is then routine to verify the regularity property and the inflation statement
of the corresponding solution. We omit details. O
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