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For the d-dimensional incompressible Euler equation, the usual energy method gives
local well-posedness for initial velocity in Sobolev space H¥(R%), s > s, := d/2 + 1. The
borderline case s = s, was a folklore conjecture. In the previous paper [2], we introduced
a new strategy (large lagrangian deformation and high frequency perturbation) and
proved strong ill-posedness in the critical space H!(R?). The main issues in 3D are
vorticity stretching, lack of LP conservation, and control of lifespan. Nevertheless in this
work we overcome these difficulties and show strong ill-posedness in 3D. Our results

include general borderline Sobolev and Besov spaces.

1 Introduction

The d-dimensional incompressible Euler equation in velocity formulation has the form

du+u-VYu+Vp=0, (t,x) eRxR?
V.u=0, (1.1)

u|t=0 = Ug:
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where u = u(t,x) = (u(t,x), -+, ug(t,x)) : Rx R% — R? is the velocity of the fluid. The
scalar-valued pressure term p = p(t,x) : R x R — R naturally arises as a Lagrange
multiplier from the divergence-free constraint V - u = 0. Note that there are (d + 1)
unknowns (v and p), (d+1) equations, and thus the initial value problem (1.1) is formally
consistent. The complexity of these equations can be reduced considerably by exploiting
the vorticity formulation. For example in 2D, it is convenient to introduce the scalar-

valued vorticity function
w=—yu, + Uy =VEt.u, VIi=(-d,8).

Under some suitable regularity and decay assumptions, one can recover u from the

vorticity o through the usual 2D Biot-Savart law:

—1gl 1 x 1
u=A""V-o=Kypnrxw, KypXx)=-— —5, X =(—XyX;).
27 |x|?
The 2D Euler equation in vorticity form then reads

oo+ (u-Vio=0,
u=A"1vigp, (1.2)
w = wp.

t=0 0

A nice feature of (1.2) is that it preserves all LP, 1 < p < oo norm of the vorticity that
renders well-posedness (both local and global) theory much more manageable. In the
3D case the situation is more complicated as the vorticity function is genuinely vector

valued. Denote
w=curlu=V x u.

The 3D Euler equation can be expressed in terms of vorticity as
o+ (u- Vo= (0-V)u,

where u is connected to w via the 3D Biot-Savart law:

X

- 1
u=-A 1V><a):/R?'I{Q,D(X—y)><a)(y)dy, KSD(X):E'W'

Compared to 2D, the additional vorticity stretching term (w - V)u on the RHS introduces

a new arena of mathematical and physical theories in analysis and computation.
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Concerning the well-posedness theory, the 1st results date back to Lichtenstein [21]
and Gunther [13], which gives local well-posedness in Hélder spaces C¥¢. The global
well-posedness of such classical Hoélderian solutions was obtained in Wolibner [31]
for 2D Euler. In the Sobolev setting Kato [16] first proved local well-posedness of
d-dimensional Euler in the space COH™ for initial velocity u, € H™(R%) with integer
m > d/2 + 1. In the later fundamental work [18] Kato and Ponce removed the restriction
that m is an integer and settled well-posedness in the general Sobolev space W5SP(R%)
withreal s > d/p+1and 1 < p < oco. These spaces were conjectured to be optimal from
a scaling heuristic and energy considerations. We refer to the introduction of [2], [3]
and [10] for more extensive references and historical perspectives. A well-known long-

standing open problem since the ‘88 work of Kato-Ponce [18] was the following:

Conjecture 1.1. The Euler equation (1.1) is ill-posed for a class of initial data in
Hd/2+1(Rd).

A synonym for ill-posedness in our context is norm inflation, that is, we are
interested in the inflation of critical H%/2*! norms in the time evolution. There also
exist a dozen of analogous versions of Conjecture 1.1 in similar Sobolev spaces W%/P+1.p
or other Besov or Triebel-Lizorkin-type spaces. In all scenarios a rather delicate and
difficult task is to introduce a rigorous mathematical framework and give a precise
formulation of the illposedness statement in Conjecture 1.1. Roughly speaking, the
main difficulty is that on the one hand one has to construct the solution and show
“well-posedness” in some suitable sense, and on the other hand one needs to settle
ill-posedness in the aforementioned critical spaces. The critical spaces lie at the
threshold for well-posedness/ill-posedness and by their very nature are very sensitive to
perturbations. For this it is of utter importance to identify the suitable function spaces
in the construction of the solution that involves a subtle interplay of the lifespan and
the norm. For 2D Euler this issue is somewhat easier to tackle since (thanks to the
a priori control of LP-norms of vorticity) not-so-rough solutions exist globally in time.
However, for 3D and higher dimensions , this is no longer the case, and one has to obtain
strong control of the lifespan of local solutions (in certain subcritical function spaces)
while examining the persistence (or non-persistence) of various critical or non-critical
function norms.

In recent [2], we introduced a new strategy (large Lagrangian deformation and
high-frequency perturbation) and proved strong ill-posedness in the critical space
H'(R?) for 2D Euler. In this paper we further develop this technique and analyze

the 3D incompressible Euler case. The main issues in 3D are vorticity stretching,
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lack of LP conservation, and control of lifespan. Nevertheless, in this work, we
overcome these difficulties and show strong ill-posedness in 3D. Our results include
general borderline Sobolev and Besov spaces. An informal summary of results is the
following theorem.

Theorem. Let the dimension d = 2, 3. The Euler equation (1.1) is strongly ill-posed in the
Sobolev space W4/P+t1P for any 1 < p < oo or the Besov space Bg,/éo+1 forany 1 < p < o0,
1 <q<o0.

The phrase “strongly illposed” needs some clarification. What we shall show
is that in the borderline case, ill-posedness holds in the strongest sense. Namely for
any given smooth initial data, one can find special perturbations that can be made
arbitrarily small in the critical space norm, such that the corresponding perturbed
solution is unique in other functional spaces but loses borderline Sobolev regularity
instantaneously in time. In yet other words, the ill-posedness happens in a very generic
way and is “dense” in the topology of critical norms.

We now state more precisely the main results. The 1st result is for 3D Euler
with non-compactly supported data. As is well known, the lifespan of solutions to 3D
Euler emanating from smooth initial data is an outstanding open problem. Since we are
perturbing smooth initial data using functions with critical Sobolev regularity, we need
to make sure the perturbed solution has a positive lifespan in some suitable functional
spaces. In the non-compact data case, this issue turns out to be immaterial since we can
choose the patches sufficiently far away from each other and the lifespan of each patch

is well under control.

Theorem 1.2 (3D non-compact case). Consider the 3D incompressible Euler equation

in vorticity form:

o+ w-Vo= (@ -V)u, t>0, x=(x,X,2) €R3

u=-A"1V x w, (1.3)
w =0 = 0)0.
For any given a)ég) € ch(R3) and any € > 0, we can find a T, = To(a)ég)) > 0 and

C*> perturbation a)(()p ). R3 — R3 such that the following hold true:
D lHoPll s+ loP g gs) + loF s, < €.

H2 (R3)
®

(2) Let wy = wég) + wy . Let uy be the velocity corresponding to the initial

vorticity wy. We have u, € H2 (R%) N C®(R3) N L®(R3).
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(3) Corresponding to w,, there exists a unique solution @ = w(t) to (1.3) on the

whole time interval [0, Tj] such that

sup (lo(t, )l + o, )lge) < oo.
0<t<To

Moreover w € C* and u € C* so that the solution is actually classical.

(4) For any 0 <ty < Ty, we have

€sS-SUPg_;<y, | (2, -)IIH% = +00.

Remark 1.3. If the vorticity a)ég) is axisymmetric (see (1.4) below), then we can choose

T, > 0 to be any positive number. This is due to the fact that for 3D Euler smooth

axisymmetric flows without swirl exist globally in time.

Remark 1.4. In [32] Yudovich proved the existence and uniqueness of weak solutions
to 2D Euler in bounded domains for L*° vorticity data. The uniqueness result (for
bounded domain in general dimensions d > 2) was improved in [33] allowing vorticity

w €N, LP and loll, < CO(p) with 0(p) growing relatively slowly in p (such as

0=p<00

6(p) = log p). Vishik [30] proved the uniqueness of weak solutions to Euler in R%, d > 2,

under the following assumptions:

e welP1<p,<d,
e For some a(k) > 0 with the property

1 dk =
R = +OO,
[ a(lf)

it holds that
k
> IPyoll,| < const-ak),  Vk=>4.
j:2

In other words, uniqueness is guaranteed as long as w has a little bit integrability and
the partial sum of the Besov Bgo,l norm of w is allowed to diverge in a controlled fashion.
Since we have uniform in time L* control of the vorticity o (see Theorems 1.2-1.5 below),
the uniqueness of the constructed solution is not an issue and we shall not discuss this

point further in this work.
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12160 J. Bourgain and D. Li

The following theorem concerns the 3D Euler case with compactly supported
initial vorticity. In this case the situation is more complicated than that in Theorem 1.2.

For convenience we will work with a class of axisymmetric vorticity functions w having

the form:
w(X):a)@(r,z)ee, X:(Xl,xz,z),rz,/xf—i—xg, (1.4)
where o’ is scalar valued and e, = 1(—x,,x;,0). The corresponding velocity fields

are usually called axisymmetric without swirl flows. In this paper we shall call such
o axisymmetric without swirl vorticity or simply axisymmetric vorticity when there
is no obvious confusion. The theory of axisymmetric flows on R?® and some recent

developments are reviewed in the beginning of Section 3.

Theorem 1.5 (3D compact case). For any given axisymmetric vorticity a)ég) e CP(R3)
and any € > 0, we can find a perturbation a)(()p) : R® — R3 such that the following hold

true:

(1) a)g’) is compactly supported (in a ball of radius < 1), continuous and

p) )
”0)0 ”H%(Ra) + ||a)0 ||L°°(]R3) < €.

(2) Let wy = w(()g) + a)((]p ), Corresponding to w, there exists a unique solution

® = w(t,x) to the Euler equation (1.3) on the time interval [0, 1] satisfying

Sup ||w(tl )”LOO < 00,
0<t<1

where R > 0 is some constant. Furthermore w € C2C{ and u € CYL2 N CPCY
for any o < 1.

(3) w(t) has additional local regularity in the following sense: there exists
x, € R3 such that for any x # x,, there exists a neighborhood N, > x, t, > 0
such that w(t) € C*°W,) forany 0 <t < t,.

(4) For any O <ty <1, we have

eSS-SUPg_;<y, 0 (t, -)IIH%(RS) = +00. (1.6)
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More precisely, there exist 0 < t} < t2 < % open precompact sets Q) and
Q2 with Q) ¢ SZ_}L cQ?,n=1,23,--- suchthat

o w(t) € C®(Q2) forall 0 <t < t2;

e ow(t,x)=0foranyxe Q3\QL, 0<t<t2

e Define w,(t,x) = w(t,x) for x € Q,ll, and w, (t,x) = 0 otherwise.

Then w,, € CX(R?),
oo, (£, ')”H%(R% >n, Vti<t<ti, (1.7)
and

1AV, (8 M2 xeporaz) <1, YO <t <5, (1.8)

Remark 1.6. We stress that the situation here in Theorem 1.5 is much more complex
than the 2D case in [2]. Due to the nonlocal character of the fractional differentiation
operator |V|%, we have to include the additional constraint (1.8) in our construction
in order to derive (1.6) from (1.7). We briefly sketch the argument as follows. Suppose

lo(t, .)”H% < oo, for some 7 € [t}, t2]. Then we write

w(t) = w, (1) + g,(1),

where g,,(1) = w(t) — 0, (1) also has finite H? -norm. Clearly
3 3
lo (@25 = o, (12 5 + 19, 5 + 2(IVIZw,(1),IV[2g, (1)),
H?2 H?2 H?2

where (,) denotes the usual L? inner product on L?(R%). Now observe that supp(g,,(t)) C

R3\ Qfl and ||g,, (D2 S llw(@)ll, (g,(r) and w,,(r) have disjoint supports; therefore

V|2, (1), |V|2g,,(T))]
= (V3w (7), g (D))
< UV (Dl 2@ a2 190 (O 2

Sllo@l S 1.
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Hence, for n sufficiently large, we have for any t € [t}L, t%], either
lo (@) 3 = +oo

or

Il .
loll, 3 >

NS

This obviously implies (1.6).

Al these previous theorems can be sharpened significantly. We have the follow-
ing Besov version that essentially includes all previous theorems as special cases. In
order not to overburden with notations, we shall state an informal version. The detailed

(and more precise) statements can be found in Section 5 and Theorems 5.1-5.4 therein.

Theorem 1.7 (Besov case). Let d = 2, 3. For any smooth initial velocity u(()g), any € > 0,

: s : g+1
andany 1 < p < o0, 1 < q < oo, there exists a nearby initial velocity uy € By ; such that

lug — ugg)” 4y <€ and the corresponding solution satisfies

Bp,q

esS-SUPg_;_y, ||u(t,-)||.%+1 = +00

b0

for any ¢, > 0.

Our last result concerns the ill-posedness in the usual Sobolev WSP spaces.

Theorem 1.8. Let d = 2, 3. For any smooth initial velocity uég), any € > 0, and any 1 <

p < oo, there exists a nearby initial velocity u, € W¥P+1P such that |lu, — u(()g ) lwd/pip <

€, and the solution corresponding to u, satisfies
ess-suPg_;¢, NUt, ) llyyapip = +00

for any ¢, > 0.

The proof of Theorem 1.8 will be omitted. It can be subsumed under a more
general argument that we will address elsewhere.
We now give a brief overview of the proofs of the main theorems. Broadly

speaking our approach is taking advantages of both the Lagrangian point of view (in
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the large Lagrangian deformation step, see below) and the Eulerian approach (in the
high frequency perturbation and the “glueing” steps, see below). This hybrid point of
view is quite useful in nonlocal fluid-type equations possessing intricate nonlinear
structures and can even manifest in global regularity and well-posedness problems
(cf. recent [20] for breakthrough result in 2D incompressible elastodynamics and [34]
in 2D compressible MHD system). The overall scheme follows the 2D case in [2] and
consists of three steps. In the 1st step, we perform a local construction and create
large Lagrangian deformation matrix for well-chosen data. In the 2nd step, another
high-frequency perturbation argument is used to generate critical norm inflation in a
local patch. In the 3rd step, we glue the “patch solutions” obtained from the 1st two
steps together and show that they give rise to the desired norm inflation. In this step
there are two further subcases: non-compact case in which the patch solutions interact
weakly and generate a C*™ solution, and the compact case in which the patch solutions
have strong interactions. In the latter subcase, a very involved analysis is needed to
take care of the interactions among the solution patches.

We now point out the new technical ingredients in the proof for the 3D case.
Compared with the 2D case, the 1st difficulty in 3D is the lack of LP conservation of the
vorticity. It is deeply connected with the vorticity stretching term (w - V)u. To simplify
the analysis we take the axisymmetric flow without swirl as the basic building block
for the whole construction. The vorticity equation in the axisymmetric case (see the

beginning of Section 3) takes the form

0 (%)) +(u-V) (%) =0, r= ,/X% —}—X%, X = (Xq,Xy,2).

Owing to the denominator r, the solution formula for o then acquires an additional
metric factor (compared with 2D) that represents the vorticity stretching effect in
the axisymmetric setting. A lot of analysis (cf. Proposition 3.11) goes into controlling
the metric factor by the large Lagrangian deformation matrix and producing the
desired H%? norm inflation. In our construction the patch solutions that are made of
asymmetric without swirl flows typically carry infinite ||w/r|/;31 norm (when summing
all the patches together). To glue these solutions together in the 3D compactly supported
case, we need to run a new perturbation argument (cf. Lemma 4.1) that allows to add
each new patch o, with sufficiently small |w,|,, norm (over the whole lifespan) such
that the effect of the large ||w, /rll;31 becomes negligible. All in all, the constructed
patch solutions converge in the C° metric after building several auxiliary lemmas

(cf. Lemma 4.5 and Proposition 4.6).
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2 Notation and preliminaries

For any two quantities X and Y, we denote X < Y if X < CY for some harmless constant
C > 0. Similarly X > Y if X > CY for some C > 0. We denote X ~ Yif X < Yand Y < X.
We shall write X 521,22,,.,2,6 Y if X < CY and the constant C depends on the quantities
(Zy,---,Z;). Similarly we define ZZII,,_'Zk and Ny T

We shall denote by X+ any quantity of the form X + ¢ for any ¢ > 0. For example
we shall write

y < 2%+ (2.1)

if ¥ <, 2%*€ for any € > 0. The notation X— is similarly defined.

For any center x; € R% and radius R > 0, we use B(xy,R) :={x € R : |x —x4| <R}

to denote the open Euclidean ball. More generally for any set A C R%, we denote
B(A,R) :={y e R%: |y — x| <R for some x € A}. (2.2)
For any two sets A;, A, C R4, we define
d(A;, Ay =dist(4;,4,) =inf{|x —y|: x€ A}, y € 4,}.
For any f on R%, we denote the Fourier transform of f has
FHE =F@) = /]R e dx.
The inverse Fourier transform of any g is given by

Flgx) =

Xt de.
P /]R L9 de

For any 1 < p < oo we use ||f||p, I fllLeray. OF ||f||L§(Rd) to denote the usual
Lebesgue norm on R%. The Sobolev space H!(R?) is defined in the usual way as the
completion of C3° functions under the norm || fllzn = [ flly + |Vfll,. For any s € R, we

define the homogeneous Sobolev norm of a tempered distribution f : R — R as

1 fllgs = (/Rd |s|25|f°<s>|2ds)2 :
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We use the Fourier transform to define the fractional differentiation operators |V|S by
the formula

IVISF(&) = IEI’f(§).
For any integer n > 0 and any open set U C R4, we use the notation C*(U) to denote
functions on U whose n'* derivatives are all continuous.

For any 1 < p < oo, we denote by Lﬁl(Rd) the Banach space endowed with

the norm

P
Il p ga = sup ( / u(y)IP dy) - 2.3)
ul ly—x|<1

xeRd

Let ¢ € C(R?) be not identically zero. The condition u € Lﬁl is equivalent to

sup ”¢( _X)u(')”Lp(]Rd) < OoQ.
xeRd

For any s € R and any function u € Hj, C(]Rd), one can define
||u||HSl(Rd) = sup [l (- _X)u(')”HS(Rd)'
ul da
xeR

In Section 3 and later sections, we need to use Lorentz spaces. We recall the
definitions here. For a measurable function f, the nonincreasing rearrangement f* is
defined by

f*@) = inf{s : Leb(x: |[f(x)| > 5s) < t].

For 1 < p,q < oo, the Lorentz space LP'9 is the set of functions f that satisfy

1 d q
1fllzpa == (/0 (tpf*(t))th)q < 00.

For g = oo, LP*™ is the set of functions such that
1 k
||f||Lp,oo = sup t?f*(t) < oo.
t>0

For p = oo, we set L9 = L for all 1 < g < oco. Note that LPP = LP. For 1 < p < oo, the
space LP9 coincides with the real interpolation from Lebesgue spaces.
We will need to use the Littlewood-Paley frequency projection operators. Let

¢(£) be a smooth bump function supported in the ball |§| < 2 and equal to one on the
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ball |¢| < 1. For any real number N > 0 and f € S'(R%), define the frequency localized

(LP) projection operators:

P_uf () 1= 9 /NF @),
P_yf(§) :=[1 - p&/M]F®),
Puf (¢) = [p(&/N) — p(25/N)] (©).
Similarly we can define P_y, Py, and Py _ _y := Py — P_j; whenever N > M > 0 are
real numbers. We will usually use these operators when M and N are dyadic numbers.
The summation over N or M are understood to be over dyadic numbers. Occasionally,

for convenience of notation, we allow M and N not to be a power of 2.

We recall the following Bernstein estimates: forany 1 <p < g < o0, s € R,

|| |V|SPNf”Lg(Rd) ~ NS”PNf”Lg(Rd)I
di_1
1P gty Sa NP2 IP_yf 12 mays

dii-1
1Puf Iy Sa NP2 IPyf lp ga-

Foranys e R, 1 < p,q < oo, we define the homogeneous Besov seminorm as

1
| (S WUPI, )T i1 <q < o0,

SUPpy-q NS”PNf”Lp(Rd), if q = oQ.

1 flz,, -

The inhomogeneous Besov norm ||f||qu of f € &' (R%) is

1 £llgs,, = 1Fllp + 11 £l -

Forany s € R, 1 < p < 00,and 1 < q < oo, the homogeneous Triebel-Lizorkin

seminorm is defined by

’ -f1< ’
. ifl<g<oo

HSUPN>0NS|PNf|HLp: if g = oo.

1
(X0 N59|Pyf|9)
I flls = | Z-o 1Py

p4q

The inhomogeneous Triebel-Lizorkin norm is

1 fllzs,, = 1Fllp + 1 Fllgs
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3 3D Euler with non-compactly supported data

The main building block in our construction for 3D Euler is the axisymmetric flow
without swirl on R3. To unify the notation we first recall the definition and review
some useful properties. We shall review some relevant literature along the way.

By an axisymmetric scalar function on R3, we mean a function of the form
f = f(r,z), with x = (x;,%,,2), r = \/x? + x4. In other words the function is invariant
under any rotation about the vertical axis OZ = {(0,0,z) : z € R}. Analogously one
can define an axisymmetric vector field on R3. The velocity field u representing an

axisymmetric flow on R® generally takes the form
u(xy,xy,2) = U (r,2)e, + u’ (r, 2)e, + u(r, 2)e,,
where (e,, ey, e,) is the standard orthogonal basis for the cylindrical coordinate system:

1 1
€. = ;(XIIXZIO)I e@ = ;(_XZIXIIO)I

e, =(0,0,1).

Here u”, u?, and u? are called the radial, angular/swirl, and axial velocity respectively.
By an axisymmetric flow without swirl, we mean the angular (swirl) component u’ = 0,
that is

u(xy,x,,2) = u'(r,2)e, + u?(r, z)e,.
The corresponding vorticity w = V x u then reduces to
w(Xy,X%y,2) = o’ (r,2)e, = (0,u” — d,u?)e,.
It follows easily that

(@-V)u= (e, V)u

r
1 ., u

=o' -u'e, = —o.
r r
Therefore, the vorticity equation reads as

1
9,0+ (U9, + u?d,)w = ;urw,
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or simply,

4(9) o () =0

In this way we obtain a transport equation for the quantity w/r. Since the velocity u
is divergence-free, all L, 1 < p < oo and similar Lorentz space norms of w/r are
preserved in time. These important conservation laws are the key to obtaining global
solutions. Indeed Ukhovskii and Yudovich [28] and independently Ladyzhenskaya [19]
first proved global well-posedness for initial velocity u, € H! with initial vorticity
satisfying oy € L NL®, 2 € L2 NL™. In terms of Sobolev regularity, one need the initial
velocity uy € H%, s > 7/2 to have %a)o € L*°. In [26], Shirota and Yanagisawa weakened
the regularity on velocity to uy € H®, s > 5/2, which is the borderline in view of the H*
local well-posedness theory in 3D. Danchin [9] showed global existence and uniqueness
of solutions for initial vorticity o, € L°NL*! with 2 € L3! in bounded domains with €2

boundary or the whole space R3. In [1] Abidi, Hmidi, and Keraani proved global well-
3

. opp 1 3 . . pHl s
posedness in the space C; By, Ry xR%) for initial velocity u, € By, R%),1<p=o0
with the additional mild assumption that 2 € L3 (R3).
The work of Danchin [9] does not address the propagation of critical Besov regularity

341
B; , due to the lack of Beale-Kato—Majda criteria in borderline Besov spaces.
341
For p < 3, the condition 22 € L3!(R3) can be derived from u, € By, (R3). See Prop 2.2
in [1].
We now state a few basic lemmas needed for our construction later. Some of
these are well-known facts that are already extensively used in the aforementioned

works.

Lemma 3.1 (LP9-preservation). Let 1 < p,q < oo. Suppose u is a given smooth
divergence-free vector field on R%, d > 2. Let h be the smooth solution to the transport

equation

.h+ (u-V)h=f,
=0 - ho.

Then for any ¢t > 0, we have

t
||h(t)||Lp,q(Rd) =< ||ho||Lp,q(Rd) +/0 ||f(T)||Lp,q(Rd) dr.
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If f =0, then

||h(t)||Lp,q(Rd) = ||ho||Lp,q(Rd)-

Proof of Lemma 3.1. See for example Proposition 2 on p. 484 of Danchin [9] or
Proposition 2.3 of Abidi-Hmidi-Keraani [1]. In the homogeneous case f = 0, one just
observes that h(t) = hg o ¢(t) where the flow map ¢(t) is measure preserving. This
obviously implies ||hg o ¢ (®)l;pe = IlRgllzpe by using the definition of Lorentz spaces.
Alternatively one can use LP conservation and interpolation, as done in [1]. The general

case of nonzero f follows from Duhamel. |

We shall use Lemma 3.1 often without explicit mentioning. The most useful case
for us is the L3 conservation of vorticity.

The next useful lemma is a Biot-Savart law estimate in the axisymmetric setting.
It is the key to the proof of global well-posedness for the axisymmetric (without swirl)

flow.

Lemma 3.2. There exists an absolute constant C > 0 such that
r wG

r

u

r

<C
L (R3)

r
L3'1(R3)
where u = u'e, + u?e,, 0 =V x u = o’e,.

Proof. of Lemma 3.2 See, for example, [1,Proposition 4.1]. The key is to use Lemma 1

from [26], which gives the kernel estimate:

|ur(x)|§/ [2162] dy+r/ lo ()| dy
ly ly

—x|<r |x — Y|2 —x|>r |x — Y|3

Occasionally we need the following lemma.

341
Lemma3.3. Letl <p<3anduecBy, (R®) be an axisymmetric divergence-free vector

field. Let w = V x u be its vorticity. Then

12 < Jlul
3 I®3) S u 3. .
r By, (R®)
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Proof of Lemma 3.3 This is Proposition 2.2 from [1]. The key is to prove [ ¥llzs1 S

~

[Vwll;s1 that is obtained by using w(0,0,z) = 0 and the fundamental theorem of

3
3
calculus. The embedding 351 < L3! comes from interpolation

(Lp,Lr)(gyl) =131

(h?)  —sd P s
B, ,,B =B =B

17 7p,1 1 1o
p p ©.1) p p

where 1 < p <3 <r < oo and % = 1}'%9 + g, followed by the embedding of Besov into

Lebesgue. |

We now state a lemma that sets up some basic properties of the axisymmetric

flow and the associated characteristic lines.

Lemma 3.4. Consider the Euler equation (in vorticity form)

do+u-Vo=(o-V)u, (tx) el0,00) xR3,
u=-A"1Vxo,
w :(1)0,

t=0

where the initial vorticity wy = V x uy and ug is a smooth axisymmetric velocity field
without swirl.
Write

u=1u"e, + u’e,, (3.1)

and consider the forward characteristic lines expressed in cylindrical coordinates,
that is,

at¢r(tr r, Z) = ur(tl ¢r(tr r, Z)! ¢z(t! r, Z))r
atd)z(tr r, Z) = uZ(t, ¢r(t1 r, Z)! ¢Z(t! r, Z))r (32)
(@7, 9%) = (1, 2).

t=0

Denote by ¢(t,7,z) = (§"(t,1,2),¢%(t, 7, 2)) the inverse map of ¢ = (¢”, ¢?). Then
the following hold:
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e ForanyzeR,t>0,wehave

u'(t,0,2) =0,
#"(t,0,2) =0 =¢"(t,0,2). (3.3)
Also
¢"(t,r,2)>0,¢"(t,r,z) >0, Vr>0,zeR, t=>D0. (3.4)

e Foranyt=>0,r>0,zeR, wehave

det (3(¢r(t),¢z(t)))
o(r, z)

_ r
¢t 2)

¢
= exp (—/0 mur(s, o' (s, 1, 2),9%(s, 1, 2)) ds) . (3.5)

Fort>0,r=0, z € R, we have

det (3(¢r(t),¢z(t)))

3(r, 2) (r2)=(0,2)
=lim —
r—0 @7 (¢, 1, 2)
t 1
= exp (—/0 121'(1) mur(s, ¢r(s, r,Z),¢Z(S, T,Z)) ds) . (36)

Here both limits exist and are finite.

e Similarly forany ¢t > 0,r > 0, z € R, we have

N RICHOR 0 W (3.7)
a(r, 2) or(t, 7, 2)

Proof of Lemma 3.4 We first show (3.3). Obviously by (3.1), we must have

u'(t,0,2)=0, Vt>0,zeR,
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since otherwise u would not be smooth at x = (0,0, z). By a similar consideration, we

can Taylor expand (u,, u,) around the point (0,0, z) to get

(ul(thllXZIz)l uz(t/XllXZIZ)) = C(tl Z)(X]l Xz) + O(rz)
=c(t, 2)re, + O(rz)
=u'(t,r 2)e,.
Here the coefficient c(t, z) is scalar valued and
C(tlz) = (81u1)(tr 01 O,Z) = _(azuz)(tr 01 O,Z).

Therefore,

u'(t, 1, z) = c(t, z)r + 0(r?)

and
r
lim LT D oo,
r—0
lir%(arur)(t, r,z) = c(t, 2). (3.8)
r—

By (3.2), we have
o =, 07,99~ '0,0,67)
dt¢ - r¢ ’ r Y
1
= ( /0 @,u")(t, 00", %) de) o
Integrating in time then gives
t 1
¢'(t,r,2) =rexp (/ / @.u")(s, 00" (s, 2), 6% (s, 7, 2)) dO ds) . 3.9)
o Jo

Clearly (3.4) follows. Also

¢"(t,0,z) =0, foranyt>0,zcR.

Next we show (3.5). We shall calculate det(agﬁ:'f)z )) in two ways that in turn
would yield the 1st and 2nd identity in (3.5).
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Introduce new variables

1
R:= §¢’<t, r,z)?,

Z:= ¢%(t, 1, 2). (3.10)

Then

LR=V"(t,R,2)
47 =V%t,R,2)
R,2)| = Ry Zy).
(R,2)| = Ro,Z)

Here
V'(t,R,Z) := v2Ru'(t,V2R, Z),
VZ(t,R,Z) := u”(t, V2R, 2).
By the incompressibility condition V - u = 0, we have
1 r z _
;8r(ru (t,r,z)+o,u’(t,rz) =0.
Therefore, it is easy to check that
dxV'(t,R,Z) + 3,V(t,R,Z) = 0.
It follows that
d(R(t),Z(t
det (M) 1 vtso,
Ry, Zp)
or

JR 0Z oR 072

dRy 0Z, 0Zy0R,

Letting Ry = 312, Z, = z and using (3.10) then gives

det (M) _r
orz) ) o
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"%
a(r,z)

elementary fact: if A(t) € R%*4 and B(t) € R%*? are smooth matrix-valued functions
solving the ODE

For the 2nd way of calculating det( ), we need to use the following

d
AWM =BMHAQ)

with A(0) = I; (the identity matrix on R4%4d), then
t
det(A(t)) = exp (/ tr(B(s)) ds) ,
0

where tr(-) denotes the usual matrix trace.

By (3.2), we have

i(afrr aa‘ir)_(arur 3#)(% 8;?!)
apr  agt | = a7 ot |
de\%- %7 hu” U\ G
1
1

Since 3, u” + 9,u” = —+u’, we get

1
@U@, 9", ¢%) + (B,u”) (¢, ¢", ¢%) = —Fur(t, ¢", 7).
Therefore, the 2nd identity in (3.5) follows. It is not difficult to check that this
also coincides with (3.9) derived earlier.
The existence of the limits (3.6) is a simple consequence of (3.8) and (3.9).
Finally (3.7) follows easily from (3.5) and the identity
- -1
D} = (D)@)
|

We now take a parameter A > 1 and define (by a slight abuse of notation) a class

of axisymmetric functions

ga(X1,X9,2) = gu(r,2)

J91ogA
=YEE Y nna), (3.1

where r = \/x% + x5 and

(r—27%z—¢27F
n(r,z)= > elno( D) . (3.12)

e1==%1
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Here we choose 1y € C:°(B(0,1)) to be a radial compactly supported function
such that 0 < 5, < 1. Note that by construction 7, is an odd function of z and so is g,.

Also it is easy to see that

ko r—1,z—¢)
@ 272 = 3 e (Tl

e1==%1

=:1o(r, 2). (3.13)

Recall e, = 1(—x,, x;,0). We first check that

J]1ogA

00 < . 3.14
lgaepllpoomsy S 2 (3.14)
gaesll 3 < V1ogA. (3.15)
BZ (R3)
||g—;4e9||L3,1(R3) < JlogA. (3.16)
J1ogA
Igalls < Y82 (3.17)
H2 (R3) VA
logA
lgaeoll.3 . < —‘/T- (3.18)
H2 (R3) VA

Note that (3.14) is obvious. The property (3.15) follows from the triangle
inequality and the fact that each 5,e, has the same 32%,1 norm. The inequality (3.16)
follows from Lemma 3.3.

For (3.17), albeit standard, we explain how to check it. By definition and direct

expansion, we have

logA 3 3
2 3 3
I9al2y =55 > Y /R V130 - 1913, dx.

A<k<2A A<I<2A

Therefore, it suffices to show for each k,

2

A<I<2A

/ |V|3nk-|V|3mdx‘ <1 (3.19)
3

By scaling (r,z) — (27 %r,27%z) and (3.13), we have

LHS of (3.19) < > /R3 V|27, - V|20, dx
leZ

’

where 7, was defined in (3.13). Note that ij, € C(R®) since it is supported on r ~ 1,

|z] ~ 1.
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Now discuss two cases. If [ > 0, then

3. 3
vt it ax| -

19 max|

3~ -3l
VP fgligee - Imligr S 277,

N

which is summable for [ > 0.
On the other hand if I < 0, then

‘/ V(7 - Amdx'
RS

1VImglizz - 1AMl L2

3. 3
[ vt it ax

A

< 27!

’

which is also summable for ! < 0.
Therefore (3.19) follows and (3.17) is proved.
For (3.18), we note that by (3.13),

5 1
N, 2)ey = n0(2kr,2kz)ﬁ( —2%x,, 2kx,, 0)
= Nyec(2¥X),

where

- 1
nvec(X) = nvec(XerZrz) = n(](rlz);(_XZI Xl/ O)

Since by definition 7, is supported on r ~ 1, 5y, is a smooth function. Therefore,
(3.18) can be proved in the same way as (3.17) (note that only scaling is used in the

argument).

Lemma 3.5. For any smooth axisymmetric f on R3 (ie., f = f(x) = f(r,z), x =

(x1,X5,2), T = /X% + x3), we have
15-1 1\-1
(BZ(A - r—z) azf) (r.z) = (GZZ(A - r—z) f) (r,2)

=C-/ Kx—-y)- Ix |f(y)dy, x=(r,0,0,0,2), (3.20)
RS b4
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where C > 0 is an absolute constant, x' = (X1, -+ ,X,), ¥ = (v;,-- ,Va), and
P P ail S I (3.21)
X)= ——2+ —§(X). .
|%|7 5C

Here §(-) is the Dirac delta function on R®. On the RHS of (3.20) we naturally regard
f as an axisymmetric function on R® with the identification f(y) = f(|y’l,ys). Also by
axisymmetry the RHS of (3.20) depends only on (|x’|, x5) so that we can actually choose
any x with |x'| =1, x5 = z.

Similarly we have

(Br(A _ r—lz)_lazf) (r,z)

1 r—¥1\ X5 —Vs
=C / —— —br. . f(y)dy, x=(r0,0,0,2z). (3.22)
R5(|X_Y|5 IX—y|7) ly'l

Proof of Lemma 3.5 We first compute the kernel (A — #)_1. To derive the explicit
representation, consider the equation

(2= 52)u=rs

or

1 1
8rr—i_;ar_r_z'|'8zz u=f.
Set u = rv. Then
A(rv) = rAv + 2(0,r)0,v + VA(r)
1
=TrAv+20,v+—v
r
1
=rAgv+ —v,
r
where
3
Ag =0y + ;87” + 0,

is the 5D Laplacian in cylindrical coordinates.

Therefore,
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and we only need to solve
1
Agv = —f.
v =—f
Inverting the Laplacian then gives

-1 1
V=C-/ —= —f(y)dy
RS X —YyI° Y|

and obviously

—1 4
u(x) = c-/ 3 ~|i,|f(y) dy.
B X —y[° [V]

Note that in the above expression we have pure convolution in the y; variable. Therefore,
the 1st equality in (3.20) hold. Differentiating in z = x5 variable twice then gives (3.20).

In a similar way we can derive (3.22). |

Lemma 3.6. Let¢ = ¢(r,2) = (¢"(r,2), p*(r, 2)) be a bi-Lipschitz map on [0, 00) x R such
that the following hold:

e foranyr=>0,zeR,
¢"(0,2)=0 and ¢*@,0) =0; (3.23)
e for some integer ny > 1,
ID@llo + IDPllo < 27, (3.24)

where ¢ is the inverse map of ¢.

Define

@ 2)

(3.25)
¢7(r, 2)

W(r/ Z) = (Tw())(rl Z) =

where w, = g, and g, is defined in (3.11).
Then

JTogA
< .20 Y982 (3.26)
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where C > 0 is an absolute constant.

If in addition the map ¢ preserves the measure rdrdz, that is,

¢’ det (—3(¢r,¢2)) =1;
r a(r, z)

and ¢ is odd in the z-variable, that is,

¢"(r,—z)=¢"(r,z), Vr>0,z€eR;

¢*(r,—z) = —¢*(r,z), Vr>0,z€eR;

then for some absolute constant C; > 0,

1,1 .
. (ar(A - r_Z) azw) (0,0) > C, - /Iog A - 27810, (3.27)

Remark 3.7. In the proof of (3.26), we do not use the odd symmetry in the z variable
of the function g,. By itself the axisymmetry is enough to control the singular operator
0,,(A — 571

Remark 3.8. For our application later,  actually corresponds to ’ and the expression

—(A — rlz)—lazw in (3.27) will correspond to the radial velocity u”, see (3.36).

Proof of Lemma 3.6 We shall adopt the same notations as in Lemma 3.5. By (3.23) and

(3.24), it is not difficult to check that if » ~ 27™ and |z| ~ 2™ for some integer m, then

2—m—n0 5 ¢r(r, Z) 5 2—m+n0,

270 < |gR(r, 2)] S 27T
Similarly if ¢"(r,z) ~ 27™, |¢%(r, 2z)| ~ 27™, then

2 M—N0 < 3 < 27m+n0,

2—m—n0 < |Z| < 2—1’71-‘1-7’10.

These facts will be used below.
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By (3.25) and (3.11), we have

A<k<2A

We shall estimate each piece 9,,(A — riz)_l(Tnk).
By (3.20) and (3.21), we write

1 _ (@Yl ¥5))

3,,(A — =) N(T ‘<‘/K - ’k—Sd‘ 3.28

‘( (8= )7 Tn)| 3 || Katx =yl Foe e S (3.28)
N (@(r, 2)

e 529

where

o X2 —axd
K0=""gr—

The contribution of (3.29) is of no problem for us. Indeed on the support of

ng(¢(r, 2)), we have
¢'(r,z)~27% and |¢*(r,2)| ~27F.
Therefore, 2% < r < 275470 and

T <o,
or(r,z) ~

Since the supports of the n; functions are mutually disjoint, it follows that

S OCD) g
orrz)

A<k<2A

Hence, we only need to consider the contribution of (3.28) to (3.26). By the same
consideration as before we have in (3.28) the integration variable y is localized to the
regime:

27k Sy s 27,

27K < sl S 27K,

6(Y 1, ys) ~27%, and ¢"(y'|,y5) ~ 27
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Obviously if x = 0, then due to the factor |x'| = 0, the integral (3.28) also
vanishes. Therefore, we only need to consider the case x # 0.

Assume |x| ~ 2-L. We discuss two cases.

Case 1: 2k > 27M0 In this case |x| > |y| (recall |y| < 2-k+m0) and |x — y| ~ |x|.

Therefore,

Leb{y e RS : 27F—n0 < |y| < 27F+no}

-1
(3.28) < ||K1(Y)||Loc>(\y|~2—l) -270 ok

(2—k+n0)5

5] -1
< 28 2L, G

< 9—4k+4l+5no_

Case 2:2k < 2H70 In this case we note that the kernel K; in (3.28) corresponds

to a Riesz-type operator on R®. By using the interpolation inequality

1
||Rijf||L°°(]R5) 5 ”f”Iz‘S(RS) ”vf”Loo(RS)/

we can bound (3.28) as

(3.28) <27t / K (x—y) m@yl, @yl ¥s) 4 ‘

¢ (Iy'l: vs)

<91, A

- 27k L5(yeR5: 27k—n0 <|y|<2-K+n0)

( 5 (nk(¢(r,2)))H (nk(qb(r z)))H )é
"\ ¢7(r,2) orr,z) )|
< 2_l 2% . (2—k+n0)% . (2n0 . 22k)%
< Mo I+k

Collecting the estimates, we have

S @2 > 2kt 3 gnolik

A<k<2A 2k 21410 2k<glng

< 2%,
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Hence, the estimate (3.26) follows.

By (3.22) and parity of ¢ and 7, we have

1\t _ ¥s 1
—(Br(A—rz) 8Zw)(0,0)—C/RS Lo owdy

_c / Y5 @0@71ys) 4
rs [YI°  ¢"(Y'|.¥s)

log A ’
—ovioed. > / Yo O Ys)) g (3.30)
A e TP (YL ys)
_,cVlogA / Y5 Mm@yl ys) o
A A<k<2A YERS y5>0 |Y|5 ¢r(|y/|IY5)

,/1ogA > 2-k-no 1

(2- k+no)5 F

. / (@ (r, 2)r® dr dz.

A<k<2A

Since the map ¢ preserves the measure r drdz, the inverse map ¢ also preserves

the same measure. By the change of variable (r,z) — ¢(r, z), we have

/nk(¢(r,z))r3 drdz = /nk(r,z)qgr(r,z)zrdrdz

> @702 gy

Z 2—5k—2no .

Plugging this estimate into (3.30), we obtain

_ (8r(A _ l)lazw) 0,0) > ¥ IZgA > 28

72
A<k<2A
> /logA . 2780,

Hence, (3.27) is proved. [ |

We now prove the existence of large deformation in the 3D axisymmetric case.

To fix the notation, consider the 3D axisymmetric Euler equation without swirl in
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Illposedness of Euler in Sobolev 12183

simplified form

5, (%9) +(u-v) (w—f) =0, (rnz)e(0,00)xR, 0<t<1,
6 —
@ ‘t:O = Yar
where u = u"e, + u?e, and g, is defined in (3.11). Note that here o’ is a scalar valued
function that is related to u by the relation curl(u) = «’e,.
Let ¢ = ¢(t,r,z) be the forward characteristic line as defined in (3.2) and ¢ =

¢(t,r,z) be the inverse map. Then

Proposition 3.9. For all A sufficiently large, we have

max (D¢ (¥l + ID$(®)ll,,) > loglog A.

O=t= loglogA

Proof of Proposition 3.9 We argue by contradiction. Assume

max (D¢ @) + 13 < B, (3.31)

OStSE

where for simplicity of the notation we denote B = loglog A.
Denote D(t) = D(t,r,z) = (D¢)(t, T, z). By (3.2), we have

8.D(t) — a.u" d,u” D
D) = DuZ uZ (®)

u? o o,u

o.u” 0
=( r )D(t) + P(t)D(t), (3.32)
0 J,u?

where we denote

P(t) =P(t,r,z) = (0 (o, u")(t, (L, T, z)))‘

U, ¢t r,z) O
Now since

o (t,¢(t,1,2)  oft,T,2)
ort,rz) T

’
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12184 J. Bourgain and D. Li

we have

W (p(t,T,2))
~—T‘.
o (t, 1, 2)

o’ (t,r,z) =
By (3.3), we have

r=¢"(t,¢"(t,1,2), 9%t 1,2) — " (t,0,¢%(t, 1, 2)
< 18,9"(t, M ®" (t, 1, 2)

<B¢'(t,1,2).

Therefore,
J1ogA
0<t<} A
Since

it is not difficult to check that

and

By (3.26) and (3.31), we get

< Bzﬁ/logA
—

1@u) Ol <

(3.33)

(3.34)

(3.35)

(3.36)
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Illposedness of Euler in Sobolev 12185

By (3.34) and (3.33), we also get

19,0 ()l o S 0’ @)l + 10,u) Bl

<Bz,/logA

A
Hence,
J31ogA
1Pl S B Y82,
A
Denote

)‘-(tr r, Z) = _(arur)(t! ¢(tl r, Z))-
By (3.36) and (3.27), we have

—A(t,0,0) > /logA-B8, VvOo<t< (3.37)

By (3.35), we can write

1
(0,u”) (¢, ¢(t, 1, 2) = —(B,u")(t, ¢) — Fur(t, o)

1 r
= )‘(tr T‘,Z) - mu (tl¢(tl rlz))'

Using the above computation and integrating (3.32) in time, we get

e Jo* 0 t [ i 0 4
b = 0 el lgueeds + /0 0 el lgueeds P(®)D(r) dr.

By (3.5), we have

’ ft u’(s,¢) ‘
max e' ¢ | <B,
o<t<%

Therefore, we get

%e' Jo# < B+ max (ez‘fg“) .B10. _J:gA

0<t<t
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or

t
el o < B? + max
o<t<t

A

(82|‘/‘0’x|) g1, Vg4

Since B2 « A/,/log A, a standard continuity argument then gives

elforsradsl < g2 yo<t<— r>0 zeR.

&=

But this obviously contradicts (3.37). |

Lemma 3.10 (Vanishingnearr =0). Let U = U'e,+ U?¢e, be a (possibly time-dependent)

given smooth axisymmetric without swirl velocity field such that V- U = 0 and
52;01<X1(||D2 Ul +IDUD oo + ITUD o) = €y < 00. (3.38)

Suppose w is a smooth solution to the linear system

()W) =0, x= 32, 7= K+,

w = Wn.
‘t:O 0

(3.39)

Here the initial data v, € C3°(R®) and have the form

where wf = o} (r, z) is scalar valued and

1
€y = ;(_X2r X1, O)-

Assume that o, vanishes near r = 0, that is, there exists a constant r; > 0
such that

1
supp(wqy(r,2)) C [(r,z) rg<r=< —] .
Then there exists a constant Ry = Ry(ry, C;) > 0 such that

1
supp(w(t,r,z)) C [(r,z) :Ry<rc< R—], vVo<t<l. (3.40)
0

120z Joquisydeg z0 uo 3senb Aq 88G/#GG/GS1LZL/91L/1L20Z/aI0IE/UIWI/WOD dNO"DlWSPEDE//:SdRY WO POPEOjUMOQ



Illposedness of Euler in Sobolev 12187

Furthermore we have the estimate
max ||w(t < C ' (341)
<t<1 ” ( )” H2 = L2

where the constant C, only depends on (|lwg g2, 7y, C;)-

Proof of Lemma 3.10 The property (3.40) follows easily from finite-speed propagation
of the transport equation. For example by (3.9) (with u" replaced by U") and (3.38), we

have for some C; = C5(C;) >0

1
o< ¢ (t,r,2)/r <Cy, VYO<t<I.
3

This shows that the boundary of the support is supported away from r = 0. Clearly
(3.40) follows.
Denote g = % and g, = “2. Since w is supported away from r = 0, obviously

we have
I90llm2 Sry g llg2-
Since
99+ U -V)g=0,
a simple H? energy estimate then gives

3;(Ilgl%2) S ID*Ull4IVgllaliglaz + IDUN L llgllZe

2
<e, llglZe.

Therefore,
max t < o, .
Jfnax 19O llgz Sep ry 0o la2

Since w = rg and w is supported on r ~, . 1, obviously (3.41) follows. |
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Proposition 3.11. Suppose w is a smooth solution to the axisymmetric (without swirl)

Euler equation in the form

B (2)+@w-V)(2)=0, 0<t<1,x=(x,X52),1r=,x2+x3,
u=-A"1Vxo, (3.42)

and it satisfies the following conditions:

e wy € CX(R?) and has the form

where a)g = wg(r, z) is scalar valued and w, vanishes near r = 0, that is, there

exists a constant ry > 0 such that
supp(wqy(r,2)) C {(7‘, z):r> ro},

o Let ¢ = (¢7,¢% be the characteristic lines defined in (3.2) and ¢ be the

inverse. For some 0 <ty < 1,7, >0, z, € R, we have

|0h) o 7.2)| = swp @Dt ra| =M>1. (44

oo r>0,zeR

Here in (3.44), | - ||,, denotes the matrix max norm defined by |4l =
max(|a;|) A= (aij)). The notation M > 1 means that M is sufficiently large

than an absolute constant.

Then we can find a smooth solution also solving the axisymmetric (without

swirl) Euler equation

at(%)+(a-V)(%)=o, 0<t<1,

such that the following hold:

1. @y € CX(R®) and has the form

= _ ~0
(l)o == 0)06‘9,
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where @) = @} (r, z). The function @, also vanishes near r = 0, that is, there

exists a constant 7, > 0 such that

supp(@g(r, 2)) C {(r,2) : r> Fy}.

Furthermore,

H@‘ < o]0 ,
r llLi®s) — r L1 (r3)

L L .
r llpo®sy — r llLeo®3)

@ o)

H—O <22 . (3.45)
r lz31(®3) r lz31(®s)

2. @ is a small perturbation of w:

||5)o||L1 r3) < 2[lwgllz1(r3),
(R?) (R2)

||d’o||LOO(1R3) =< 2||w0||L00(]R3),

. C
lagll.s . <llwgl.s +—. (3.46)
HZ (R3) H: 1%
Here C > 0 is an absolute constant.
3. For the same ¢, as in (3.44), we have
1
3 (3.47)

loto)l, 3 > ME.

Proof of Proposition 3.11 We begin with a general derivation. Let W be a smooth

solution to the system

0,(%) + W -V(F) =0,
U=-A"1vxw, (3.48)
Here f = f(r, z) is scalar valued. Define the corresponding forward characteristic

lines ® = (&, &%) in the same way as (3.2) and let ® be the inverse map. Then we have

W(t,x) = w? (t, 1, 2)ey,
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where W? is scalar valued and

Wi, ®(t,r,z) f(rz2)

or(t,r,zy r
Therefore,
é ’ ’
WOt rz) = L QG2 (3.49)
o1 (t,r, 2)
and
o(t,r,
W(t, x) =Mreg, X = (X],X,2), T = /X3 + X3. (3.50)

Ci)r(t, r,z)

Now we discuss two cases:

1 . . - .
Case 1:|w(ty, ~)||H > Ms6. In this case we just set ® = w and no work is needed.

3
2

Case 2:
1
Ilw(to,-)IIH% < Ms. (3.51)

In this case in order not to confuse with some notations later on we shall denote
@y as W, and ® as W. We take the initial data W, in (3.48) as

where o is the same as in (3.42). The function G, has the form
Go(x) = go(r, 2)e, (3.53)

where g, is scalar valued. The detailed form of g, will be specified later in the course of
the proof.

We shall take the parameter k sufficiently large. In the rest of this proof, to
simplify the presentation, we shall use the notation X = O(k%) (« is a real number) if the
quantity X obeys the bound X < C,k* and the positive constant C; can depend on all

other parameters except k.
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Now we assume G, in (3.53) is a smooth compactly supported function that obeys
the following bounds:

G
|22 .s =00,
r

G
||GO||L1(R3) + ”GO”LOO(RS) + HTO

L1(R3) + HLOO(R3)
”DGO”LI(]R3) + ||DGO||L(}0(R3) = O(k),

ID?Goll1 r3) + D% Gyl oo ey = OK?). (3.54)

By (3.50), (3.52), (3.53), and (3.43), we have

0,7
W(t,X) — My‘e

3 90(®(t.T,2)

or(t,r,z) or(t,r,z)
0= .

= —w0~(¢(t, r.2)) re, + k2 g—0~(¢(t, r.2) re, + E; + E,, (3.55)
PT(t, T, 2) ¢T(t, 1, Z)

where ¢ is the same as in (3.44) and
_ wf(d(t, r,z))re B §(P(t,T,2)) .
Yoerern g
E, = k32 (go~(d>(t, r.2)) re, — gO~(¢(t, r:2)) reg).
o7 (t, 1, z) oT(t, 1, 2)

We now show that the terms E; and E, in (3.55) are negligible in the computation

of H% -norm of W. More precisely, we shall show for some o > 0,

max ||E;(®)]|_3 + max ||E, (D) 3 = 0k™). (3.56)
0<t<1 o<t<l1 H

H2(R?) Z(R®)

To show (3.56), let us introduce w,, W;, and W, that solve the following linear

systems:

3 (%2) + (U -V)(%2) =0,
t( r ) ( )( r) (3.57)

(3.58)
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9, (%2) + (U -V)(%2) =0,
t( r ) \ ( r ) (3.59)
w,| _ =k"iG,

2|, 0
Here the drift terms u and U and the data wy and G, are the same as in the nonlinear
systems (3.42) and (3.48).

It is not difficult to check that

W=w+W,+E, +E,,

Therefore, we only need to run perturbation arguments between the nonlinear
systems (3.42) and (3.48) and the linear systems (3.57)—(3.59).

We first control the drift difference u — U.

By (3.52) and (3.54), we have ||[Wy|ly1» = O(1) forany 1 < p < oo.

Thanks to the axisymmetry without swirl, we may write the system (3.48) as

either

W+ U -VYW =W -V)U (3.60)

or

r

U
W+ (U - VW= —W. (3.61)
r
Take any 3 < p < oco. A standard energy estimate on (3.60) in W' gives

d
3 (IW@15,,) £ (IDU® e + IW O WD, (3.62)

Note that by (3.54) and Lemma 3.2,

U@

W,
< |20
r ol ™

r

max
0<t<1

= 0(1).
L3,1

Therefore by (3.61), we have

max (W@, + IW®)lls) = O1).
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By the usual log-interpolation inequality, we have

IDU@) Il S IW@), +1og (10 + W@ 5, WD)

<0) -log(10+ (WP, ).

Plugging the last estimate into (3.62), we obtain
wmiE, ) < o) - log (10 + IW@ P, ) IW®) P
S (IWOI,1,) £ 001) - 1og (10 + W) 5, WD) ]y,
Integrating in time then gives
ggtaixl W@ llyrp =0(1), V3 <p<oo. (3.63)
By Sobolev embedding, we get
2 —
max (ID*U®) 1, + IDU®)ll,) = O(1), ¥3 < p < oo. (3.64)
Similarly using (3.54) we can derive
1
max W)y = O(k?2). (3.65)
Note that the system (3.42) is independent of the parameter k; therefore, we have
max [|u(t)|lyz0p =0(1), V2 <p <oo. (3.66)
0<t<1

Now to control the difference, we recall

dw+ (Uu- Vo =(w-V)u,
W+ U - VYW =W -V)U,
(w—w)(t_o =k iG,.

Obviously

(W =)+ (U W =)+ (U-w:V)o=W U -w+(W-0V)u
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By (3.63), (3.64), (3.66), and Sobolev embedding, we then obtain

0,(IW = l3) S1U = ulls - IW = 0l Vol + Wiy - IDU = wl,

W =y + DUl - | W — w2

<o) - W - wl2.
Therefore,
_3
max [W(t) — o), = 0k™2).

In a similar way, we can derive

0<t<

max (| U(®) - w@®)l, + IVU® - u@)l,) = 0(k™?), ¥2=p<os.

0<t<1

max | W() ~ (0, = Ok?), V1<p<oo,

(3.67)

We are now ready to control E; = w, — w. By (3.57), (3.64), and Lemma 3.10,

we have
t = 0(1).
52?;(1 lwy (B) |l g2 (1)
By (3.66), we get
fnax wy(t) — (@) gz = O(1).
On the other hand, using (3.67), it is not difficult to check that
_3
gg?}l lwy(t) — w(®) ]y, = Ok™2).

Interpolating the above two bounds then gives

cojw
~—'

Jnax lo (&) — 0@l 3 = Ok~

Therefore, E; is OK for us.
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To control E,, we note that by (3.58)-(3.59), we have

W, + (u- VYW, = (W, - V)u, (3.68)
3, W, + (U - V)W, = (W, - V)U, (3.69)
0, (W) —Wy) + (u—U) - VYW, + U - V)(W; — W,)

= (W, — W,) - V)u+ (W, - V)(u— D). (3.70)

For (3.68), a simple energy estimate using (3.54) and (3.66) gives

W1l = O(k™?)
max = ’
O<t<1' 112

1
max ||[VW,; |, = Ok™2),
fnax VWi llg (k72)

max [ Wyl = 0(k?). (3.71)
Similarly for (3.69), we use (3.54), (3.64), and (3.65) to get
max || W,ll, = 0 %)
be = ,
o<t<1 24

max | W, 2 = 0(k?). (3.72)
0<t<l
For (3.70), a simple L? estimate using (3.67), (3.71), and (3.72) gives
3 (IWy — Wyl3) S IIWy = Wyl - lu—Ully - [VW,llg + W, — Wall5 - [Vull,
+ I Wallg - IV(u = TU)lly - Wy — Wy,
S OK™2) - Wy — Wylly + O(1) - Wy — Wy15 + Ok™®) - [[W; — Wy,
Gronwall in time then gives
W, (t) — W, ()|, = O(k™2).
max | W, (&) — Wy(®)l; = 0™)
Interpolating this with the trivial estimate
1
Inax Wy (&) — Wy () ||z = O(k?2)

then yields
1
glsléisxl W, (@) — Wz(t)llH% = O0(k™8).

This shows that ||E2||H = O(k‘é) and we have finished the proof of (3.56).

3
2
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We now specify the choice of g, in (3.53).
By (3.44), we have

max (10,6t P 2)l, 10,07 b, Fos 21, 10,69 E, P21, 10,69t P2l | = M.

WLOG we assume

|8, (to, Ty, Z,)| = M. (3.73)

The other cases are similarly treated.
Let (r,, z,) be the pre-image of (7,,z,), that is, r, = ¢"(ty, 1, 2,), Z, = $* (g, Ty, Z,).

By (3.7), we have

det( (D) (ty, ¢ (to,T..2.)) =M=:N > 0. (3.74)
|det(@h)to, 6 to, 7. 2.0) | - !

*

By the fundamental theorem of calculus and (3.3), we have

r, =@ (to, ¢ (tg, s 2,), $% (o, 7y 2,)) — 7 (9, 0, 9% (Lo, Tr 2,))
S ”ar(ﬁrnoo : ¢r(t01 r*,Z*)

< M- (pr(tOl Y‘*,Z*).

Therefore,

NM > 1. (3.75)

This relation will be used later.
By (3.73), (3.74), and continuity, we can find a nonempty open set Q, around the

point (r,, z,) such that

< 13,07 (tg, ¢ (tg, 7. 2)| < 2M,

¢r(t01 r, Z)
< —_—
r

RN

= ‘det((DqE)(to,¢(t0,r,z)))| <2N,, V(rz) e Q. (3.76)
Furthermore, we may shrink €, slightly if necessary such that for some §; > 0,
QN{(rz:0=<r=<é}=0.

In yet other words, if (r, z) € Q;, then we must have r > §;.
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Now choose b € C°(£2y) such that
/ b(r, z)’rdrdz = 1. (3.77)

Since by our choice Q, stays away from the axis r = 0, the function b can be
naturally regarded as a smooth function on R3.

We now let
1
9go(r,2) = — cos(kr)b(r, 2) (3.78)
M3
and recall from (3.53)

Go(x) = go(r, 2)e,

= Ll cos(kr)b(r, z)e,.
Ms

By (3.77), it is not difficult to check that (3.54) is satisfied.

Since
3
WO = Cl)O + k_zGo,
by taking k sufficiently large, obviously we can have

||Wo||L1 R3) = 2||w0||L1(]R3)r

||W0||L00(R3) 2”“)0”L°°(R3)r

]

H L (]R3) H LI(R3)’
@g

H HLC’O(R3) H HLOO(R?')'
)

H r s 1(R3) H I31(R3)’

Therefore (3.45) and the 1st two conditions in (3.46) are easily satisfied. To check the 3rd
condition therein, we note that by (3.77) and for k sufficiently large,

1
||Go||L2(R3) ~ T 1
Més
1 2
”GO”HZ(]RS) ~ 1 k .

ol

M
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Here, the implied constants are absolute constants. Interpolation then gives

3
< T k2.
1%l 13 o) = 372
Thus all conditions in (3.45) and (3.46) are satisfied.

It remains to show (3.47).
By (3.51), (3.55), and (3.56), we have

3 golo(t ) 2 <¢(t0)>
Wty )l .5 > |k - 202000 e — Bl s — B, 3
0 Mgt = bty s | ey et R
sz_g IOV
P (to) o

Therefore, (3.47) will be established once we prove the stronger estimate

H -3 9o@o) | (3.79)

¢ (o)

We shall prove this via interpolation and inflation of H! norm.
By (3.78), we have

1
2
ML) N [ %(/‘90("5( o), rdrdz)
P (to) 12(R3) P (tg)
e ;( ‘90(7' D¢ (tg, T, z>‘ drdz)%
3 2 2 2 z
k : ( cos (kr)b?(r, zz)(¢ (ty,17,2) drdz)
~ Ms r
CRg. 3
S| Koy, (3.80)
M#s r L2(R3) Ms

where in the last inequality we have used (3.76) and (3.77).

Now introduce

b(¢(ty, T, 2))

(r,z) = sin(k¢” (ty, 1, 2)) (3,07 (ty, 1, 2)Te,.
91 0 ¢ (tor72) 0 0
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By (3.76) and a similar calculation as in (3.80), we have for k sufficiently large,

1
2

+02 2 or 2
19212 (/Sulm”b("”“@¢)“”¢“”"2”)oﬂuwnz»%dnh)

re
.
>M H by (k) —0(k™®)
L2(R3)
.
> 2y H b¢" (ko) >M-N,. (3.81)
3 LZ(R3)

Now for the ﬂl—norm, by using (3.81), we have

W% 9o(@(te) >k%a(%w%»
¢r(t0) H(R?) B ¢r (tO) L2(rdrdz)
k2
> — - (kg1 2 araz) + O(1)
Ms
> %k*%M%N*, (3.82)

where again we need to take k sufficiently large.
We are now ready to prove (3.79).

By the usual interpolation inequality

IUMW%NWHR%HN3

(R3)

and (3.80) and (3.82), we have

1 2
kK IMSN, < SLAY ez g°(¢(t°)) 3 -
By (3.75), we then have
2
Hk; °(¢(t°)) 3 > MmN
¢r(to) H%(Rg) ~

Vv
%\N
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Hence,
" k2. g—0~(¢(t0)) re pe M3 > M.
¢T‘(t0) H% (R3)
This ends the estimate of (3.79). [ |

Proposition 3.12. For any A > 1, there exist §; = §;(4) — 0, t; = tx(4) — 0, M =
My(A) - oo (as A — o0), and a smooth solution w to the axisymmetric (without swirl)

Euler equation

% (2)+ @ -V)(2)=0, 0<t=<1,x=(x,Xp2),7=,/x2+x3,
u=-A1vxo,
w‘t:O —“o

such that the following conditions are satisfied:

1. wy € CPR?), wy = wj(r, z)e,, and for some ry > 0

supp(f(r,2)) C {(r,2): > 1y} (3.83)

2. The L* norm of w is uniformly small on the interval [0, 1]:

70 < 8n(A). 3.84
gfffléifxl lo@)llze < §g(A) ( )

3. The support of w(t) remains close to the origin:
supp(w(t,-)) C {x: |x] <3§y(4)}, VO=<t<l. (3.85)

4. The H?-norm of w is inflated rapidly from ¢t =0to t = t,:

loll3 < do(A),

(@)l 3 > Mo(A). (3.86)

2

Proof of Proposition 3.12 We first note that it suffices to construct the solution w
satisfying all other conditions except (3.85). Indeed if w is such a solution, then for

any A > 0,

w, (t,X) := w(t, AX)
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is also a solution to the Euler equation. By finite speed propagation, we have
supp(e(?)) CK, VO0=t<]I,

where K is a fixed compact set. On the other hand

1 1
supp(w, (t)) C xK: [XX: XGK] , VO0<t<l.

Obviously by taking A sufficiently large we can satisfy (3.85). Note that (3.84) and (3.86)
are invariant under the scaling transformation x — Ax. Therefore, in the rest of this
proof we shall ignore (3.85).

For A > 1, we choose g, as in (3.11) and denote by W the corresponding smooth

solution to the Euler equation:
2(W) +W-V(¥) =0, ~2=i=2
vV.U=0,

W‘ =W,=gae,.
=0 0 =946

By (3.16) we have (recall U = U'e, + U%e,)

Ur(t) o w(t)
T e r

L3,1

<CylogA, VteR,

where C > 0 is an absolute constant and we have used the L3!-preservation of W/r:

Wy
r

, VtelR.

L3,1

W)
=

131 ‘
Since

Ur
W+ (U-VIW = —W,

we get

Ur
max |[W(t < ||W/, emax—2<t<2 | 5 lloo
max WOl < Wl

<V logAeC logA

< < A_%, (3.87)
A

for A sufficiently large.
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By definition of g,, the condition (3.83) is trivially satisfied. It remains to check
(3.86). By (3.17), we have

J1ogA
VA

Woll. s S
IWoll 5 S

Let ® = (®", &%) be the forward characteristic lines as in (3.2) and let ® be the

. o, . 1
inverse. By Proposition 3.9, we have for some 0 < ¢; < ToglogA’

ID®(t))ll o, + DD () > loglog A. (3.88)
By differentiating the identity ® o ® = id and using (3.7), we have

~ ~ -1
(D®)(B(r,2)) = ((DI)(r,2))

= adj((Dd)(,
det(D<I>(r,z))a j((DP)(r, 2))

_ d'(r,2)

adj(D®)(r, 2)),
where adj((D®)(r, 2)) is the adjugate matrix of Dé(r, z). Recall that for any 2 x 2 matrix
a b
B= ,

we have

and obviously

IBllo = max {lal, |bl,|cl, |d|}

= [ladj(B) |-
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Therefore,
- i
DO ()l < |—| NadjDP)ll,
o0
< IDOE)IIE
Consequently, we have
|ID®(t1)ll 5, = /1oglogA. (3.89)

We can then apply Proposition 3.11 (with W as the input solution ) and obtain
@ as the desired solution (note that ”J)—;)”L&l S VIogA, llagllee S X lng so that we can

~

< A7) n

~

repeat the computation of (3.87) and still have maxg_;; @)l

Lemma 3.13. Suppose w! and w? are given smooth solutions to the 3D Euler equations

(in vorticity form):

o + (W -V = (- V)W, 0<t<l,
wW=—-A1Vxd,
aJhO:wgech(RS), j=1,2.

Here we assume the lifespan of each o is at least [0, 1].

Define

r, = max max ||t (t)]| ... (3.90)
0 j=1,20§t§1” Dllos

Consider the problem

W+ (U-VIW = (W -V)U,
U=-A"1vxw, (3.91)
w| =w,,

=0 0

where

Wy (%) = wd (%) + i (x — Xy,

and x;; € R? is a vector that controls the mutual distance between o} and w3.
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For any € > 0, there exists R, = R (e, max;_; , MaXg_;; 1w/ (£)llgs) > 1007,

sufficiently large, such that if |[x;,| > R_, then the following hold:

(1) There exists a unique smooth solution W to (3.91) on the time interval [0, 1].

Furthermore for any 0 < t < 1 it has the decomposition
W(t) = W' () + W2(), (3.92)
where

supp(W (1) c Qf,
Qf = {X e R®: d(x,supp@?)) <1y +e},
supp(W?(t)) C 5,

Q5 = {y =x+xy 1 d(x,supp(@?)) < 1o+ e}.
(2) The flow W is uniformly close to w!(-) + w?(- — xy):

max W (t,) =o't <

max |W2(t, ) — 0t — xp) | gz < € (3.93)

(3) All higher Sobolev norms of W' and W? can be controlled in terms of v} and

w(z), respectively: let

1 2 1 2
N = fnax (lo' (& oo + Nl (&, )l o) + luglly + llugllo-

Here u(l) and u% are the velocity fields corresponding to the vorticity wé and

wg, respectively. Then for any k > 3,

max ||[W(t,- < C(k, ||wp ,N) < oo,
0§t§1” (t, ige < C(k, llwg | gk, N)

W2 t. <c(k, 2 N . 3.94
max Wt gk < C(k, lof gk, N) < o0 (3.94)
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Proof of Lemma 3.13 Let R = |xy,| and denote

My = 100(]|udllgs + Iudlize),

M, = max (||a) Ol + l0*(®llo + 1). (3.95)
Consider the 3D Euler equation (in velocity formulation)

o,u+ (u-Vyu=-—Vp,
V-u=0,
u = Uy.

t=0 ©

Suppose
lugllgs < My,
and on some time interval [0, 7], T < 1,
<M

grfltaf)‘([ ”w(t)”oo —_ 1
where w = curl(u). Then by a simple energy estimate, we have

max [ u(t)|lgs < M,, (3.96)

o<t<r

where M, = M,(My, M;) > 0 can be taken as a constant that is uniform for all ¢ < 1. We
shall need this constant below. Also by standard local well-posedness theory, if for some
t, we have ||[u(ty) ||z« < M,, then there exists 7y = 7y(M,) > 0 such that the corresponding

local solution has lifespan at least [¢,, t, + 73] and

ma t < 2M,.
toititg(+fo I®lye =< 2
This fact will also be used below.
Now let0 =1ty < t; <--- <t;_; <t; =1 be a partition of the time interval [0, 1]
such that

max (t;,, —1t;) < T,
0<i<L— (l+1 ) 0
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We now inductively check the following
Claim: Foreachi=0,1,---,L, there exists R; > 0 sufficiently large such that if
R > R;, then the following hold:

(1) W(¢) has the decomposition (3.92) forall 0 <t < t;.

(2)
max W (t,) — ' (¢t,)l, < R 7%, (3.97)
max [|W2(t, ) — w?(t,- — xp)ll, < R™%. (3.98)
0<t<t;
(3)
max Utz < M,. (3.99)
0<t<t;

Indeed the claim holds trivially for i = 0. Now assume the claim holds for all
i <l—-1(>1), and we need to prove the claim for i = I. Since |U(t;_;)||z2 < M,, by our

choice of 7, U(t) can be extended to [t;_;, t;], and

max ||U(t <max{ max |U(t , max ||U(t
05tftlll ®llgs < [qul_l 1T ()|l ga ,ex, I ()IIH4]

< 2M,. (3.100)
By the inductive assumption, we have
W(ty_y) = W(tg_y) + W2(ty),
and for R sufficiently large,
. 1 2 2
dlst(supp(W (t,_,)), supp(W (tl_l))) > SR
By (3.100) and finite speed propagation, we then have for R sufficiently large,
1
dist(supp(w1 (t)),supp(Wz(t))) >R vosti=y (3.101)

Denote by U' and U? the velocity fields corresponding to the vorticity W' and W?,

respectively. By (3.101) and an argument similar to the 2D case in [2], it is not difficult
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to check that

o 772 -1
Qax max [D7US(E e esuppaw o) < B3 (3.102)

where again we need to take R sufficiently large (to kill some prefactors).

Now observe that

W' + (Ul - vyW = Wt VU — (U?- V)W + (W - V)U?,

ot + W - Vol = (0! - V)u!,

1

1 _ _
W‘ =w = wg-

!
t=0 t=0

Setn = W! — !, v = U! — u!l. Then clearly
dn+(v- VW + @' - Vin= (- VU + (o' - V)V — (U? - VYW + W' VU2
A simple L? estimate using (3.100) and (3.102) then gives for 0 < ¢ < ¢;:

3(ml3) S Inllg - 1vllg - IVW Iz + 05 - IVU o + 1VV12 - Inll -l 1o

_1 _1
+R7IIVW Iy - Inlly + RT3 IWHIy - [nll,
_1
Swper 10115 +R73 0]l
Integrating in time up to ¢; and taking R sufficiently large then gives
_1
max |[n(t)|l, < R 4.
0<t<t;

This settles (3.97) for i = I. The inequality (3.98) is proved similarly. Interpolating (3.97),
(3.98) with (3.100) then easily yields that (see (3.95))

max |W(t < M,.
Oftftl” Ol =M,

Therefore, by (3.96), we can upgrade the rough estimate (3.100) to (3.99) for i = l. By
(3.97)—(3.98), interpolation, and taking R sufficiently large, we can easily have (see (3.90))

max ||U(t, - <r,+e€/2.
Ogtgtl” & oo <Tg+€/

Hence, the decomposition (3.92) follows. We have completely proved the claim.
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By using the claim and a simple interpolation argument, it is not difficult to
check that (3.93) holds. Finally (3.94) follows from a simple energy estimate using the
disjointness of the support of W! and W? and an estimate similar to (3.102). The lemma

is proved. u

Proposition 3.14. Assume {a)f}]?'il is a sequence of smooth functions each of which

solves the 3D incompressible Euler equation (in vorticity form)

3o + W - V) = (0 - V)W, 0<t<l,
wW=—-A"1Vxd,
o|  =d e CPR?,

and satisfies the following condition:
For each j > 1, supp(«/(t)) C B(0,271%) forany 0 < ¢t < 1 and

. . . 1o
Il 5 + max e/ Ol + W D)ll) = 27, (3.103)

Here u{) is the velocity corresponding to the vorticity wé.

Then there exist centers x; € R3 whose mutual distance are sufficiently large

(i.e., |x; — x| > 1if j # k) such that the following hold:

(1) Take the initial data (vorticity)

Wox) = D wh(x —x,),
j=1

then W, € L*NL*® NH2NC>®. The corresponding initial velocity U, € H2NC™.

Furthermore, for any j # k,
B(XJ-, 100) N B(x;, 100) = @.

(2) With Wy as initial data, there exists a unique smooth solution W to the Euler

equation (in vorticity form)

WW+(U- VW= W-V)U,
U=-A"1vxw,

w = W,,
=0 0
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on the time interval [0, 1] satisfying W € L°LL NLPLL N C™®, U € C® N L°L2.

Moreover for any 0 <t <1,

supp(W(t,-)) C U B(xj, 1). (3.104)
j=1

(3) For any ¢ > O, there exists an integer J, sufficiently large such that if
Jj=J,, then

Proof of Proposition 3.14. Define x; = 0. By recursively applying Lemma 3.13, we can

choose centers X; whose mutual distance is sufficiently large such that for each [ > 2,

we can find a unique smooth solution W! solving the system

oW + (U VYW = (W - VU, 0<t<1,
U= —A"1V x W,
Wl = Wll

t=0 0

where

l .
Wt = Zw{)(x —X]-).

j=1

Furthermore, W! satisfies

o suppW(t) c U\ B, }), forallo <t <1.

o max)_, W, ) — ol (t,- —Xj)lle(B(ijl)) <27, forany 1 <j<lI.
o max) ;. W1, ) — Wi, .)||HZ(U}=1 B 1) < 2L,

o maxy_, W, ) — Wi, )2 <27

e max,_, W, Mk eeg,1) < Cr = Cr(k, lafhllgx) < oo, forany 1 <j <L

Note that in the last inequality above we have no dependence on other constants, thanks
to the strong assumption (3.103).

Now define
lim; | wkt,x), ifxe U;i1 B(xj,1),

W, x) =
0, otherwise.
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Fix any j, > 1. By using the properties of W' listed above, we have

<27l ifl=j,+1.

max | Wi, ) - wie, | <
H2(B(xj,,1))

0<t<1

Also for any k > 3,
1 .
max W, ) kg, 1) = Cor Y1=Jo + 1.
Therefore, (W!(t)) is Cauchy in Hk(B(XjO, 1)) for any k > 2. Hence, 74 converges uniformly

to W € C°°((B(Xj0,
Jo = 1. By Sobolev embedding, we have

1)). Since j, is arbitrary, we obtain W € C*®(R3). Similarly fix any

max || Wi, ) — o

. ,
0=e=1 max |W'(t, ) — &t )| 2

. <
@, )”LOO(B(XJ'O,I)) N gsiel (B(xjy,1))

<270, Vizjo+1.

By (3.103) and sending I — oo, we obtain maxy_,; [W(¢, )|z~ < 1. Similarly it is also

easy to check that W e L*LL. Since W! is Cauchy in L?, by Sobolev embedding, we have
U is Cauchy in L8 and converges to the limit U. It is not difficult to check that U is
smooth and W is the desired solution. The estimate (3.105) follows obviously from the

property of W' and passing [ to the limit. The proposition is proved. |

We are now ready to complete the

Proof of Theorem 1.2 It suffices for us to prove the case wég) = 0. The case for nonzero
a)(()g) is a simple modification of the proof below.
For each j > 1, by using Proposition 3.12, we can find a smooth solution o/

solving the system

30 + (W - V) = (0 - V)W, 0<t<l,
wW=—-A"1V xd,
« =0 a}{),

such that the following hold:

e supp(«/(t,-) C {x, x| <2719}, forany 0 <t < 1.
o maxy_; 1 ([&/ @)l + W (1)) < 27100
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e Let u](; be the velocity corresponding to the vorticity w{), then

Il s < 27100,
H2

e TForsomeO < t}) < %, we have

L .
1/, 3 > 2.

3
2

By continuity and the last inequality above, we can find 0 < t} < t]? < ]l such that
(¢, - J 1 2
e/ (¢, )||H% >2, Vi <t<t. (3.106)

By Proposition 3.14, we can then find centers x; and build a smooth solution W

having initial data
00 .
W(00,x) = D wp(x — x)).
j=1

The regularity properties of W are simple consequences of Proposition 3.14.

By (3.104), we can write
m .
W(t,x) =D W(t,x),
j=1

where W/ € C@O(B(Xj, 1)).
Now we make the following:
Claim: there exists an integer J; > 0 and constants C; > 0, C, > 0 such that the

< o0, then
3)

following hold: for any 0 <ty < 1, if ||W(zg, .)”H%(R
Wt g = Gl (g, )l g = Car Vi = (3.107)

Here the constant C; > 0 is actually an absolute constant. The constant C, depends on

maxg.i<; [W(E, ).
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To prove the claim, fix a smooth cut-off function ¢ € C° (R%) such that ¢(x) =1
for |x| < 1 and ¢ (x) = O for |x| > 2. Since |x; — x3| > 1 forj # k, by (3.104), we have for

any j > 1, we have

W (19, x) = W1y, )¢ (x — X;) = W(1, X);(x),  here ¢,(x) := ¢ (x — x;).
Fourier transform and the triangle inequality then give
£121Wi(ro, §)] < |s|%/Ra W (ro,& = n)lidn
3 A A - LI
5/ & —nl2IW(zg, & — mllg;(mIdn +/ [W (o, & — mlinlzle;(m)| dn.
R? R3

Young's inequality then gives for any j > 1,

J . < . .
W/ (20,5 S IW (o, )l g + Wz, )z

It is easy to check that the implied constants in the above inequalities are only absolute
constants (they depend only on the cut-off function ¢). By (3.105) and choosing ¢ = 1, we
get for any j > J;,

I/ (70, )Ly g < CyIW(zo, )l g + s
where 6’1 > 0 is an absolute constant and 6’2 depends only on maxy_,_; [W(t,-)[;2. The
claim is proved.

With (3.107) in hand, we now argue by contradiction to finish the proof of the

theorem. Assume for some t;, < 1, we have

Ly = e88-SUPg;y, |W(E, ')”H% < 00. (3.108)

By (3.106), we choose j > 1 sufficiently large such that
c,2 —C, > 2L,
£ < to.
By (3.107), for any t} <t< tJZ, we must have

2Ly < |W(2, ')”H% <oo, or [W(, ')”H% = +o00.

This obviously contradicts (3.108). The theorem is proved. |
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4 3D Compactly supported case

Lemma 4.1. Letf e CX(B(0,100)) and g € C(B(0, 100)) be axisymmetric functions on
R® having the form:

fx) =f'(r2e, gx) =9'(r2e, x=(x,%52),1=/x>+x3,

where f? and g? are scalar valued and vanish near r = 0, that is, for some rg >0,

supp(f?) c {(r,2) : 7>y},

supp(g’) C {(r,2) : > 1}

Let w? and w be smooth solutions to the following axisymmetric (without swirl)

Euler equations:

(%) + e - V) () = 0,

u? = —A"1V x 0%, (4.1)
o =0 =7

(%) + - V)(2) =0,

u=-A"1Vxo, (4.2)
a)‘t:O =f+g.

For any ¢ > 0, there exists § = §(¢,f) > 0 sufficiently small such that if
9l exp (€ 2 ]15.) <5, @.3)
then
fnax lo®(t, ) — o e <€

Here in (4.3), C > 0 is the same absolute constant as in the inequality

L3,1 :

B
r oo

w
=3
r

Proof of Lemma 4.1 In this proof our main “smallness” parameter is ||g| ... To simplify

the notation, we shall denote X = O(8) if the quantity X can be made arbitrarily small
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depending on ||g| ... For example we shall write X = O(§) if X satisfies the inequality of

the following sort:

1X| <r 119l €XP (Cﬂg

L3'1) )

Here C > 0 is some absolute constant. As another example, if
1
X1 <5 g1l

we shall write X = O(§) (the precise notation should be X = 0(8%), but we will not keep
track of the various exponents and write 0(8%) as 0(8) for simplicity). Other inequalities
similar to the above will all be denoted by the same notation O(§) whenever there is no
confusion. We shall denote X = O(1) if

X<l
We first decompose the solution to (4.2) as
w=ow + a)z,
where ! and »? solve the linear systems

0(%) + w-V)(%) =0,

1
w =
‘t:O 7

0(%) + w-V)(%) =0,
2 —
@ ‘t:O =9

We first estimate ||“7r||oo. By (4.2), we have

H w(t) _ H (0)
r L3,1 a r L3,1
<[]+ 18, vezo
r31 r g3l
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Recalling u = u’e, + u”e,, we get

S

r

L3,1
g
+[3
riligs:

!

r

<

~

, Yt=0.

L3,1

Now we consider (4.5). Rewrite (4.5) as
r
2

u
Bth +w-V)w? = Ta) .

We obtain for some absolute constant C > 0,

2
91.))

2 <
fnax oWl < l19llscexp | C mafx

< IIQIIOOeXP( (‘

= 0(5).

Thus, we only need to control ||w! — 0% o

12215

Set n = w® — w!. Denote by u! and u? the velocity fields corresponding to w! and

w?, respectively. We first show that
fnax In(t, )iz = 0().
Rewrite (4.4) as
d0' + Ul - Vio! = (0 - V)ul — W? - Vo' + (0! V)ui
By (4.1), we have
9,0% + (U - V)yo? = (0% - V)u®.
Therefore, the equation for n takes the form

0n + (W —uh) - Vo + @' - V) = (- Vu® + (@' - V) —u')

+ W? VYo — Wu? - V)n— (o' - V)u?.

(4.7)

(4.8)
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12216 J. Bourgain and D. Li

Computing the L? norm then gives

3, (In®113) < lu® — ulllg - 1Dl - Inlly + 1713 - 1DUllo + o oo - D@ — w5 - Inll,
2 a 1 2
+ 1u?llg - 1Dl - 1nll5 + lleo llog - 1Dl - [Imll,
< (1D I3 + DUl + 0 1 50) 113 + (12l D% ll5 + llo* [l IDU?15) 1]l

< (0 + o' lloo) InlF + (01) - IDU? [l + [l |6 IDU? 1) 1171l (4.9)

By an estimate similar to (4.6), we have
max | Du®(?)|, < max |o?(®)|, = 00). (4.10)

0<t<1 0<t<1

Similarly, by Sobolev embedding,
max [|[u?(t)]|, < max |0?(t)]|s = O(5). (4.11)
0<t<1 0o<t<1 5
This together with (4.6) gives

2 2 2
max |[u”(t) S max [[u“(t)ll; + max [ ()
o<t<l 0<t<1 O<t<1

= 0(5). (4.12)
By (4.4), we have
1
Hw " - | =0(1), Yt=>0,
r L3,1 r L3,1
1 r 1
max || < @O _ ),
0<t<l r o r 3.1
1
max | 2 (t)H < J:H = 0(1). (4.13)
o<t<1 " o "l oo

: 1 _ 1\r 1\z
Here we write u* = (u')"e, + (u')%e,.

Rewrite (4.7) as

rwl

+ (u2)

1\r
Bta)l + W -Vl = ua)l
r
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Illposedness of Euler in Sobolev 12217

Using (4.12) and (4.13), we get
max o @)y, = O(1). (4.14)
Plugging (4.10) and (4.14) into (4.9), we obtain
fnax It ), = O(@). (4.15)
By (4.14)—(4.15) and Hélder, we get

fnax lo® (8) — @' (®)llg S fnax (Iln(t)llz IIH(t)Iloo)

= 0(5). (4.16)
By L? conservation of velocity for (4.2), we have

lut, )z = 1wl S 1flg + 1glg
S+ Il + gl + 1glle
SIfllee + 19l =0(1),  Vt=0.

Therefore by (4.11),

fnax [ut@® —ul @], < fnax (Ilu“(t)llz + [P @), + lu@)ll,)

=0(1). (4.17)
By (4.16)—(4.17) and interpolation, we get

1 8
max Jut@® —u' @] < max ||u“(t) —-u (t)”2 o @) — o' @®)]|2

= 0(3). (4.18)

Here we should stress that we have abused the notation and denote 0(8#) (8 > 0) simply

as O(3) (see the beginning part of this proof).
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12218 J. Bourgain and D. Li

Now using (4.12), (4.13), and (4.18), we can rewrite (4.8) as

a 1 a a a lrc‘)1 2 a erl
on+w-Vin=—(u""-u) Vo + @ -Vu*+ (u —u)7+(u -Vw —(u)T

=0@) + O0(1)n+ 0() - O(1).
Obviously then
glfltﬁlixl ()l = O).

The lemma is proved. |

We now state a proposition that gives the solvability of the 3D axisymmetric
without swirl Euler equation for a special class of initial data (vorticity). In particular
we allow initial vorticity (denote it by w,) to carry infinite ||“2|;31 norm that is not
covered by standard theory. The trade off here is that we need a precise control of L™

norm in the sense of Lemma 4.1.

Proposition 4.2. Suppose {g;};°, is a sequence of axisymmetric functions on R3

satisfying the following conditions:

e Foreachi > 1, g;(x) = g(i’(r,z)eg, where g? is scalar valued and vanishes

nearr = 0:
supp(g?) C {(r,z): r>r;}, forsome r; > 0.

e g; € C(B(0,100)) and |g;|,, < 27"
e Foreachi > 2, denote f; = Z]‘;i gj then

9;
r

I9:1.o exp (C || ) <

where §; = §(27%, f,) as defined in (4.3).

Let

oo
g= Zgi
i=1
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Illposedness of Euler in Sobolev 12219

and consider the system

o+ u-Vo=(w-Vu, 0<t=<l;
u=-A"1Vxow, (4.19)
o _ =9

Then there exists a unique solution w to (4.19) with the following properties:

(1)  is compactly supported:

supp(w(t,)) C B(O,Ry), VO <t<1.

Here R, > 0 is an absolute constant.
(2) e c2c%(0,11xB(0,Ry)), u € COLZNLFLY ([0, 1]xR®). In fact u € CYCY([0, 1] x
R3) for any 0 < a < 1.

Proof of Proposition 4.2 Foreachl> 1, let o' be the solution to the system

0,(2) + W v)(2)=0, 0<t<1,
ul=—A"1V x o,
I l
@ )t:O = 2.i=19i
By Lemma 4.1 and the assumptions on g;, we have
41, 1 -1 4.2
max o™ @) - '@, <27 (4.20)

Noting that

1 < (C st - Hg—l
523; lo"(®lls S 911l €xp | Con -

L3,1)

we obtain

! <
sup max ' ()], 5 1.
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12220 J. Bourgain and D. Li

By energy conservation, we have

1wl @), = 110, < 10507 + 100

<1, Vt>0,1>1.
Therefore,

l
sup max ||u‘(t < 1.
up max 1(6) s S

This shows that for some absolute constant R, > 0, we have
wl(t) € CX(B(O,Ry)), YO<t<1,1>1.

By (4.20), the sequence «' is Cauchy in the Banach space €9C2([0, 1] x B(0, Ry))
and hence converges to the limit point w in the same space. By interpolation and
Sobolev embedding it is not difficult to check that u! converges to u € C?L)z(. By Sobolev
embedding we get u € LLY N CICY for any « < 1. It is not difficult to check that w is

the desired solution. The proposition is proved. |

We now take a parameter A > 1 and define

gA(XI!XZIZ) = gA(rrZ)

logA
_V Oi > nra), (4.21)

A<k<A++A

where 7, is the same as in (3.12). Note the slight difference between g, and g, defined
in (3.11). The main reason of choosing g, is that in the perturbation theory later we need
better control of higher Sobolev norms of the solution, that is, estimates like [|gllyy1.q S

24+, for all 3 < g < oo. In comparison ||g,lly1q ~ 224 since there we are summing Nk

over k < 2A. This is why the modification is needed.
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By a derivation similar to (3.14)—(3.18), it is easy to check

g
_Ae
r

< VlogA,

lgaesl

.3 0
BZ (R3) L31(R3)

19405 s, + 1948013 s <

ja:

logA

34

'2_pl V1§pfool

19alle®3) + 1Ga€0llLo®3) S

N

3
ID@aeo)lippes) < Vioga - 20 P @HVA y3 < p < e, (4.22)
These estimates will be needed later.

Lemma 4.3. Let w be a smooth solution to the following system (written in axisym-

metric vorticity form)

Bt(%’) + (u + u¥) - V(%) =0, O<t<l,r= ,/X% +X§,X: (X,,%9,2),

u=-A1vxo,

w =ge,,
‘t:O 9a8y

where g, was the same as in (4.21) and u®* is a given axisymmetric velocity field having

the form (note that it is incompressible)
u®(t,r, z) = a(t)re, — 2a(t)ze,. (4.23)
Assume for some constant By >0,

sup |a(t)| < By < oc. (4.24)
o<t<l

Let ¢ = (¢", %) be the forward characteristic lines associated with the velocity
u + u®® (see (3.2)) and let ¢ be the corresponding inverse map. Then there exists Ay =
Ay(By) > 0 such that if A > A, then

max (DP)(t, )|, > loglogA. (4.25)

O=t= loglogA

Proof of Lemma 4.3 We shall give a slightly simpler proof than that given in

Proposition 3.9. The idea is to take full advantage of the symmetry assumption and
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12222 J. Bourgain and D. Li

the fact that the off-diagonal terms of Du vanishes completely at (r,z) = (0,0). Assume
(4.25) does not hold. By a derivation similar to (3.88)-(3.89), we have

max (D)t )l + [(DP)(E,)llso) < (loglogA)?. (4.26)

O<t< ToglogA

By (4.21) and (3.13), observe that g, is an odd function of z. Denote v(t,r,z) =

u + u®* and

uex — (ueX)Ter + (ueX)Zez'

v="v'e,+ v’e,.
It is easy to check that for any ¢ > 0, w(¢) remains an odd function of z, and also

v'(t,0,2) = vi(t,r,0) =0,

¢"(t,0,2) = ¢*(t,r,00=0, Vr>0,zcR, t>0.

Clearly then

(3,v)(¢,0,0) =0 = (3,v")(¢,0,0),

(3,¢%)(t,0,0) =0 = (3,¢")(¢,0,0), Vt=>0.
Since v is divergence free (see (4.23)), we have

2(9,v")(¢,0,0) + (3,v*)(¢,0,0) =0, Vt=>0.
From the above identities, we then easily obtain

(ard’r)(t, 0,0) = ejg(arVr)(S,O,O) ds,

t z tin
(8Z¢Z)(t, O, 0) — efo (an )(S,0,0) ds — 672 fO (drV )(S,0,0) dS. (427)

By (3.27) (easy to check that same estimate holds with g, replaced by g,), (4.26)
and (4.24), we get

(3,v")(t,0,0) = (3,u")(t,0,0) + (3, (u*)")(t,0,0)

> JlogA(loglog A)~'6 — B,,.

120z Joquisydeg z0 uo 3senb Aq 88G/#GG/GS1LZL/91L/1L20Z/aI0IE/UIWI/WOD dNO"DlWSPEDE//:SdRY WO POPEOjUMOQ



Illposedness of Euler in Sobolev 12223

Plugging this into (4.27) then gives us

_Jloga
(3,97)(t,0,0) 2 et (loglog A)16 230.
This obviously contradicts (4.26) for t = m and A sufficiently large. n

Lemma 4.4 (Control of the support). Let w be a smooth solution to the following system

(written in axisymmetric vorticity form)

8t($) + W+ u; +uy) - V(%) =0, O<t<l,r= ,/Xf —i—X%,X: (x,,%9,2),

u=-A"1Vxow,

w =gae,,
’t:O 98y

where the following conditions hold:

e g, is the same as in (4.21);
e u; and u, are given smooth incompressible axisymmetric vector fields

having the form

u; = a(tre, — 2a(t)ze,,

Uy = upe, + uze,,
and for some constant B > 0O,

sup |a(?)| < B,
0<t<1

us (1)
r

| =5
0<t<l 00

luy(t,x)| < Blx|>, VxeR? 0<t<l. (4.28)

Then there exists a constant Ay = Ay(B) > 0 sufficiently large such that if A >
Ay, thenforany 0 <t <1,

supp(w(t,-)) C B(O,R), with R < C; -274, (4.29)

where C; > 0 is a constant depending on B.
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Also forany 0 <t < we have

1
loglogA’

supp(w(t,-)) C BO,R), ~ with R~274,
where the implied constants (in R ~ 274) are absolute constants.

Proof of Lemma 4.4 Denote v = u+ u; + u, and write

_or
v="v'e + v’e,,

_ r z
u=u'e,.+u’,.

By L3! conservation of £ and (4.22), we have

< logA.

L3,1

sup
0<t<1

u®| _|e=0)
r e ™ r

By (4.28), we get

sup
0<t<1

-
v ® H S B+ (/logA.
oo

r

Rewrite the equation for w as
VT
0w+ (V- Vo = —o.
r
By (4.31), a simple LP estimate (note that v is incompressible) then gives
sup (@), S e“FrVIBV g, |,
0<t<l

sup [lo(t)l, < eCEFVIs g, ||,

0<t<1

where C > 0 is an absolute constant.
Note that by (4.22), we have

;

- logA__3,
1gally S 2724,
gA 2 \/Z

5 J1ogA 3

1alls < 2744,

N

(4.30)

(4.31)

(4.32)
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By (4.32) and interpolation, we then get

1 2
sup [u®)lly < sup lo@®ll; - lo@)ll;
1

0<t<l1 0<t<

< oCB+/loga) ¥ logAd o—A
~ A

<A 3274, (4.33)

where in the last inequality we need to take A sufficiently large.
Denote ¢ the (usual Euclidean) characteristic line associated with the velocity v.
Then by (4.28) and (4.33), we get

d 1
PO SAT3274 4 Blp ()] + Bl ().

Since |¢(0)| < 274, obviously (4.29) and (4.30) follows (in the latter case since t < m

we can take A sufficiently large to kill pre-factors). |

Lemma 4.5. Let w be a smooth solution to the following system (written in axisym-

metric vorticity form)

H(E)+U+u;+uy V(%) =0, 0<t=<1r=/x2+x%x=(x,%,2),
U=-A"'vxWw,
w| =dae
o 946
where the following conditions hold:

e g, is the same as in (4.21);
e u; and u, are given smooth incompressible axisymmetric vector fields

having the form

u; = a(t)re, — 2a(t)ze,,

_ r zZ
Uy = Upe, + Ue,,
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and for some constant B > 0O,

sup |a(t)| < B,
0<t<1

luy(t,x)| < B-|x|%,
|(Du,)(t, x)| < B- |x],

|(D*u,)(t,x)| <B, VxeR3 0<t<l. (4.34)

Let ® = (®", &%) be the characteristic line associated with the velocity field
U+ u, + u, (see (3.2)) and let ® be the corresponding inverse map.

There exists a constant Ay = Ay(B) > 0 sufficiently large such that if A > A,
then either

max ||[W(t,-)].3 > logloglogA, (4.35)
0<t<+ H2
—"—TloglogA
or
max (D®)(t, )|l > logloglogA. (4.36)
O=t= ogloga

Proof of Lemma 4.5 By Lemma 4.4 and (4.34), we have supp(W(t,-)) C {x: |x| < 274}

and

lua (@ e suppwiz, ) < 474, vo<t=<l,
”(Duz)(t! ‘)”Loo(supp(W(t,.))) fs Z_Ar VO S t S ]-I

1(D*ug) (&, Mg suppwis,yy <1, YO <t <1 (4.37)

Throughout this proof we suppress the dependence of the implied constants on B since
A will be taken sufficiently large.
Assume that both (4.35) and (4.36) do not hold, that is,

max W)l 3+ max [DD)( )l S logloglogA. (4.38)

~Y
O=t= loglogA 0=t= loglogA

3
2

Easy to check that

max IDP)(t, ) S (loglog logA)Z. (4.39)

O<t< ToglogA
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We shall derive a contradiction. The idea is to compare W with the other solution  to

the following “unperturbed” system

(%) +@m+u) V(%) =0 0<t<lr= VX + x5, X = (X1, Xy, 2),

u=-A"1Vxow,

w =g,e,.
’t:O 9a€

By using the conservation of || V—r'/ lzs1 and [| %Iz, it is not difficult to check that

Ur(t
sup ( )H < JlogA,
o<t<ill T |l
"(t
sup u( )H < VJlogA,
0<t<1 ' e

J1ogA -3

sup [W®)l, < 2 9, Vl<g=oo,
0<t<1 a VA
J31ogA _3a
sup llw(@®)l, < & 274, V1<qg=<oo, (4.40)

0<t<1 VA

where in the last two inequalities we have used (4.37).
We carry out the perturbation argument in several steps.
Step 1.Setn=w — W. We first show that

1

t< ——. 4.41
~ loglogA ( )

_4
It g | S272%, V0=

Here and below we use the notation X+ as in (2.1).

Rewrite the equations for w and W as

o+ (U+u)) Vo= (w-V)(u+u;),

W+ U+u;+uy)  VIW=W-V)(U + u; + uy).
Taking the difference, we have

n+@Ww+u) - Vn+@w—-U—uy) VW=0-V)(ut+u)+W- -V(u—-U-—u,).
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Let 1 < p < 3. By (4.38) and (4.40), we have

_ u”
A Unlly) < llu — UII(%,%)_l IDW|i5 + IDW]|, - 4 A.B+ nll, - (HT

+B)
00

< Il - logloglog A +logloglogA -4=4.B + nll, - (v1ogA + B)

J1ogA

+ 1D — D)l - Wil + W], - 274

+ il - +474
N
Set n(0) = 0, integrating in ¢ < m then gives
max |n(t, ), S474F, V1<p<3. (4.42)
0<t= gloga

This estimate is particularly good for p = 3—.
Now for any 1 < g < oo, a standard energy estimate using (4.22), (4.37), and (4.40)

(using |W||,, and |||l ,) gives forany 0 <t <1,

IW(t, e S 247,

ot Iigre S 247,
and obviously
max ||n(t, - < 24—, V1< g < oo.
fax It pra S q

Interpolating the above (set g = co—) with (4.42) (set p = 3—) then gives (4.41).
Step 2. Let ¢ = (¢",¢%) be the characteristic line associated with the velocity
field u + u;. We show that

max [ (t) — Bt o S 27847 (4.43)

O=t= ToglogA

Set Y(t) = ¢(t) — ®(t). By Lemma 4.4, we only need to consider the region |x| <
274, By (4.34), we have the estimate

1
luy (t, D(t,1,2)| <474, VO<t<——— VVr2 422 <274, (4.44)
loglog A
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Let Y(t) = ¢(t) — ®(t) = (Y"(t), Y%(t)). In order to not confuse the notation, we

v=", u), v, =(uf,uf),

V=U",U", v,=(u} uj).
Then the equation for Y takes the form

d
EY =W+v)@) — V+V)(P)+ (v—TV)(P) —vy(D). (4.45)
By (4.40) and a simple energy estimate, we have
[Dully S llolly + lolls 10g(10 + ol g2)

<1+—V10\/§A-A§\/Z-~/logA.

Since u(t, 0,0, z) = u”e,, we have

1 u(t,x,,x,,2) —u(t,0,0,2)) -e
‘_ur(tl r,Z) — ( ( 1 2 ) ( )) r
r r
< IDull,, S VA - /logA. (4.46)

1

By the incompressibility condition d,u” = —;u" — 3,u?, we obtain

19,4l < IDUlly, S VA - VIogA.

Similarly we have the estimate for ||3,u” ||, 10,U% |/ 110,U%]l 5, and hence
IDV|., < VA - /logA. (4.47)

By (4.40), (4.41), and interpolation, we have

2 1
max |lu(t) ~ UMl S max  (lo@ly +I1WD2)* o) - W3,
0=t=rogloga 0=t=rogloga
< 27A+. =%+

< 27 64T,
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Here we denote by 2¢°"st4+ the bound 2(°°"S*+9)4 for some sufficiently small constant
€ > 0. Similar conventions will be used below.

Therefore,

max V() - V(B)l 2754 (4.48)

O=<t< loglogA

Plugging the estimates (4.47)—(4.48) into (4.45) and using (4.44), we have
d
(YO S VA- VlogA-|Y(t)] +27 647 4474,

Integrating in time, we get

1
1
max |Y(¢)] < / P gogtoga VAWI08A (g —FA+ | 4-4) g
0

1
O=t= ToglogA

< 27 BAT,

Therefore, (4.43) is proved.
Step 3. We show that

107U D llog + 13,,u" O llog + 19U D llog + 19U (Ol + 13U (Ol

+ 18,,u% ()l S24T, YOo<t<l. (4.49)
and

10U @) llog + 13U D llog + 1,U" @ llog + 18U (O llog + 19,0 (Ol oo

+110,,U%®)|,, <24F, vo<t<l. (4.50)

We shall only prove (4.49) since the proof for (4.50) is essentially the same.

By a simple energy estimate, we have
2 < A+
&1?5)(1 (ID*u(®) [l + 1D (®) ) S 247, (4.51)
Write

u=(u', u? ud.
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Obviously
1 1 r 2
u (t,%x),Xy,2) = —U Xy, u® = -uXx,.
r r
Since u is axisymmetric, easy to check that
(%, 35,2), W20, 31, 33,2)) = (b, 2) (51, Xp) + OGFD),

where «(t, z) is a constant depending only on (¢, z). From this and (4.51), it is not difficult
to show that

|(3,u")(2,0,%5,2)| < ID%ully - X,

S24%|x,|, VOst<1,x,eR

By the fundamental theorem of calculus, we then have for any (x;, x,,2) (r = \/x? + x2),

(82u1)(th11XZIZ)
r

< '(32u1)(t,X1,X2,Z) - (azul)(tl OIXZIZ)

- N '(82u1)(t, 0, x,,2)

r

< 24+, (4.52)

Denote g = %ur. Since

ul(t,x;,%x,,2) = g(t, 1, 2)x,, T =x3+x2,

differentiating in x, then gives us

XX
dul = (3,9) - 21,

r
Therefore choosing |x;| ~ |x,| ~ r (observe that 3,.g is still a function of (r, z)) and using
(4.52), we obtain

1
3, (—ur(t)) H = 9,9l <24, Vvo<t<l. (4.53)
r o0

By (3.36), we have
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By (4.51),

10,,U oo = [ (2w - €| o, S ID%ully S 247,

18,0710 = [ (B0 - €, < 24*
Therefore by (4.53) and (4.54), we get
max [ d,u" @] <247

0o<t<l

Similar to (4.46), we have

‘lwzur)(t, r2)
r

r

S ID%ull S 2.
Since o’ = 3,u? — 9,u”, we get

1 o
— aruz g ” -
r ~ r

1
+ H —o,u”
~ r

o]

< 2A+'
We then get

+119,,u" Ml

1
10Ul S 1AW o + H—aruz
r oo

<24t vo<t<l.

‘ ((B,u)(t, x,,%,,2) — (3,W)(t,0,0,2)) - e,

(4.54)

We have proved that ||9,,.u" ||, and ||9,,.u?||,, are both under control. The rest of the terms

in (4.49) are similarly estimated. We omit further details.

Step 4. Set e(t) = (D¢)(t), E(t) = (DP)(t), then obviously

3,E = (DV)(P)E + (Dv)(®)E + (Dv,)(D)E,

d;e = (Dv)(p)e + (Dvy)(¢)e.
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G -2)
Dv, = a(t) :
0 -2

Set g = E — e. By Lemma 4.4, we only need to control g in the region |x| < 274. In this

Observe that

region we have
|Dvy (@), <274
The equation for g takes the form

9;q = (DV)(P) — (DV)(¢))E + (DV)(¢) — (DV)($))E + (Dv)(d)q

1
+a(t) ( 0) q+ (Dvy)(P)E.
0 -2

By (4.48), (4.49), (4.50), and interpolation, we have

max  [D(v— V), <2 A, (4.55)

~J
O<t< loglogA

By (4.50),(4.43), (4.39), (4.47), and (4.55), we have

3,(1g]) S ID*Vlln - [ — @ - [Ell o + ID(V = V)|l - [Ell
+ DVl - 1q1 + B - Ig] + 1DV (Pl - IE 5
< 24+ . 2764% . (logloglog A)% + 271247 . (loglog log A)?

+ (A JlogA+B)lql+2* - (logloglog A)%.

Integrating in time ¢ < we then obtain

1
loglogA'’

max  [|g(®)l, S 1.

O=t= loglog A

But this obviously contradicts (4.25). |
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The next proposition is the key to our construction in the 3D compactly
supported data case. It is written in the same style as in the 2D case in [2]. The overall
statement of the proposition is a bit long and over-stretched due to some additional
technical conditions pertaining to the 3D situation. Nevertheless, the structure of the
proposition is the same as that in the 2D case. In short summary the main body of the
proposition should read as “Let w_; satisfy...Then for any 0 < ¢ < ¢,, one can find w,
with the properties... and §, such that for any »; with the properties..., the following
hold true:...".

Proposition 4.6. Let w_; € C°(B(0,100)) be a given axisymmetric function such that

w_; =’ ey, 0 | =’ (r,2) is scalar valued and for some r_; > 0,0 < Ry < 155
0 )
supp(@”;) C {(r,2): r>r_;, z<—4Ry}.
Denote u_; = —A"!V x w_; and
*
u’y =lu_ql,.

Then for any 0 < € < ¢, with ¢ = ¢y(w_;) < R, sufficiently small, we can
find a smooth axisymmetric function w, = a)geg (depending only on (¢, w_;)) with the

properties:

e w, € CX(B(0,100)) and for some ry > O,
supp(wh(r,2)) C{(r,z2): 1o <r <€, —€ <z <e}. (4.56)

o lwglla €XP(Cl 22| 31) < 8(€2, w_,) (see (4.3));

e denote uy = —A7!V x w, then
% 1 k
lollz < €uzy < Jusy, (4.57)

and §; = dy3(w_;,wy) K € sufficiently small such that for any smooth axisymmetric

functions w; = w?eg, 1 <j <N (here N > 1 is arbitrary but finite) with the properties:

* w€ C*(B(0,100)) and supp(a)]‘?) cl{r,z): r>r;

j+Z > 2R} for some r; > 0.
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o foreachj> 1, denotef; = o |+ of + ZJL;} o, then

< 8]’
L3,1

0
%

Jofl. e

where §; = 6(2_3j80,fj'.) as defined in (4.3);

e denoteu; = —A71V x ;, then

luglly < gty

€
2j+1

the following hold true:

Let w be the smooth solution to the axisymmetric system

% (2)+@m-V)(%) =0, 0<t=<1,
u=-A"1Vxo,

N
o = +uf+ T of)es

then

(1) forany O <t < ¢, we have the decomposition
(1) = wy (1) + wp(t) + o (1), (4.58)
where

supp(w, (1) C {(r,2): z < —4R, + Ve};
supp(wg(t) C {(r,2) : |z| < Ve};

supp(wg(t) C {(r,2): z> 2Ry — Je};

and w,(t = 0) = w_;, w(t = 0) = whe,, wc(t = 0) = (Z}V:l wf)eg.

(2) the L*° norm of wp and w, is uniformly small on the interval [0, 1]:

ol Ols) <. 4.59
max (lop(®ll + logl) < e (4.59)
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(3)

the H? norm of wg is inflated rapidly on the time interval [0, €]: there exists

0 <ty =th(e,w_j,m) <€, 0<th=ti(c,0_),wp) < e, such that

||a)B(t =0) HH% <€,

, forany t} <t<td. (4.60)

M| =

los(@],3 >

all H*, k > 2 norms of wg can be bounded purely in terms of initial data w

on the time interval [0, €]: for any k > 2,
max t < C(k,R,, u* . 4.61
02 ||a)B( )||Hk = ( 0 _1)||wo||Hk ( )

Note here the bound of ||wg| « is “almost local” in the sense that it depends
only on u*, but not on other higher Sobolev norms of w, or w;. Similarly

we have

max [l (0)l g < C(k,Ro, u™y)llo_yllzx, Yk =>2. (4.62)
<i=<e

Proof of Proposition 4.6. The nontrivial point is to find w, such that (4.60) is achieved.

We first show that a generic w, (i.e., satisfying the properties specified in (4.56)—(4.57))
is enough to make (4.58), (4.59), and (4.61) hold.

By conservation of ||u(t)|l,, we have

o0
lu@ly = u©)lly < uy + > uty-27
j=1

<2u*,, Vt=0. (4.63)

Let w; be the smooth solution to the axisymmetric system

8(2) + V() =0, 0<e<1,
uL = —A_IV X wr,,

wL(t = 0) = a)_l.
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Obviously
<
max oy (1) <, 1
By Lemma 4.1, we have
{nax () — op (D]l K€
and clearly
<
fnax oo Se_, 1-

Interpolating the above with (4.63) then gives

fnax [u®llo = €14
where c¢; > 0 is a constant depending only on w_;.

This shows that the support of w(t) moves at a speed at most c;. Since we can
always choose ¢ sufficiently small such that c;e « /€, the decomposition (4.58) then
obviously follows.

The inequality (4.59) is a simple consequence of Lemma 4.1. To show (4.61), we
note that for 0 < t < ¢, wy = wy(t) solves the equation

dyop + ((Up + Ugy) - V)wp = (w5 - V) (Up + Ugy),

where

up(t) = —A7IV x wg(t),

Uy (1) = —ATIV X (w0, (2) + w(1)).
Since for 0 < t < ¢ and ¢ sufficiently small,

d(supp(w, (1)), supp(wg(t))) > Ry,

d(supp(w¢ (1)), supp(wp (1)) > Ry,
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we can then write for x € supp(wg(t)),

Uex (T, %) = /R K& =) (@at,y) + ot y) dy, (4.64)
where the modified kernel K(.) satisfies
[*K)(0)| Spoo 1+ X577, ¥x e RS, ja > 0.
Since w(t) = V x u(t), we can rewrite (4.64) as
Uey (t,X) = /RS Kx—yw(t,y)dy — /RS K(x — y)wp(t,y) dy

=/ Kx—-y)V xu(ty) dy—/ K(x —y)wg(t,y)dy
R3 R3

=/ I?(X—y)u(t,y)dy—/ K(x —y)wg(t,y)dy
R3 R3

1 2
cul (t, %) + ul) (¢, ).

Obviously we only need to bound ugf) Since |(3%K)(x)| §RW 1+ |X|2)—%, we have

1
|uS @t ) | g Sero 1@y Sem, uty,  forany k= 0.

The inequality (4.61) then easily follows from this and a simple energy estimate.
Similarly one can prove (4.62).
It remains for us to show the existence of w, such that (4.60) hold. First we show

that it suffices to consider the following reduced system

) +w-vH(E)=0, 0<t=<1,
U: —Ailv X W,

W‘ =w_q + wy.
=0 1 0

By Lemma 4.1 and our assumptions on wj, we have

_ <
maz () ~ WD)l < o < €. (4.65)
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Since maxg_,o; Ul S, , 1 and maxy,; U@l <, , 1, we have for some

Cy =Cy(w_yp) >0,

supp(W(t)) C B(0,100+c¢,), V0O<t<I,

supp(w(t)) C B(0,1004¢,), Y0 <t<1.
Therefore, by (4.65) and Holder, we get
< 3
5151;315)(1 lo@®) —W®l, <., 85 (4.66)
For 0 <t < ¢, we write the decomposition of W as
W(t) = W (¢) + Wg(D),
where

supp(W;(t)) C {(r,2): z < —4Ry + e};
supp(Wx(t) C {(r,2) : |z| < Ve};

and Wy (t =0) = w_;, Wr(t = 0) = w,.
By (4.61) and a similar bound for Wy(t), we have

32?; |wg(t) — Wg(t) ||H3 Sw,l,Ro,ufl lwgll g3

Interpolating the above with (4.66) and choosing 3, sufficiently small, we then get

max [wp(t) = Wa(®)] o < €.

This shows that it suffices for us to inflate the |Wg(¢) ”H norm.

To this end, let W! be the smooth solution to

3
2

() + -V (E)=0, 0<t<1,
Ul = —A~lv x wt,

1 _ ~
w ‘tf() —0)_1 +gAeG'
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where g, is the same as defined in (4.21), and we shall take A to be sufficiently large
without too much explicit mentioning. Eventually we shall take o, to be a suitable
perturbation of g, and let W be the corresponding solution.

ForO0<t< m, we can decompose the solution W! as
W'(t) = WL (1) + Wi(®),

where

supp (W; (t)) C {(r, z): z < —4Ry+

1
,/loglogA} '

supp (Wx(®) C [(r, z): |z| <

1
,/loglogA] '

The equation for Wé takes the form

[ 1 1
%) + (W +UD - V)(F) =0,
Up =—A"1V x W},

Ul = —A71V x W3,

LW}Q(t =0)=g,e,.
Write

Up = Ule, + UZe,.
Let £(t) solves the ODE

%g(t) = U%(0,0,4()),
§(0) =0.

We can expand U]} (t) near the point (0, 0, £(t)) to get

UL1 (t,x1,%5, 2+ (1)) = Uf(t, 0,0,&(t))e, +a(t)re, — 2a(t)ze, +u,(t, x;, Xy, 2),

=:u(¢,x1,X2,2)

120z Joquisydeg z0 uo 3senb Aq 88G/#GG/GS1LZL/91L/1L20Z/aI0IE/UIWI/WOD dNO"DlWSPEDE//:SdRY WO POPEOjUMOQ



Illposedness of Euler in Sobolev 12241

1
where forany 0 <t < ToglogA’

|a(t)| Swfl,Ro 1,
‘uz(t:X)| quyRo |X|2,
|(Dup)(t,0)| S, g, X1,
|(D*u)t,x)| Sy my 1 VX ERS
Note that u, is axisymmetric without swirl, that is, u, = u}e, + uje,.
Introduce Q(t) = Q(t, %1, X5, 2) such that

Qt,x1,%,y,2) 1= Wg(t, %), %5, 2+ £(1)),

Ug(t) :i= — A7V x Q(1).
It is then not difficult to check that the equation for Q takes the form

Q Q
% (—) (Wt tup) V) (‘) e

Let &g = (P, P%) be the characteristic line associated with U, +u; 4+ u, and let

®, be the corresponding inverse map. By Lemma 4.5, for A sufficiently large, we have

either
max Q)| .3 > logloglogA, (4.67)
0=t= Iogloga "
or
max | (DP,)(t) ||OO > logloglog A (4.68)
0=t=fogToga
must hold.

Now discuss two cases.
Case 1:(4.67) hold. In this it is case easy to check that

max HW}Q(t)“ﬂ% > logloglogA.

0=t= loglogA

Therefore, we can just let W(t) = W' (t) with wg =3Ju-
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Case 2:(4.68) hold. In this case we just need to apply a perturbation argument
similar to that in the proof of Proposition 3.11. It is easy to check that this case is
also OK.

Concluding from the above two cases, the proposition is proved. |
We are now ready to complete the following.

Proof of Theorem 1.5. We shall only sketch the proof for a)(()g) = 0. The construction of

wép ) for the general nonzero wég) is a simple modification of the proof presented below.

For example, one can just take the 1st patch as a)(()g)

@
0

and start the perturbation forj > 2.
We now begin the proof for o’ = 0. For each integer j > 1, define x, =

0,0, Z{CZI zlk). Obviously for any j > 2, we have

i 1
|X>]k+l _X>1k| = 2j+1'
i 1
- = L

We shall choose Xi to be the center of the jth patch. So the distance between the nearest

patches is about 277. Define

x, = lim x, = (0,0,1).
j—o0o
Our constructed solution will exhibit some additional regularity away from the limit
point x,.
Let W! be a smooth axisymmetric solution to the Euler equation (in vorticity

form)

3t(WTl) 1 (Ut .v)(WTl) =0, 0<t<l,x=(x,X,,2),7= m,
U1 = —A71V X Wl,

1 — 1 _ 1,6
w L:O =wi =w,’,,

such that Wé'e = WS’O (r, z) is scalar valued, supp(Wé'g) C{(r,2z): r > ry} forsomery > 0,
W(t) € CX(B(x}, 51p)) for any 0 < t < 1 and

1
Ut 5+ max | W't )] < Fr60- (4.69)
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In view of the scaling symmetry (v — o, (t,x) = Aw(At,x)) and translation symmetry (in
the axisymmetric case we just shift only along the z axis so as to keep axisymmetry)
of the Euler equation, we can always find a nonzero W' satisfying the aforementioned
conditions by transforming an arbitrary compactly supported solution.

By repeated applying Proposition 4.6 (one needs to shift along the z axis if

necessary), we can find a sequence of smooth solutions W/, j > 2, solving the equations

0,(My+ (- V) () =0, 0<t<1,
U =—-A"1V x W,

: J _ yl®
w|_ =w=wle,

such that the following hold:

° Wé = (Zizlfk)ee, where f] = Wé'e, and for k > 2, supp(fy) C {(r,2) : r > 1}
for some r; > 0.
e Define F, = fie,. Then for each k > 1, F, € CX(B(x¥, zllw))- Furthermore,

[a72V x F|| s <2719 vE>1. (4.70)
H2
e Foranyj> 2,
max |[W/(t, ) — Wit )|, <2710, (4.71)
0<t<l1

e Tor each j, > 2, there exists t}o, tjzo with 0 < t}o < tho < 270, such that for any

J = Jo + 2, we have the decomposition:

Wi(t,x) = W’

<Jo

J J 2
(t,x) + Wjo(t,x) + W>J.0(t,x), Vit < ti (4.72)

J 3 J 3 J 3 :
where W<J.0 € CP(R%), Wjo € CX(R®) and W>J.0 € CP(R®) satisfy

Jo—1
. _ 1 .
supp (W; ) C {x=(x,%,2): 25 2 k+§~2 ot
k=1

Jo Jo
, 1 , 1 ,
J _ . -k - -k -
supp(Wjo)C X = (X),X,2) : 22 —§~210<z<§2 +§-2J0 ,
k=1 k=1

supp (Wj

Jo
1 .
C . —k _
>j0) X=(X),X9,2): Z> E 2=k 4 ZoJo

k=1
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Here
Jo—1
Wl (6= Z Fy, Wi (t=0) =F,
W>J0 t=0)= Z Fp.
k=jo+1
Furthermore
|w (¢, )}|H2(R3) Joo Vtel[t, & ]; (4.73)
W, |pogesy < 2710%, Ve, (4.74)
g (1) 69y + WL 0 ) < G <0 Vi 2, (4.75)
< <
where Cjo,k is a constant depending only on k and (F}, F,, - - - 'Fjo)'

We now show the existence of the solution w as the limit of W/, j — oc. By L?

conservation of velocity and (4.70), we have

max |T7(¢, )|, = |70, -
Ostsxlll @& ), = 1T/, )],

oo
<D 27100k <2799 yj>, (4.76)
By (4.69) and (4.71),
4 k
ice . —100 99 .
max W (t, ) < ; <279, vj>1. (4.77)

By (4.76), (4.77), and interpolation, we then get

sup max |U7(t, )|, S 1. (4.78)
J>1 0<t<1

Since supp(W/(t,-)) C B(0,2), (4.78) then implies that

supp(W/(t,-)) C B(O,C;), YO0<t<1,j>1, (4.79)
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where C; > 0 is an absolute constant. By (4.71) and (4.79), the sequence W/ is Cauchy
in the space C?CE([O, 1] x B(TCI)) and hence converges to the limit solution w in the
same space. By Sobolev embedding and interpolation, it is not difficult to check that
U’ also converges to u = —A7!'V x o € C9L2 N €2¢%([0,1] x R®) for any 0 < & < 1.
It follows easily that w is the desired solution satisfying the 1st two statements in
Theorem 1.5.

It remains for us to check the last two properties of w in Theorem 1.5.

Fix any j, > 2. By (4.72), (4.75), and taking the limit j — oo, we get the
decomposition of w(t, x) for t < tJZO as
(t x), (4.80)

ot,x)=w_; (t,x)+ o (t X)+w

<Jo >Jjo

where o_j (1) € CZ°(R?), 0; (t) € CX(R®), w_j (t) € CQ(R®) for t < ¢7, and

>J0

Jo—1
supp(w_j)) C 1X = (X;,X5,2) : Z < Z 27k + = .o
Supp( i) C 1X=(X1,X3,2): 22_ 2700 < 7 < 22_ 27Jol.

Jo
1 .
supp(a)>]0) C X = (X11X21 Z) L Z> Zz_k + 12_‘]0

k=1
Furthermore,
leig 8 M3 o) ZJor Y€ L5 B3 (4.81)
logy (8, g2 esy < 2710%, Ve<id. (4.82)
Ogai( (|| (t )||Hk(R3) + ||CU<]0 (t, )||Hk(]R3)) = ]0 Kk < 00, Vk=>2, (4.83)
where C;  is a constant depending only on k and (F;,F,, -+, F;)). Now for any y =

(¥V1,¥Y2,¥3) # X, = (0,0, 1), consider three cases. If y; > 1, then in this case by our choice
of initial data and finite transport speed, we can find a small neighborhood IV, of y and
0<t, <1 such that w(t,x) = 0 for any x € N, and 0 <t < t,. Ify, <1, then we can
choose j, sufficiently large such that y € {x = (x7,x,,2) : z < ZJO Lok 75 2770} In
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this case we can just choose t, = t]go and N, to be a small open neighborhood contained
in{x=(x,%5,2): z < J,;O:_II 27k 4 s - 270}, By (4.83) o(¢) € C>(N,) forany 0 < t < t,.
Therefore statement (3) in Theorem 1.5 is proved.

Finally we prove statement (4) in Theorem 1.5. For each integer n > 1, we shall
take j, to be sufficiently large and decompose » according to (4.80) with j, replaced by

Jn- By a slight abuse of notation we denote t, = ¢} , t; = ¢/ , and w, = w; . Define

K,={xeR3: w,(t,x)#0forsome0<t<ti},
1
1 _ 3. 3
Q, = [X e R?: dist(x,K,,) < 21007, } ,
Q2 = 1xeR®: dist(x,K,) L !
= : , <———1.
n n 1000 2/n

The inequality (1.7) follows from (4.81). To show (1.8), we note that if x € R%\ Q2 and
y € K,,, then

Ix—y| 2 27n.
We can then write for x € R3\ Q2,

(IVER®,)t, %) = (VI (=2)%w,)(t, %)
= /R3 KX = Y)Xjx—y|>2-n (—D)oy,) (¢, y) dy

R3

where x is a smooth cut-off function and we have integrated by parts in the last step.
The modified kernel K(-) is smooth and obeys the bound

IKx)| <291 + %171, VxeR®
Thus by (4.82) and taking j,, sufficiently large, we obtain

max [|(1V20,)(, %) | pz2@a0z) S 2'7m27 10 < 1.
o<t<t

Theorem 1.5 is now proved. |
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5 Ill-posedness in Besov spaces
In this last section we settle the ill-posedness in the Besov case.

Theorem 5.1. For any wég) € CPMR*» NH ' (R?), any ¢ > 0, and any 1 < p < oo,
1 < g < oo, we can find a C* perturbation wép) : R? — R such that the following
hold true:

(1) The perturbation is very small:

Ha’(()p) HLI(RZ) + ”w(()p) ||L°°(]R2) + ”‘”(p) ”H*l(RZ) + Hw(()p) HB < €.

2
.a(R?)
(2) Letwy = a)g]) + a)(()p
1+2
L%(R?) N Bp ¢ (R?) N C®(R?) N L™(R?).

(3) There exists a unique classical solution w = w(t) to the 2D Euler equation

). The initial velocity u, = A~'V<w, has regularity u, €

(in vorticity form)

do+ (A7Vio - VIo=0, 0<t<1,xeR?

w =0 = a)o,
satisfying w(t) e LLNL® NC®NH !, u = A~1V+tw € €*® NL% N L>® for each
0<t<l.

(4) Forany O < t, <1, we have

SS-SUPq_;<¢, llo(t, )|l 3 =too. (5.1)
BP

Proof of Theorem 5.1. Again with out loss of generality we assume a)(()g) = 0. We shall

sketch the details and point out the important changes (as compared to the proof of 2D
2 2

H! non-compact case). The 1st crucial step is the local construction. Since ngl — Bg,qz
2

whenever g, < g,, it suffices for us to consider the case Bg,q with 1 < g < p. Fix such p

and g. We will prove the following:

Claim: For any small § > 0, there exists a smooth initial data a)g € CX(B(0,8)) and

ts; € (0,8) such that if @’ is the smooth solution to

30’ +(ATIVE? - V) =0, 0<t<1,xeR?

3 )
w = w
t=0 0’
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then the following hold:

o llogll 2 +lleglipe + gl < 8.

Bprq
e supp(@’(t,-)) C B(0,8) forany 0 < t < 6.
o o’z >3

j2fiee)
To prove the claim, we first take ¢, € C3°(R?) to be a radial bump function such
that supp(¢y) C B(0,1) and 0 < ¢, < 1. Define

(X, —a;, Xy —ay)
770(X1,X2) = Z a1a2¢0 ( 21_10 .

ay,az==+1

Take A > 1 and define one parameter of functions

1
ga = > @k

logA
& A<k<A+logA

Easy to check that

0 < <r<
19312 1, V1sr<oo,

0
AP AN s

Therefore, by interpolation (choosing r = p/q),

1

||9A|| W

where the exponent ¢; = %(1 - é) € (0, %). Now take
h, = (logA)“1¢9. (5.2)
Obviously we have

h S —,
” A”oo ~ (logA)l_el

Ihally + hgllg S 2724,
1
||hA|| (log—A)ﬂ (5.3)
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Let W, be the smooth solution to the system

W, +(A7IVIW, - VYW, =0, t>0,xeR?

(5.4)
Wy o= h,.
Define the forward characteristics ¢, such that
04 (t,X) = (ATIVEW,)(t, $4(t, %)), 55
$n(t=0,x) =x e R2
We then have for A sufficiently large,
M, := max [(Dd,)(t )l > loglogA. (5.6)
R
Clearly we can find 0 < t, < m and x, such that
4
1Y) (taxa) oo > =My
Denote ¢, (t,x,,%,) = (¢}1(t, XI,XZ),¢§(t,X1,X2)). Without loss of generality we can
assume
2 4
|(82¢A)(tArXA)i > gMA-
By continuity we can find a small neighborhood O, = B(x4,r,) of x4 such that
9 4
|(0,02) (4, %)| > =My, Vx €0y (5.7)

Depending on the location of x,, we need to shrink 0 < r, < 1 slightly further
and define an even function b € C°(R?) as follows. Fix a smooth radial cut-off function
P, € Cgo(]Rz) such that ®,(x) = 1 for |x| < % and ¢,(x) = 0 for |x| > 1. If x, = (0,0), we
just define b(x) = r;‘g’cbo(%). If x, = (a,,0) for some a, # 0, then we choose r, > 0 such
that r, <« |x4]. In this case we choose b as an even function of x; and x, that takes the

form

1= (0o (552) + 0 (52))
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The case x, = (0,c,) is similar. Now if x, = (a,,c,) with a, # 0 and ¢, # 0O, then we

choose r, < minf{|a,|,|c,|} and define

b =ry "> cbO(X—_(Ela*’EzC*)).

r
e1=%1,ea=%1 A

Easy to check that b is an even function of x; and x,.

Therefore, in all situations we can choose an even function b € C° (R?) such that

||b||Lp(oA) ~1,
||b||Lp(R2) ~1,

1Bllgo | w2y < 1- (5.8)

In the above the implied constants depend only on the definition of the smooth cut-off
function @, and thus can be made as absolute constants. To simplify later notations
and discussions, we shall still denote by O, the support of b, which are unions of
even reflections of O, on the plane. The last inequality in (5.8) is due to the fact

that translation in the real domain is equivalent to phase modulation in the frequency

2 .
T'A_E (I)O (r—)
A

Now we consider two cases.

domain and hence

< Pgllzo <1 (5.9)

1Bllgg, < i
, .

||j32(1

Case 1: maxy . 1 W4t )l 2 > loglogloglogA. In this case we set o} =
glogA BP

,00

p
W, with A = A(8) chosen sufficiently large. No particular work is needed in this case.

Case 2:

max ||WA(15,-)||'1277 < loglogloglogA. (5.10)
B

O=t= ToglogA p,o©

In this case we consider

~ 1 -2
hA = hA + m -kp Sln(le) . b(X),

=px)
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where b(x) was chosen as in (5.8). Once again we shall take the parameter k sufficiently

large. Consider first N « k. Write
. 1 1
sin(kx,)b(x) = —Eaxl (cos(kx;)b(x)) + % cos(kx;)dy b(x).

Of course a natural idea is to consider cutting off the high frequencies of b, say replacing
bby b, :=P_y, b for some sufficiently large IV, . This will simplify the computation of le
norm of the perturbation sin(kx; )b, (x) since for large k > N, the function sin(kx,)b, (x)
will have frequency localized to {¢§ : |&] ~ k}. However, the disadvantage of doing
this is that b, is not compactly supported in the x-space. This will bring some more
unnecessary technical complications in the gluing of patch solutions later.

By Bernstein and the above identity, we get

2

2 ) p 1 2
NP || Py (sin(kx))b(0)ll, < Tllbllp + ENP Py (cos(kx;)dy, bl
< 45 b 1 2 b
S = IBll, + N7 195, bll -

Summing over dyadic N « k and letting k be sufficiently large, we obtain

1 2 .
— Z NP ||PN(Sln(kX1)b(X))”p S1.
kP n«k

Next consider N > k. By frequency localization, observe
Py (sin(kx,)b) = Py (sin(kx, )PNb),

where 13N is a fattened frequency projector adapted to the regime |§| ~ N. Clearly by

taking k sufficiently large, we have

1 2 ; 1 2 . _2
— D N?||Py(sintex)bx)| , S — D N7 |IPybll, Sk ?[b]
P N»k kP nsk

<1
1

B

ST

In the intermediate regime N ~ k, there are finitely many such dyadic N and we have

L e 20n
= > N? |[Py(sin(x)bGo) |, < 11, < 1.
N~k
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Summing over all cases, we have proved
— ”b(X) sin(kx,)|| % <1.
kp Bya

Therefore,

1

”'3” BP) S logloglog A’

By a similar analysis, we also have

1B 5 =0(1), V¥p=r =00

Br,l

Denote e; = (1,0). Then

1IVI7B12 < ip ﬁl (& + key) — (& — key)| ds
<K (IxbGoI2 + 1513)
— 0k 7).
Therefore,
1Bllz1 = O(k 7).

By (5.3) and choosing k sufficiently large, we then have
}’:‘l < —I
lhalloe S (log A)l—<1

IRl + gl S 2724,

1 1
(logA)G1 + logloglogA’

”hA”

Let W}l be the smooth solution to the equation

wWi + (ATIVEW, - V)W, =0, 0<t<1,

(5.11)
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Let n = W) — W, where W, is the solution to (5.4). Then 7 satisfies

an+ (ATIVEy . W) + (ATIVEW, - V)p =0,

n B.

t=0

Now

(VI 0l S 1A VA, - (W)

lloo

VIl + ‘/(AIVLWA SV(AAT ) - AT dx

SIVITIIE - (IWallo + IR Walla)-
Hence,
max | (V" ), )], = O(k7) (5.12)
0<t<1 At b ’ .

2
Take r € (p,00). By (5.11) and local well-posedness in Bf,l’

max | [Wi(t, ) 2 + [IWu(t, )l 2 )= O0). (5.13)
0=t=1 Bl Bf,

Interpolating the above with (5.12), we get
. ] —o
fnax I ligo | O(k™). (5.14)
Here and below we denote by the general notation X = O(k™%) if the quantity X < k™%

for some o > 0. The value of « does not play much role in the analysis as long as o > 0.

Let &, be the characteristic line associated with W}v that is,

9,4 (t,x) = (ATIVEW)) (¢, @4 (2, %)),
®,(0,x) = x € R?.

Set J(t) = (D®,)(t) — (D¢ ,)(t). Then

0] = (RWL) (@) + (RW) = Wy))(@2)D, + (RWL)(@,) = (RW,)(@4)) Dis-
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Using (5.14) and the above equation, it is easy to check

max (|[(DP)(, ) = (Dha)(t oo + P42 ) = Palt )loo) = OK™).

Let Wf‘ and Wg be the smooth solutions to the linear equations

Wi+ (V,- VW2 =0, t>0,

2

Wi =9a

o
WS+ (V,-VIWS =0, t>0,

W3) =B,
Ali—o p
where V,(t,x) = (A7'VLW))(t, x). Obviously,
Wi = W3+ ws.
We first show that

max |[W,(t,-) — Wa(t, )| 2 = O0k™®).
0<t<1 BP

p,oo

By (5.13), it is easy to check

21472 . — : <
fnax ID*Wg (¢, ), =0(), ifl<p=2,

2 . .
(§I_<1?§X1 IDWZ (¢, ), = O(1), if2 <p <oo.
On the other hand, by the fundamental theorem of calculus, we have

W3 — W, =ga(@,) — galdp)

1
_ /0 (Dg) @ + 5B, — 31 ds(@, — G,).

(5.15)

(5.16)

(5.17)

Here CTDA and ¢3A denote the inverse map of ®, and ¢,4, respectively. By (5.15) and Hélder,

we then get

20t ) — . < 20t ) — . — —a
glslz'slsxl W7t -) — Wu(t, )Ilpwglsl?;il [WZ(t, ) — Wy(t, )y = OK™).

120z Joquisydeg z0 uo 3senb Aq 88G/#GG/GS1LZL/91L/1L20Z/aI0IE/UIWI/WOD dNO"DlWSPEDE//:SdRY WO POPEOjUMOQ



Illposedness of Euler in Sobolev 12255

Alternatively, one can derive the estimate in an “Eulerian” way, that is, directly derive
an LP estimate from the equation.

Interpolating this with (5.17) then yields (5.16).

By (5.16) and (5.10), we only need to show

A 2 > logloglogA.
B

D00

For this we need to introduce Wj, which solves the linear equation

wWi+ U, -VIWs =0, 0<t<l,

Wi| = sin(kx))b(x) =: Wy,

where U, = A71ViW,.
2
We shall not directly compare Wg with k™ P

2
argument in By .. Instead we will carry out an indirect argument as follows.

We first analyze the structure of W4. Write ¢, = (¢4, ¢2) and

1 4 :
WWA and run a perturbation

W (tg,X) = Wy o(@a(ts, X))

= sin(kdj (ts, X)) - b(a(ta, X)).
Now consider
F&) = /2 sin(key (t4, X)b(dy (4, X)) > dx. (5.18)
R

By a change of variable x — ¢,(t,,x) in (5.18) (and recall that the map is volume
preserving), we get
1

b(x) - e #attax)§—ikxr gy
21 R2

F@) = l/ b(x) - e~ i9attam)Eika gy
2i R2

Consider the phase ¢, (t,, x) - & + kx;. Write

1 11
(D) (ta, X)E + k(O) = (Dy)(ty, X) (s + k(D) (ta, %) (O))
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Since ((D¢A)(tA,X))_1 = adj((De¢,)(t4, %)), by (5.6) and (5.7), we get

(D), 0) ™ ((1)))

where C; > 0 is an absolute constant. Now if |£| > 2C,; - kM, and x € Oy4, then

<

<C,, Vxe0y,

11

2 ‘(<D¢A><tA,x))

1 11
Dy)(ty, )6 + k(O) £+ k(Do) (ty, %) : (O)‘

> Mgl - E). (5.19)

Similarly, if || < lelkMA and x € O,4, then

> M;' kM, > k. (5.20)

1
(Do) (ty, x)§ + k(O)

This shows that F(§) is essentially localized to |§| ~ kM,. By (5.19), (5.20), and
a stationary phase argument (note that the derivatives of ¢, are independent of k!),

we have

1P g, WA )y + 1P, Wa Eas )y = OK™).

Consequently,

1P keag, Wa (Ea, )y = I WaEas )y — 1P senr, Wa Eas )l — IPienr, Wa (Ea )l

> | sin(kx)bX)ll, — O(k™),

where in the last step we have used LP conservation. Take an integer m such that 10p >

2m > p, obviously for k sufficiently large,
| sin(kx;)b(x) ||§ > /R ; (sin(kx,))?™|b(x)|P dx
2p /Rz(l — cos(2kx;))™|b(x)[P dx
zp i+ 3 /() [ teoscakViboor ax

1<j<m

2, IBI5 +0k™) 2 |IblI > 1.
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Therefore,
1P gag, Wi (£, )l 2 1. (5.21)
Now set
2
n, = Wi —kp - (logloglogA) - Wg.
Clearly,

91 + (Uy = V) - VIW3 + (V4 - V) =0,

=0
U =0

By (5.14) (to control U, — V,) and a similar argument as in the derivation of (5.12),

we have
max [||V| "', (¢, )]l = O(k™).
0<t<1
Since [|n;1l; + IIn; loc = O(1), interpolation then gives
— —

By (5.21), we then obtain

1

2
kPP, W5 (t,, Mp 2 Togloglog A"

Clearly,

2
IWA (a5 2 RMo)PIPgar, Wa(t, )l
P,oC
2
w}
"~ logloglog A
S (loglogA)%

—==2> " > logloglogA.
"~ logloglogA > 108108708

This settles Case 2.

We have proved the claim in the local construction step.
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To finish the proof of Theorem 5.1 we then “glue” the local construction and

build a solution in the form
o
(l)(t,X) - ij(tlx)l
j=1

where each w; has compact support and dist(supp(a)j), supp(wy)) =: Ry, > 1 forj # k.

Furthermore for any n > 1 we can find 0 < t,, < }L and j, such that

[CRCADTIPES (5.22)
BPo
Due to the nonlocal nature of the Besovnorm ||| 3 we have to control the interactions
B

of the patches w;. For this we will need to use the convexity inequality: if 1 <r < oo and

X,V € C4, then

Ix+yl” > |x|" +r|x|" %% -y, Vx,y € ce. (5.23)
Now fix any dyadic N > 2. By the convexity inequality above, we have for any j,

Pyl = / |Pyw; + ZPkaV’ dx
R kA

> |Pyoylp +p /R ) Py ;P2 (Pyw;) - Pyay, dx.
kA

Observe that forany m > 1, N > 2,
—-100
1Py, |l o (ix: dist(x,supp(wm))>2}) SN | Py, ||p-

By this and the fact Ry > 1 for j # k, we have

_ B . B
Z ‘/RZ |PNa)j|p 2(PNa)j) - Pyoy, dX‘ < ZN 100”60],”5 Nall, < N100,
' ki

where we need to use the fact > 77, logllp < 1, which can be easily accommodated into

the construction. Clearly for any j,
IPywll} > [|Pyw;l — const -N 1%,

From this and (5.22), it is then easy to check (5.1) holds. [ |
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Theorem 5.2. For any a)ég) € C*(R%) N H~(R?) that is odd in x;, any € > 0, and any
l1<p<oo,1<qg=<oo, wecan find a perturbation a)(()p) : RZ — R such that the following
hold true:

(1) a)g’) is compactly supported, continuous, and

”a)(()p)”LOO(RZ) =+ ||Cl)(p)||H—1(R2) + ”w(()p)” < €.

2
Bl (R2)

(2) Letwy = wég) + a)(()p

), Corresponding to w,, there exists a unique time-global
solution w = w(t) to the 2D Euler equation satisfying w(t) € L® N H L.
Furthermore, w € CYC% and u = A~'V+tw € CPL2 N CICY for any 0 < a < 1.

(3) w(t) has additional local regularity in the following sense: there exists x, €
R? such that for any x # x,, there exists a neighborhood N, > x, t, > 0 such
that w(t,-) e C*°(WV,) forany 0 <t < t,.

(4) Forany O < t, <1, we have

€SS-SUPg_;<y, (2, ')“B‘% = +00. (5.24)
j2iiee)

More precisely, there exist 0 < t} < t2 < 1, open precompact sets Q1, Q2

with Q}l CQ_}LC SZ%, n=1,2,3,--- such that

o w(t) e C®(Q2) forall 0 <t <t

e w(tx)=0foranyxeQ2\ QL 0<t<t?;

e Define w,(t,x) = w(t,x) for x € Q}, and w,(t,x) = 0 otherwise.
Then w,(t) € Cg"(Rz), and for some dyadic N,, > 2,

2
NE Py, 0) (& )o@z >0, Vi <t <t5, (5.25)
and
1Py @) (& Mg ey + 1 (P, (@ = 00) ot

1
<
= 100

, VYO<t<ti. (5.26)

Proof of Theorem 5.2. Again WLOG assume a)ég) = 0. We shall only sketch the needed
modifications (compared to the proof of 2D H! compact case and repeating some of the

steps in Theorem 5.1). In the local construction step, we take same h, as in (5.2). We
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then prove local large Lagrangian deformation as

max1 I(DP)(t, )l > loglogloglogA.
0<t<

—"—TlogloglogA

2
The next step in the construction is to obtain a local patching lemma in B},
(@ = 1+) norm and show that (below w, is the same notation as in (6.20) of Lemma 6.4 in

[2], where we decompose the solution accordingly)

(5.27)

M| =

max |[P 1wy, )| 2 >
AL R

Also it should be noted that we need to choose € « Ry. One can then easily check

Olfix (”PN‘Uo(t: ')“LP(X: dist(x,supp(w0))>Ro) + 1Py (0 — wg) (2, ')”LP(X: dist(x,supp(wo))gRo))

1

Sp N, VN>e 10, (5.28)

The last step is to glue the patch solutions. This is essentially the same as the
proof of 2D case in [2]. The inequalities (5.27) and (5.28) then imply (5.25) and (5.26),
respectively. To show (5.24) from (5.25)-(5.26), we just decompose w as

w(t,X) = w,(t,x) + g,(t x).

y (5.23),

1Py, @l = 1Py, @y llp — p‘/ Py, @5 P2 Py, @) - Py, 9, A -

By construction, we have for some R,, > 0, dist(supp(w,,), supp(g,)) > 3R,,, and

1
||PNngn”LP(XERZ:dist(X,supp(wn))SRn) S W’
n

1

”Pann”LP(XeRz: dist(x,supp(wn))>Rny) S lo0°
n

Clearly,

1Py, @lp > [Py, @y, 15 —

Thus (5.24) follows. |
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The last two theorems are on the ill-posedness of 3D Euler in Besov spaces. We

omit the proof since it mimics the ones made in preceding sections.

Theorem 5.3. Consider the 3D incompressible Euler equation in vorticity form:

o+ U - Vo=(w-Vu, 0<t=<1 x=(X,X,,2) € R3;
u=-A"1Vxow, (5.29)

w = q.
t=0 0

For any axisymmetric vorticity w(()g) € CP(R®), any € > 0,and any 1 < p < oo,
1 < g < oo, we can find a C* perturbation a)ép) : R® — R? such that the following hold

true:

(1) The perturbation is very small:

||a)(()p)||L1(R3) + ||a)(()p) ”L°°(R3) + ||Cl)(()p)|| < €.

3
BE ,(R3)

(2) Let wy = a)ég) + a)(()p ). Let u, be the velocity corresponding to the initial

341
vorticity wy. We have u, € Bj 4 (R3) N C®(R3) N L™(R3).
(3) Corresponding to w, there exists a unique solution w = w(t) to (5.29) on the

whole time interval [0, 1] such that

sup ([l )z~ + llo(t, ) lg1) < oo.
0<t<1

Moreover, w € C* and u € C* so that the solution is actually classical.

(4) Forany O < t, <1, we have

€SS-SUPqy_s<y, @ (2, )|l 3 = +o00.
Bp,oo(R3)

Theorem 5.4. For any axisymmetric vorticity a)ég) € CX(R%), any € > 0, and any 1 <

p < 00,1 < g < oo, we can find a perturbation wép) : R® — R3 such that the following
hold true:
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(1) w(()p) is compactly supported, continuous, and

lo® e sy + loF <e

3
Bh ,(R3)
(2) Let wy = wég) + wép ), Corresponding to w, there exists a unique solution

® = w(t,x) to the Euler equation (1.3) on the time interval [0, 1] satisfying

Sup ||a)(tl )”oo < o0,
0<t<l

supp(w(t,-) C {x, |x| <R}, VO0<t<l1, (5.30)

where R > 0 is some constant. Furthermore, w € C?C9 and u € L2 N CYC
for any o < 1.

(3) w(¢) has additional local regularity in the following sense: there exists x, €
R3 such that for any x # x,; there exists a neighborhood N, > x, t, > 0 such
that w(t) € C*°(IV,) forany 0 <t < t,.

(4) For any O < t, <1, we have

€SS-SUPg_ ¢4, lw(t, ~)||.% , = +o00. (5.31)
BY (R
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