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Abstract

We consider the conditional regularity of mild solution v to the incompress-
ible Navier—Stokes equations in three dimensions. Let ¢ € S? and 0 < T* < oo.
CHEMIN and ZHANG (Ann Sci Ec Norm Supér 49:131-167, 2016) proved the reg-
ularity of v on (0, T*] if there exists p € (4, 6) such that

T*
/ lv-el”, ,dt < oo.
0 H2t

CHEMIN ET AL. (Arch Ration Mech Anal 224(3):871-905, 2017) extended the range

of p to (4, 00). In this article we settle the case p € [2, 4]. Our proof also works
for the case p € (4, 00).

1. Introduction

Consider the Cauchy problem of the three-dimensional incompressible Navier—
Stokes equations on R3

hv+v-Vv—Av+ VP =0, xeR3,t>0,
divv =0, xeR3 >0, (1.1)
v(0, x) = vo(x), x € R3.

Here v : [0, 00) x R® — R3 represents the velocity field of the fluid flow and
P : [0, 00) x R® — R denotes the pressure. The first two terms represent New-
ton’s acceleration law in Eulerian coordinates whilst the term —V P corresponds
to the fluid stress. For the dissipation term we have set the kinematic viscosity to
be 1 for simplicity. Since universal physical laws should be independent of the un-
derlying units (dimension), equation (1.1) remains invariant under natural scaling
transformations. If (v, P) is a solution to (1.1), then for any A > 0,

Vi (t, x) = A2t Ax),  Pi(t, x) = AP\t Ax)
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is also a solution corresponding to rescaled initial data vg ; (x) = Avg(Ax). Such
scaling transformation determines the critical space (norm) for Navier—Stokes and
plays a fundamental role in the wellposedness theory.

The existence of global weak solutions to (1.1) is known since the famous
work of Leray [11] (see also Hopf [9] for the bounded domain case) for initial data
vo € L?(R3) with divvg = 0. The uniqueness and global regularity of Leray—Hopf
weak solutions is still one of the most challenging open problems. On the other
hand, there exists a vast literature on finite time blowup or non-blowup criterions
for local strong solutions. For instance, the Prodi—Serrin—Ladyzhenskaya criterion
says that if

/T*nva Jpd <00, 242 =1
0 o P
for some 3 < g < o0, then v is still regular at time 7* < oo, based on a series
of important works [5,7,10,15-17]. We point out that the quantity involved is a
dimensionless one with respect to the natural scaling of the Navier—Stokes equa-
tions. Later on, many efforts have been made on weakening the above criterion
by imposing constraints only on partial components or directional derivatives of
velocity field; see, for instance, [1,2,6,8,13,14,18] and the references therein.

In a recent work [3], CHEMIN and ZHANG initiated a programme to prove the
regularity of solutions by only imposing the following assumption:

T
Ip(v~e)é/ ||v-e||pll+ldt<oo.
0 H2'P
Here e € S? and 2 < p < oo. The remarkable feature of the quantity / p(v-e) lies
in the fact that it is a dimensionless quantity which only involves one component of
the velocity field. As an important step towards this line of research, CHEMIN and
ZHANG [3] succeeded in the case of 4 < p < 6, which was subsequently extended
by CHEMIN ET AL. [4] to 4 < p < oo. In this article, we give a streamlined proof
forall 2 £ p < 0o. More precisely, we prove the following theorem:

Theorem 1.1. Let vy € H% with V - vy = 0and Qo = V x vg € L' for some
l <rg<2 Let0 < T* < 00 and let

veC ([O, T*); H%) nL? ([o, T*): H%)

be the unique local mild solution to the three-dimensional Navier—Stokes equations
(1.1) with initial data vo. If I,(v - €) < 00 for some p € [2,00) and e € S2, then
v e C(0,T*]; I-'I%) N L2([0, T*]; FI%) and must be regular up to time T*; more
precisely

Jmax (IOl g + 12010 ) < oo,

and forany 0 < to < T%,

Hl 5 V)| L .
ZOr_ga;xT%(Ilv()IIHl+|| ®)llLo) < o0
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Remark 1.2. By standard smoothing estimates, the solution v enjoys higher regu-
larity: v € H™, Q € W™'0 foranym > 1 andany 0 < ¢t < T*.

Remark 1.3. In order to simplify the presentation we did not try to lower down
the regularity requirement on initial data although this can certainly be optimised
by a more refined analysis. We will pursue this interesting issue elsewhere. In view
of the two-dimensional Biot—Savart law it is of some importance that € L™ for
some | < rg < 2. The bulk of our analysis will focus on the case 2 < p < 4 which
was previously open. The case 4 < p < oo can also be treated by our analysis and
is included in a later section. It should be noted that in [4] the case 4 < p < o0 is

. L . 3
treated under the assumption that the initial vorticity Qo € L2 N L?. By Sobolev

embedding the condition ¢ € L3 implies that the initial velocity vy € Hz.In
comparison with [4] our analysis in the regime 4 < p < oo offers a slight relaxation

. . -1
since we only require vg € H 2 with Qo € L™ for some ry € (1,2).

We now give a brief overview of the proof and explain some main steps. Without
loss of generality, we assume e = (0, 0, 1) throughout this paper and thus the
dimensionless quantity /,(v - e) in the above theorem becomes

T*
1,(0) = / P dr.
p 0 ” ||H%+%
Step I Reduction to the two-dimensional vorticity @ = —dv! + 9;v2%.

For given initial data vy € H %, thanks to the smoothing estimates, we have
v(t) € H for any s > 1/2 immediately on the short time interval (0, 7¢] for some
no > 0 sufficiently small. Therefore by a shift of the time origin if necessary we
may assume without loss of generality that vy € HinH. By a similar reasoning
we may also assume Qo € W40, As a first step, we show that (see Proposition
3.1)forany T > O,

: ~ . M(T)
max |[v]l g1 + Vvl 2 1< 2lvoll g - eSOt 7
o<i<r 1 L2([0,T1,H") b

where

T T
M(T) = / lol” _, ,dr+ / W7, dr.
0 H 2P 0 H2TD
Whilst the controlling quantity M (T") works for the full range p € [2, 00), it should
be noted that for 4 < p < oo, —% + 2 <0 and the controlling norm for w is a
negative Sobolev norm which is not convenient to use (due to low frequencies) in
later computations. For this reason we also prove in Proposition 3.1 (see Remark
3.3) that for 4 < p < oo the quantity M (T") can be replaced by

P T
M(T):T.(l—i— sup ||a)(t)||;> +/0 W7, dr,

0<t<T H2"Dp
2 1

~i—

where 7 can be any number satisfying % <
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The preceding argument then establishes a sharp non-blowup criterion: v is
regular on [0, T*]if M(T*) < oo (resp. M(T*) < cofor4 < p < 00). In view of
the assumption on [, in Theorem 1.1, it then suffices for us to prove

T*
I (o) é/ loll® _, ,dr < o0.
0 A7 2P
For p € (4, 00), it suffices to control

sup ()|

0<t<T*

for some % < % < %(1 — %). We also note that the propagation of regularity of Q2

in W40 isnot a problem thanks to the control of ||v|| o (see Proposition 3.1).

Step 2 Anisotropic decomposition of the velocity.

A remarkable idea introduced in CHEMIN—-ZHANG in [3] is to use the decom-
position of the velocity field along horizontal and vertical directions and use the
two-dimensional vorticity @ and v as governing unknowns. Denote

Vi = (01, 8), Vii=(—d,3) and A, =3} +05.

Then, by using Biot—Savart’s law in the horizontal variables, we have

Uélurl = VIJI_AZIC‘L vgiv = th;133U37
h h h
V" = Uyl — Vdiv
_ (08, o —i1A, 950? (1.2)
NA o — A, 0P ) :

where
w = 811)2 — 82v1.

It is easy to check that

8ta)+v-Vm—Aw=83v3w+32v383v1 —31v383v2; (1.3)
Btakv3 +uv- Vakv3 — Aakv3 = —0v - vv?
3
oA D oo’ | k=1,2,31 (1.4)
ij=1

! In [3], CHEMIN-ZHANG considered (o, 03 v3) as the governing unknowns which is very
natural in view of the physical picture that v3 should be slowly changing in the vertical
direction. In order to control horizontal derivatives Chemin—Zhang used anisotropic spaces
carrying positive and negative fractional derivatives in horizontal and vertical directions
respectively. In this paper we found it more convenient to work with the full gradient Vo3
in order to trade off fractional derivatives in the vertical direction.
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Thanks to Biot—Savart’s law, the above system written for (w, v3) is equivalent to
the original Navier—Stokes system for v = (vl, v2, v3).

Step 3 Estimate of (w, v®). This is the main part of our analysis. For fixed
2 < p < oo, we shall choose 1 < r < 2, r sufficiently close to 2, and work with
the norms

—5, 3
lollLr @3y, 1Val=°V7ll2,

where

-5
It is not difficult to check that the above two norms have the same scaling as
||U”H"3+% ~ vl gi- forr = 2—.2 These norms are certainly well-defined since

8:8(r)=§
p

for fixed rg (recall the initial vorticity 29 € L' by assumption)

lwll, + 11V, 72 Volla S 1K1+ 11Va 211
S 1Ry

if we take r sufficiently close to 2.

There are several reasons why we choose the norm ||w||2—. Firstly it is natural
to choose ||wl|, norm for some p since in (1.3) the convection term v - Vo will
not enter the estimates due to incompressibility. Secondly, if we compute the time
derivative of ||a)||%, then by using (1.3), we need to treat the nonlinear terms such
as

/3 Hv v ody = — /3 H’BhA, o - wdx — f} Hv 9391 A}, 8307 - wdx.
R- R- R-

Note that the term 930> A;lw scales as |Vj,|~! 83 for which two-dimensional L>®
embedding cannot map back to L. For this reason one must resort to ||wl|, for
some r < 2. By a similar reasoning, for v3 some negative regularity is needed in
the horizontal direction. This is the one of the reasons for choosing the governing
norm as ||| Vx| 4 Vv3|s.

There are a myriad of technical issues in connection with the aforementioned
borderline situations. To get a glimpse into this, take for example p = 2 for which
Ip(v3) becomes

T*
L) = / o312 5 dt.
0 H?2

When computing the time evolution of | w||,-norm, we need to estimate a term such
as (see Section 4 for more details)

by = [ Hv3hA;  B00|o| ~2dx.

2 For any quantity X when there is no ambiguity we shall use the notation X+ to denote
X + ¢ with sufficiently small ¢. The notation X — is similarly defined.
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The only control we have on w is ||l and ||[Vw||, (from the diffusion term).
Therefore by using Sobolev embedding and Holder it is quite natural to bound the
above as

3 r—1
Il S 1820° 2 gl Vol - ol .

However, even though the quantity |3, v3 ;2 oo scalesthe same way as || v3 | H% s
X1,Xx2 7Xx3

it cannot be bounded by it due to the lack of embedding of H? into L* in 1D. To
get around this problem we perform a refined Littlewood—Paley decomposition in
the vertical direction and manage to obtain a logarithmic inequality of the form

/azu3|vh|—1a3ww|w|’—2dx

< log (10 + 11948030 2 + lollr) (1913 + DI Vel ol

+6+ +5—
<|||Vh| %9%v 3||2 R 58%3”2 )

1
T+ ol [IVollol> ™",
Such estimates turn out to be crucial for the Gronwall argument to work. There are
many other technical issues which cannot be mentioned in this short introduction.
In any case by a very involved analysis on the time evolution of these norms and
taking advantage of the a priori finiteness of / p(v3), we obtain uniform control of
loll, + 11V =8V v?|2 on the time interval [0, T*].

Step 4 Estimate of E,(a)) for 2 < p < 4. Thanks to the estimate of ||w||, in
Step 3, the case 4 < p < oo is already proven with the help of Proposition 3.1
and Remark 3.3. To finish the proof of the main theorem it remains to estimate
Ip(w) for 2 < p < 4. Our strategy is to first take r sufficiently close to 2 for each
fixed 2 < p < 4, and then use the finiteness of the scaling-above-critical quantity
||a)||LooLr together with ||V(|a)|%)||LzL2 obtained in Step 3 to bound the critical

(dimension-less) quantity I p(w). Such a bound is certainly expected from a scaling
heuristic since both ”“’”LWLZ* and ||V(|a)| )IILsz carries almost H' scaling of
velocity. This then concludes the proof of the main theorem.

The rest of this paper is organised as follows. In Section 2 we set up some
notation and collect a few useful lemmas. In Section 3 we prove Proposition 3.1
which reduces matters to the control of the horizontal vorticity . In Section 4 and
Section 5, we obtain a priori estimates of ||, and || Vi 9V v3 |, for the case
2 < p < 4. 1In Section 5.1 we explain how to do the case 4 < p < 00. The final
section is devoted to the proof of the main theorem.

2. Notation and Preliminaries

Let us first recall some Sobolev type inequalities which are relevant to the L?
estimate for | f| 3 and VIflz. 3. The following Lemma will often be used without
explicit mentioning:
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Lemma 2.1. Let the dimensionn > 1. Fixk € {1,...,n}. Let1 < r < oo. Suppose
f: R" = Rsatisfies % f € C*and f, i f € L"(R™). Then 3 (| f|2) € L>(R™)

and

—/ B - 1fI7 2 fdx = (r — 1)/ 30 £ P12
R 1#0
4r —1)

= =10 1) T2 10,
( -1
||3k(|f|2)||
Furthermore for 1 <r <2,
2 r 1-%
ok fllr < ;Ilak(|f|2)||2~||f||r .. (2.1)

For the first group of equalities we also have the following vector-valued version.
Suppose g : R" — R" satisfies g € C° and g, g € L (R™). Then 9 (|g|2) €
L2(R") and
40r — 1) r
_ / g 181" g = = gl IR

Remark 2.2. Dividing both sides of the first group of equalities by the factor (r — 1)
and taking a suitable limit »r — 1 (under some natural assumptions on f), one can
derive the analogue of the above for the end-point » = 1 as

1
~27 / B f sgn(f) log | fldx = 13 (| £19)13.

For a positive function f, this exactly corresponds to the flux (Fisher information) of
the entropy functional [(— f log f). One should note that in this spirit the entropy is

a natural limit of dissipation law for | f |z asr — 1. This gives another explanation
as to why — f log f should appear as natural monotone quantities.

Proof. It is the regime 1 < r < 2 which merits a careful analysis. The first
equality follows by a careful integration by parts (using smooth spatial cut-offs and
regularising | f| by (f1*> + 82)%) and the fact that {x : f(x) = 0, 9 f(x) # 0}
has Lebesgue measure zero. The second equality is trivial on the set f # 0. For
the third equality, observe for ¢ — 0+,

fg=(|f|2+82>1—>|f|%, a.e.in R",
r 2 2\i!
ofe=5 (IfP+6)" faut.
r r .
196 fell2 < S13 - LA Doy = 10 LF 192020

It follows easily that ak(|f|%) € L? and

13k C1F 1212 < 13k C1F 1D 2 20)-
Hence the equality holds.
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For the inequality (2.1), one recalls that the set {x : f(x) =0, d f(x) # 0}
has Lebesgue measure zero, and hence

r(2—r)

/WV B /;'#0|8kf|r AP

2 r—2 % r 2%
5(/#0'8”' 1 ) (/mdx) .

For the last inequality (WLOG again assume 1 < r < 2), one first notes that
3 (1g712) € L? for each component g/. Thus 9 (|g|2) = Bk((Z?zl(lg”%)%)%) €
L? by using the chain rule. The desired inequality then follows by an argument
similar to the scalar case. We omit the details. O

For any 1 < p < oo and measurable f : R" — R, we will use || flzr®"),
Il fllLr or simply || ||, to denote the usual L” norm. For a vector valued function

f= ™), westill denote || f 1, := Y7y £/l

Forany 0 < T < oo and any Banach space B with norm || - ||, we will use the
notation C ([0, T'], B) or C?IB% to denote the space of continuous B-valued functions
endowed with the norm

Il fllcqo,r1,B) == OlélthXT lf()lB.

Also, for 1 < p < oo, we define

”f”L,”IB([O,T]) = ||||f(t)||]B||LIP([0,T])~

We shall adopt the following convention for the Fourier transform:

fe) = / Fe vy
Rn
1
oy

10 = G [ Fod

For s € R, the fractional Laplacian |V|* then corresponds to the Fourier multiplier
|£]° defined as

VIEFE) = & £ &),

whenever it is well-defined. For s > 0, 1 < p < o0, we define the semi-norm and
norms:

1A lyirsr = VI fllp,
I lwse = MIVEfllp + 1L 1l p-

When p = 2 we denote H* = W*2 and H* = W*2 in accordance with the usual
notation.

For any two quantities X and Y, wedenote X < Y if X < CY for some constant
C > 0. Similarly X 2 Y if X > CY for some C > 0. Wedenote X ~ Y if X <Y
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and Y < X. The dependence of the constant C on other parameters or constants are
usually clear from the context and we will often suppress this dependence. We shall
denote X <z,.7,....z, Y if X < CY and the constant C depends on the quantities
Ziy..., 2.

For any two quantities X and Y, we shall denote X <« Y if X < ¢Y for some
sufficiently small constant c. The smallness of the constant c is usually clear from
the context. The notation X > Y is similarly defined. Note that our use of <«
and > here is different from the usual Vinogradov notation in number theory or
asymptotic analysis.

We will need to use the Littlewood—Paley (LP) frequency projection operators.
To fix the notation, let ¢ be a radial function in CZ°(R") and satisfy

.....

0=¢o=1 o) =1 forl§| =1, ¢o() =0 for|§] =7/6.

Leto (§) := ¢o(§)—¢o(2£) whichissupportedin § < || < Z.Forany f € S(R"),
J € Z, define

P f(E) = o276 f (&),
PifE) =¢QiE)f(E), &eR"

We will denote P.; = I — P<; (I is the identity operator) and for any —oo <
a <b < oo, denote Pyp; = . a<j<p Pj- Sometimes for simplicity of notation
(and when there is no obvious confusion) we will write f; = P; f, f<; = P<; f
and fy<.<p = Zl}:a fj. By using the support property of ¢, we have P; Pj; = 0
whenever |j — j'| > 1.

Sometimes it is convenient to use “fattened" Littlewood—Paley projection op-
erators 131- and 13<< j defined by

i@ =126 f©),
Peif(E) =g 2776 f(5),

where ¢1, 2 € C2° has supportin {|§] ~ 1}and {|§| <« 1} respectively. As a model
case one can consider supp(¢1) C {% < || < 2} whereras supp(¢2) C {|&] < 4—1‘}.
The precise numerology does not play much role in the following computations
and estimates as long as their supports stay well separated.

In section 5 we will use a simple (yet powerful) lemma which gives trilinear
para-product decomposition of product of functions. To simplify the notation we
shall write [, (-)dx simply as [(-).

Lemma 2.3. (Trilinear paraproduct decomposition) For any f, g,h € S(R"), we
have

/fgh = Z/ (fjg[j—3,j+3]h[j710,j+5] + fi81j-3.j+31h<j-10
J

+ fi8<j—3h(j—2,j+2) + f<j-3&jhj-2,j+2])-
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To simplify the notation, we write the above as
ffgh = Z/ (P fPjgPih+ P;f PjgPeih
J
+ P f P<jgPih+ P f PigPjh),

where ﬁ] and 18<< j have frequency localized to {|§| ~ 2/} and {|&| <« 27}, respec-
tively.

Proof. By frequency localization, we have
/fgh = Z(/fjg[j—3,j+3]h+/fjg<j—3h+/fjg>j+3h)
J
= Z/ fi8Lj-3.j+31h1j—10.j+5] +Z/fjg[j—3,j+3]h<j—10
J J

+fojg<j—3h[j—2,j+2] +Z/f<k—38kh~
J k
Writing the last term as

Z / f<j—38jhj-2,j+21
J

then yields the result. O

3. Reduction to @

In this section we establish a non-blowup criterion involving only v> and the
horizontal vorticity w = —dv! + 9102

Proposition 3.1. Ler 0 < T < oo and v € COH2([0, T)) N L2H3([0, T)) be a
local mild solution to system (1.1) with vy € H% Let p € [2, 00). Assume that

T T
M(T)=/ leoll” de—/ W17, 5 d < oo
0 g 2ts 0 Hzto
Then the local solution v can be continued past T and remains regular on (0, T + 5]
for some § > 0. Forany 0 <1ty < T,

const-M(T)

max ol g1+ IVl 20,7171y < 200151 - € -~

==

Furthermore if Qo = V x vy € L' for some rg € (1, 2], then Q € C([0, T], L'?),
and forany 0 <ty < T,

sup (IVQ(®)| o + V@)l Lr0) < 0o

fo<t<T
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Remark 3.2. For p € [2,4], one can replace |w] ._ 12 by the weaker norm
142 B
IVl 2" rollg2.

Remark 3.3. For p € (4, o0), one can replace the quantity M (T') by

0<t<T

P T
M(T):T.(l—i— sup ||w(z)||,) +/ W7, dr,
0 H2"»p

where r satisfies % < % < %(1 — %). The implied constants in the Gronwall will

also depend on r but we shall suppress this dependence. The proof is a simple
modification of the corresponding argument for M (7). By examining the estimate
of K3 in the proof below, it is clear that

~ 1,2
K3 S IIP<1R2(@) - [ P<1(@v - 90)|l = + [IVI727 P Ra(@) 12
1_2
IVIETP (@v - dv)l
) 22 2

< ol - IVOl3 + lloll- - lAvly 7 - [IVvlly

< inAvn% +C - (lwlly + llwlf) - Vo3

— 100

A Gronwall argument then concludes the estimates.

Proof. By using smoothing estimates we may assume without loss of generality

that 7o = 0 and vy € H? N H'. We first control lvll 1. Applying the spatial
derivative V to the Navier—Stokes equations (1.1), and then taking the L? inner
product of the resulting equations with Vv, we have

1d 2 2
7 1Vl +llAviz = - R3(8,'1) - V)v - divdx

=—/ 8,-v383v-8ivdx—/ Bivhahv38iv3dx—/ 3;v" oy, 0" ;0" dx
R3 R3 R3
=K1+ K> + Ks.

Here we used Einstein’s convention over repeated indices. We emphasis that through-
out this paper, the summation over i is always from 1 to 3, but the summation over
h and h are always from 1 to 2.

We first estimate K| and K». Clearly, for2 < p <4 (note that — % + % > O),

3 2
K1+ K2l SIVY I 3p (VU5
2p-2 2

3 1-1 2

SAVYll . 1,2 -V 7 V3

H 2T

S

2 2

2z 22

3 P r
S IIH%+% IVully - llAv]l,

IA

1 2 3,0 2
E”AUHL2+CHU ”H% IVull;..

2
tr
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Here and below, C represents a constant whose value may change from line to line.
On the other hand for 4 < p < oo, noting that % - % > 0, we have

_1y2 12
K1l + K2l SIIVIT2 2003 o IV 7 (9 - 9v) |12

1_2
3 = =
Sl 302 - MIVIZ 79l - fl9vlle
<IN 1,2 - 1Av]2 - 1IV]' 7 0o
~ H2tP 2 2
3 22 2
SN 1z - llAv TeVully

For K3, one observes that

" = Ro(w) + Ra(8307),

where R, is a two-dimensional Riesz transform. These terms can be estimated in
a similar way as in K| and K5 by using Sobolev norm || - || 3, for2 < p <4 and
2p-2

_l.2
fractional operator |V| 2t ford < p < 0.
Collecting the estimates, we obtain

d 2 2
- < r 2 3P 2
gi1Velz + 18vI: = Cloll” 4 5 IVvl5 +CIoPI" | 190l

SIS

Then, the Gronwall inequality gives, forany 0 < 71 < T,
2 h 2
IVu(TI2, + / | Av() |2, dr
0

T T
< Vo7 exp (C/ loll” |, dr + C/ 7, dt) :
0 ? 0

H 2 H2"p

On the other hand, for the ||v|| P -norm, we have

1d 2 3112
=—lI7 D)+ IVIVIZo|z < [vllell Volisll Vv
2.dt H2
< 2
S IVl
! 3112 4
< §||V|V|2U||2 + ClIVoll;.

This then easily yields the control of ||v]| . 1. Since we have uniform estimates on

H2
||v||H ! + [[v|l 1 on the time interval [0, T'), the solution v can be continued past

Finally we show continuity of 2 = V x v in L'® norm. First we show Q €
L L'2([0, T1). Consider the vorticity equation

UL+ W-VIQ=AQ+(Q- V).
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Clearly
1d 4(ro— 1) o
——(1212) + —5—IVAID)I3 < IVolls - 121713
ro dt ry 2
0 0]
< 25 - 2
Sl 3 M= 2 - IV AS2 )2
ro— 1 0
< Clvl? 5 1K1 + —=—IV(2I2)l5.
H2 g
Since we have shown [lv]| , .3 < 00, the Gronwall inequality then easily
LyH2((0,T]

yields
0
||Q||L?OL;O([0’T]) + ||V(|Q| 2 )”LZZL%([(),T]) < OQ.

Now to show continuity in L' norm we shall only check the (right) continuity at
to = 0. The continuity at each positive time #y € (0, T'] is easier (and omitted)
thanks to the usual smoothing effect. For the continuity at 7o) = 0 we only need to
examine the integrals

t 1
/ eI (Q - Vu)(s)ds, and / IR V) (s)ds.
0 0

In terms of the first integral, we discuss two cases.
Case 1: % <rp <2.Clearly

t
”/ TN Q- Vo) (s)ds
0

t t 4
2 0
S/ IIQ(S)IlzmdSS/ 11211, ds
70 0 0

t 1 3
07 0.
5/0 A=y - 1Ivaei2)i,’ ds.

Since 3/rg < 2, the above clearly tends to zero as t — 0.
Case2:1 <rg < % We have
3

-1 -3 .
Since 1 < % — 35 < % andv € COH2 N L?H?, the last integral above also tends

to zero as t — 0+.
Now we consider the integral fé =92y . VQ)(s)ds. By using the property

t
/ eI (Q . V) (s)ds
0

! ! 5_3
5/ IIQ(S)II%rOdS 5/ vi= 2’OU(S)II%dS-
ro 0 0

of the mild solution v, namely lim;_, o+ s% [v(s)llLee = 0, we have (below we also
used V- v =0)

t
/ eI (Y. VQ)(s)ds
0

2 1 1
S/ (t—5)"2572 52 |[u(s) [loo I €2(s) [l rods
0

ro
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oo
+ﬁ 57252 v($) oo IVR(S) [l o ds

S s 0@ ez - (12620, + 1V2O) 1 2000.)) = O
as t tends to 0+. Note that here in the last step we used

o -2
VR, S IVAQAD2 - 12, * < IVARAD)].

which is L? integrable in time for 1 < ro < 2. This finishes the proof of Q €
C([0,T], LY).

Finally we note that the estimate for V<2 is trivial in view of the smoothing
effect. We omit the details. O

4. Estimate of w: case 2 < p <4

In this section we first give the estimate of the horizontal vorticity w for the
case 2 < p < 4. Recall that w satisfies the equation

o+ (- Vo — Aw = 0300 + dvia30! — 1039307 (4.1)
Taking the L? inner product of equation (4.1) with w|w|" ~2, one has
1d. . 40r—1) r
;E” Iz + ’,—2||V|CU|2 72
:/a3v3|w|’dx+f32v3a3u1w|w|’—2dx —/81v383v2a)|w|r_2dx (4.2)
= L+ 1L+

Let us first estimate the term /1. According to Holder and interpolation inequal-

ities, we have
_ 3 r
I _f33v |w|"dx

< 1330 I, el s
< 13303 z|||w|z||2
3 + bp_
H™ 2 P Lp+2
2 _2
< AT
BN 1+z|||w|z|| VIl 2l "

The estimate of I3 is similar to /> and therefore will be omitted. In what fol-
lows, we will focus on the estimate of /5. Using the decomposition of v” which is
introduced in the introduction (1.2), I> can be rewritten as

122/ v 930  w|w| "2dx
R3

—/ 82v381A;1832v3w|w|’_2dx—f 32v332A;183a)a)|w|’_2dx
R3 R3

=: Iy + I».
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Before continuing the estimates, we collect below some useful notation and con-
ventions.

Notation

For each fixed 2 < p < oo, we shall take r < 2 sufficiently close to 2. The
explicit requirement on r can be worked out but for simplicity we shall often
suppress it. We denote

3 3

For a scalar function f = f(x1, x2,x3) and 1 < p, g < oo we use the mixed
norm notation

10 gap = 17 G )l g, oy .

The notation || f| Ll is similarly defined.

We use V or @ = (91, 02, 33) to denote the usual gradient operator. Occasion-
ally we also use 8” to denote the whole collection of second order operators
(0;0j)1<i, j<3. By Fourier transform, it is easy to check that

3
VI £l < VIV Dl ~ 1IVRI20F Nl ~ D VAl 29 fll2
j=1

3
V=2 £l < NVRI 2 AF 2 ~ 1IVAIT20% Fll2 ~ D 114l ™89 f |2
i,j=I1

We will often use these inequalities without explicit mentioning.

In various interpolation inequalities we shall use the letter ¢ to denote a suffi-
ciently small positive constant whose smallness is clear from the context. Such
notation is quite useful in handling certain end-point situations. For example
instead of estimating ||v? | 1213 Wecan estimate the scaling-equivalent quantity

03] 2o The latter can be easily controlled by [|v?|| b thanks to Sobolev
Ly Ly

embedding.

The relation of the parameters p, r and ¢ is as follows. First we fix p € [2, 00).
After that we will choose r < 2 (depending on p) sufficiently close to 2. After
r is chosen, we will choose ¢ sufficiently small in the interpolation inequalities
to get around borderline situations.

By a slight abuse of notation, we will sometimes write operators such as
9 (—=Ap)~Lordp(—A,)! simply as |V}, |~! as all estimates below will hold
the same for both operators.

We now continue the estimates. For I, when p € [2, 4), we take r sufficiently

close to 2 and satisfy
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Applying Holder and Sobolev, one can deduce that

by =/32v3alA,;1832v3w|w|’—2dx

LA L PN L e IR

<1020l (1 5y
= 1_34 1,1_2
L’(lr 7) Lgfw p) n L3y L Ly
3 5423 r 2D
Sl IIH%+%IIIVh| BV 2l 21l 7 5peny
2,7

2

2
2 -2
3 —84q2.3 L rtp 5 P
SN2 VRl 05v 7 2 el 20 " PVl 2],

where we recall § = 3(% — %).

When p = 4, we take r sufficiently close to 2. Then

b =/32v3alA,;1332v3w|w|’*2dx

3 ~142.3 -2
S 020 a2 VR 05070 llolel™ ) 2
LULh Lgcl‘h

3 ~552.3 s 2
S I g VAl 2037 2 el 21 7,
LeL, ™

20r=1)

3.2 1
3 —8q2.3 Sn2=r 5012
S v I 32 VR 05v N2l > 17, "IV Il 2l

r . . . ..
Here for |||w]|2|| 2 20-1), we have used interpolation inequalities to get
1-6 r
LPLy,

r _2=r r
[MelZll 2 20-0 || ;00 S [NVaIF=T ]2z 2
LI—S r v h
h
2—r ro1- g2 1 2=r 2—r ro -2
S NNVRT=Dlw12 1, 7 VD VAT ol 2,
v v

DO —

1 2-r
27 4—1)

8l—

2-r r 174(2:11) r 1*4(2;:1)
S MVRlF=D o) 2], IViwl2]l,,
1_ _2-r 1
2—r 2 40r—D 2
-0 2= T 2=
“I=D =D

r

1 2—r
L 2T Ar—D r
S Melzll, ™ IViel 2]

L2

Let us turn to the estimate of I;. First, we consider the case p € (2,4) which
can be easily dealt with by anisotropic Holder inequality and Sobolev embedding.

More precisely,

I : :/82v382A;183ww|a)|r_2dx

3 -1 -2
S0l e VAl 030l 5 llole™ 7],
L2Ly LY Ly L
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2(r—=1)
S, a2 33l |2 2p0-1)
L2L r V4

2 L 2_2

S 1+2|I|w|2II ZIIVIw|7||L2”~

Next we consider p = 4:

Iy : =/32u3azA,;‘agww|w|’—2dx
-1 2
< 2o Vel ™03l s lolol 1 ey
h h
ﬂrD
< [0’z Nsollg et |,y
S 1920712 ||33|60|7||L2|||60|7||L% I
!
3 r r
S Il IVIelZ 2ol 212 oo
Here we remark that in the third inequality above, we have used the fact that for
smooth w, the set {x : @ = 0, d3w # 0} has Lebesgue measure zero. Therefore
when bounding the term 93w one can up to measure zero regard it as 3w - 1,~0 +
dzw - 1,0 and proceed to use interpolation inequalities involving |w|2 which has

no differentiability issues.
Now since

r r
Neol2 1l 2 o0 S etz )? 2||33|w|2||L2,
one has
; SR
I SV I IVIel2 [ el 2117

Finally, we consider p = 2. In this case, Sobolev embedding is not enough. We
need to apply Littlewood—Paley decomposition in the vertical direction and obtain

I :=/azv3azA;183ww|w|’—2dx

:/82P[17J0’10]v3|Vh|_183a)a)|a)|r_2dx (4.3)

+> /82P7v3|Vh| dww|w| " 2dx (4.4)
Jj>Jo

+ ) faZP;v3|vh|—lagww|w|’—2dx, (4.5)
j<—Jo

where P jz denotes the Littlewood—Paley decomposition on the vertical variable, and
Jo is a positive number which will be determined later.
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Estimate of (4.3):

/aZP[Z_JOJO]vﬂvh|—lagww|w|’—2dx

S A Py [ 2 T 12
L, L Ly Lo

3 -1
S VDolv'll s ldselrlloly:.

Estimate of (4.4):
For (4.4), we observe that (¢; > 0 is a sufficiently small constant)

||32va3|ILzLoo <27/ ||32|33I2+€‘PZU3IIL2 S 2V 2

i 1—=8 3,3—6— 2§ 3 +5+81
S22V e IIiz v [

1
—j —8a. 33 0— —8§a2 3 L4546
S 27 VAl 00 ||zz VAT 0% I, -
Then

Z fazpfv3|vh| Ir00|o| ~2dx
j>Jo

3+o+er

1
_J —8q.32 —5q2.3 -1
S 27|V, 0w ||z2 Rt a% [ Vol ol

Estimate of (4.5): Note that
; I .
192 P50 200 S 2761 - (182003127 P30l 2, for negative j.

By an argument similar to (4.4), we have

> /azpjv3|vh|—1a3ww|w|r—2dx
j<—Jo

—d4¢1 2-‘,—3 e1

J -8 —8q2.3 -1
S 27N vy 00 || VAl =20%07Ml,  IVellr ol

Choosing a suitable Jy then yields

/azv3|vh|*'agww|w|’*2dx

< \Jlog (10 + 1V4 103 |2 + loler)(I°N 5 + DIVelw ol

+38+¢ +35—¢ 1 r
(|||Vh| “azzﬁnz L+ 111Vl 532v3||2 ) oo 1V ()2

I+ [l L’
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5. Estimate of v>: case 2 < p <4
The equation of v3 is
Jv> + (V- V)vS — Avd = —3P.

Applying ox(k = 1, 2, 3) to (5.1), one has

3 0kv> 4+ (V- Vv + (kv - VIV — Adpv’ =

Taking the L? inner product of equation (5.2) with |V}, |_25 9 v3, one has

—030; P.

1d
55(2”'“' S0’ ||Lz) +Z|||Vh| AR

k=1

—Z( /(E)kv Vv - |V, |2 v3dx

k=1

f(v V)opv® - |V "2 dpv’dx

—/333kP : |vh|258kv3dx).

5.1. Estimate of (5.3)

Case 1: fakv383v3 . |Vh|_258kv3dx. We have forall 2 < p < oo:

/akv383v3 Va2 o v3dx

< o) IRt

L(ZI(+7+F)_1 thzs

59 ~552. 3
S HVIE 3013019410020 2

v

L)

h

241 —s42-2 ~842.3
SIVIPTZ0 o - 11V P2 - (VR 0% 07 [l2

2
—842.31°7p —84 3117
< v’ I 4ez - IVAl"0% ||2 ”-IIIVhI v’y

Case 2: [(3v" - Vi)v? - |V 72 dv3dx.
Case 2a: [ (3| Vi @ - Vi)v? - [V |72 dvidu.

957

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)

Applying Littlewood—Paley decomposition on the horizontal direction (see

Lemma 2.3, here Ph corresponds to projection in xj-variable only), one has

/(akwhrlw TV - [Vl 0

—Z[/(akwm "Plo - V)Pl v? (VTP Plv dx (5.6)



958 BiN HAN, ZHEN LEI, DoNG L1 & NA ZHAO
/(akmr Plw V) Pl - |V, 720 P jv3dx
+ /(ak|vh|—1pg<jw : Vh)P;'v3 : |Vh|—253kpj’?v3dx

+ /(akwhrlﬁj’?w V) Plod |Vh|25akﬁj’?v3dx].

(5.7

(5.8)

(5.9)

Estimate of (5.6): For 2 < p < oo, by taking r sufficiently close to 2, we have

Zf(akwhrlﬁj'w : vh)ﬁigjvﬂ . |vh|—25ak13}lv3dx

SN Pl g NIV PLON (o

1L, L

AV P Pl o) |

375, e\ !
-1 t>5 1—1_g-1
IJZ.L,(IS 2 2) Ll(; 7€)

5_§6
5.3 310
S IVollIIVIE~2v7|3

—86+2—

241 5
SVl - IVIP 207l - I V] "o *ll2

IS}

2 1-2
3 84,3 —8q2.3
S Vol - llv I 3ez - MIVAl" 90 ”2,, SN I PO

25

Estimate of (5.7): the estimate is similar to the above (one only need
1%° and [2 in second and third) and therefore omitted.
Estimate of (5.8): Clearly, for 2 < p < oo,

Z/(akwhrlﬁqu V) Plo? - [V 720 Pl dx

—_ S—etyg ~
S @IVl PL o) Lo >VhP7”3)"zzL<

< ool

to swap

1_1 1-h-t 1
ljoLgr }) L it Ly
i(7s—
QB g, I Plawd, 0=t
j h
S Vol |||V|’_73v I3
5a 37 542,317
S IVoll - 1107 i+2 11Vl "0v 15 - Vel 287071, 7
Estimate of (5.9): This is similar to the above and it is omitted.
Case 2b: [(|Va|~1830° - Vi)v? - |V, | 722 v dx. Thus
/(ak|vh|—la3v3 Vv IV B g
:Z[/(akwhrlﬁfaw V) PL v V720 Pl dx (5.10)
+/<ak|vh|—1ﬁ}’aw V) PIo? - [V TR0 P v da (5.11)
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959
+/(ak|vh|— Pl a3v - Vi) Pl - [V, 720, Pl dx (5.12)
+ f(ak|vh|—113j'a3v3 : vh)Fj’v3 : |vh|—253kﬁjlv3dx]. (5.13)

Estimate of (5.10):
We have, forall 2 < p < oo,

Zf(ak|vh|—lﬁfa3v3 V)Pl v? - [V TP Pl dx

SN VT Pl Mizrz.2 112 IV, Pl v 3)||

127° |V =2 0 P |

—1
()

S MVl 2 0203 - 11V 1530013

< —§42.3 - 1-2 3
S VA2 820 2 1V VI 7 803 2 llv IIH%+%
—§42.3 )
S VRl 0% || pIIIVhI v’ || [v? IIH%+%~
Estimate of (5.11): Forall 2 < p < oo,

Z/(akwu ProzR - V) P - |V TR P vPd

SN@I v, P 33U3)||12L2L2”(2](_J POV 3)||12L2L£

i_3,3s
@Iy, T2 PR g%

<j 2

I°LL)
<MVl 0% 03 - 11V %—fazﬁnz
< |||vh|‘582v3|| p|||vh|_88U || [v? [
Estimate of (5.12): For 2 < p < oo, we have

2.

|

Z/(akwhr Pl 030 - Vi) Pl - [V, | 720, Pl dx
j

- 3 j(—1—8 sh 3
SI@IVH T P 0D 5 IOV e
1L} L3 BLy L
1
Jjlzt+é—e¢ —28 ph 3
@), PIowl, & 2
Lhz SLUI—Zs

—8542.3 1-3

S NIV~ 9% ||Lz VI 20’ L
—8q2.3 p -8

IV 1 180 1] 1P I,

+2-

N
'U
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Estimate of (5.13): The estimate of this term is similar to the above, thus we
omit the details.

5.2. Estimate of (5.4)

By using integration by parts, one has

f(v W) - Vi TP vddx = —/v&kv3 V|V P ov3dx.

Case 1: [ v?&v33;3]V) |28, v3dx. Forall 2 < p < oo, we have

/u3akv3a3|vh|—25akv3dx

3
Sl

3 —2542.3
2 (4-9)” -lov7l (4+3)”" MVAlTo™ 2
Liryt 2 2yt ? L, L}

5 46
58 30 —5423
S MVIEET20l5 - VAl 20707 12

2 22
—84q.3 3 —892.3
S MVAIT78v7My vl gz - IVAIT20%0, 7

Sl

Case 2: [ V"33 - V|V, 729 v3dx.
Case 2a: [ |V lodv? - V| V|20 dx. If 2 < p < 4, then

/|v,,|—1waku3 SV Va2 opvidx

—1 3 —28 3

S Vel ol 5 50 M3kl 2 - VR VR0v7 |
(1451 e

LXL 37p 2 Lh

h

L (3
» v

—892.3
Va7 970712

éfl
3

[N]

< VIl - 03]
~ r H%+

~ho

2 -2
3
Slell? Vel -l “H%*

IS}

—892.3
2 - V2020 2.

On the other hand if p = 2, then

/ Vil Lwdgv® - Vi Va2 ok vdx

—1 -2,
SNV ol 5 13l 2y IVAIVAIT? 30 (14-8)" e
Ly L, L, LS Ly 2

3 —892.3
Sllollzr ol s Va7 0707 2.
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Case 2b: [ |V, 7183030,03 - V|V, | 720,03 If p = 2, then

/|Vh|_183v38kv3 Vi Va2 ov3dx

~1g .3 3 2854 3
S VAT 3307l 2 vl 2 VAR ™00 2 2
Ly L2 LIT° LY L L)

h

—84 3 3 —842.3
S VA= 9v7l 217 3 VA2 8707 ] 2

If2 < p <4, then

/|vh|fla3v3akv3 SV Va2 av3dx

—1q..3 3
SMVRIT 0307 2 2 gy 19072
L)L, * LiL, 7
—284.3
VR V7007 2 a2
thJra—S Lvl726

S 1-24.3 3 8423
S VAl 2IVE Pov 2 - v ||H%+% HVRT207v7 |2

2
—84q.31P 3
SR AZT I AR P

SIS

523,25
(17771 P [ P

5.3. Estimate of (5.5)

3
fa3akp VR B hvidx = —/( D 0" ') - 30k AT (VAP 00 )dx
I,m=1

Case 1: [, m € {1, 2}. First observe that if p = 2, then (below R := 939y A~ })

falv’"amv’ 30k AT VAP vy dx

l —26 3
< [loo™ || (l+g+é)71 LHBmU I (l+§+§)*l L|||Vh| RVl (lféfa)*l )
L) = Vet L2 LE
2 32 3
SO0 o I I
ACAEAEZ A L)

v
2 1 —8q .32 3

S (NVIZolz + 1IVI2 VA 0307 [I72) v IIH%
3 —84,3 —5q2.3 3

S ol Vol o llv IIH% + VRl =200 | L2 [IVR| 20707 || 2 ]lv IIH%-

961
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On the other hand if 2 < p < 4, then

/8lvm8mvl SRR AT (VAT 80P )dx

2 32 —26 3
SUlel” 4 + 130717 4 DINVal” 0RO () 1,
( 8) (177)

L1+28L5 LIF2p Lh2 Ly P

2 22 2 22
3 —84q.3 —8q2.3 3
S ol IVall v 32 + VR0 I3 VAl =290 I, " llv [P

=i

Case2: ] =3 orm = 3.
The estimate of this term is similar to (5.3) and therefore omitted.

6. The Case 4 < p <0

We shall adopt the same notation as in previous sections. In the estimates to
follow, we need to use the homogeneous horizontal Besov norm || - || z.s defined
p.q

for a three-variable function f = f (x5, x3) = f(x1, x2, x3) as
. = 1205 PR R
||f(,X3)||B;:; = 127 P} f(,X3)I|L§h)||1_g,

wheres € R, 1 < p, g < o0, and P;’ is the Littlewood—Paley projection operator
in the x;, variable.

6.1. Estimate of w

Estimate of /;: Denote g = |a)|%. Then

1,2 1_2
1 S NV 2 20303 0 - 1IVI2T 7 (gD

1_2
<13 N vk . B
S g VP8l el

2773 3

Sy 11VIgl - 11V1' Pgla
~ H2TP
<113 r % r 2—%
S0 gog - Ml 10V () 17

Estimate of I>;. We have

3,2 1
—§+2-3, .3
|1 S |Vl 37720207 (1-3+5)"
L]r 272
4

s 1 2
w1930 s @lor |
5 r2
Lh Lh

—1
- fler] -
L (4+3-3) (k-bobeg)

h h L},
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963
1,2
1+2-¢ 3 —542.3
SAVAlI2T? e Iz - 11VRl= 85070 2
s.l 2.,
r—1 32 p - r—1
w —+ \V4 r—1 w
[ ”,1,%+%7%+5 11Vl ”LZ
Br2(r—]r)_ Ll
’ v
1,2
1426 3 —542.3 -1
S VA2 507 (1) VR 050 ||L%L%'||w||r 4l 24
AL ¥ gl
Ly Br,Z(r—l)
< 13 5423 p 13+ r =5
. = . 2 2
Sl ”H%Jf% VR~ 03072 - ]2l IViwl2]l,,".
Estimate of 1.
—1+2+e, 3 -1
2] S | 1IVRl TP 020 gz - | HVal a360||L§
h
1-2 ¢ 2
) AR )
L??
+IV. |_%_‘€8 ol el
h 3PN (L1-5)™! 1el-Leg)™!
r P P r
Ly Ly, L,lj
2
< =4e 3 . . r—1
S (AL PR R ET e
h—L
Br,2(r£l)
2
2ye 3 —1
SMVal? 71 - IVellger - loll” 2,
v Lj, a-Log=te—1y h—E—
Ly Br,Z(rfl)
S v ||H%+% Vel " - el 2],

6.2. Estimate of v’

6.2.1. Estimate of (5.3)

This is already done for 2 < p < oo in the previous
sections.

6.2.2. Estimate of (5.4) Recall by using integration by parts, one has

/(v W) - Vi B vdx = —/vaku3 V|V P v dx.

Case 1: f v3 Bkv383|Vh|_2‘38kv3dx. This is already done for 2 < p < oo.
Case 2: [ V"33 - V| Vi 729 v3dx.
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Case 2a: [ |V~ lwdv? - Vi |V, =2 v dx.
Denote T = Vj,|Vj,|~2%. Then (in the following computation we used a com-
mutator estimate which is proved in [12] for more general operators)

2[ Vi wdgv? - Vi | V| "R opv3dx

— /(T(|Vh|_1a) D) — Vi oT dv)apvidx

< 1o a0d) = v oTad) |

—1
LS 2])_1_%)
3
vl -1
L)
h
S [nvil el R |
: (4+h-4-5) (-s5+4+9)" I
h Lh
-25 32
S Vel ol 1 (1+i,é,§)71 ok vl ) 301 5. e\
LEp P22 LGL(E‘TNIW)
h v h

-2 5,18
SIVE Pl - 1IVIFTP 72033
2 2

v 7 ~552.3
S ol Vol 7 - V™ 9707 |2.

3
v
Wl g

hS10SY

Case 2b: f Vi |_l v 03 - v, Vi |_25 dv3dx. We can use a similar commu-
tator estimate as above to derive
/th|_183v38kv3 SV Vi P ovddx

—26 3
S IMVRI™ 0307l

PR A .
L%ng ) LﬁLS{%+%5>

5_ 8 13_3
23 B_35 3,2
S VI 2072 - [IVIF 730713
3.3 32 2-5 3
S HVET20 N5 - IV 0 2

2 22
—84.3 3 —8q2.3
S VAl ™00 Iy - [l I 3ez - VAT 9%07, "

=i

6.2.3. Estimate of (5.5) We only need to deal with the expression for /,m €
{1,2}:

/a,vmamu’R3(|vh|—253kv3)dx
= / Ra(330%) - Ra(330°) - Ra(| Va2 kv’ )dx (6.1)

+ / Ra(@) - Ra(330%) - Ra(| V4] P av)dx 62)
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+ / Ra(@) - Ra(@) - Ra (V4| B av)dx, 63)
+ ce .

where in the above R, R3 denote Riesz type operators in x, = (x1, x2) and the
whole space R? respectively. The notation “- - - " denotes other omitted terms in the
summation which can be represented by either (6.1), (6.2) or (6.3). Clearly

(EDISNVAT2 0V’ 1+ 183071

L2L, L4L,
8q..3 7 3
S MVRITv7 |1y - 7))
H
On the other hand,

3
1(6.2)] < [l 11,s e 1007l -
~ 1 (lpl.48 ¢ 2 _ L dye
LSL,E“ P2 2) LUl*ng 4 4)

2843
Vel ov7 |, (3-2-3+5)”"
L,}"ELhS 2p 471
1-2 3+3-5.32
SIVE Poll - IIVIFTP 2073
7 -3 3 5423
S ol Vol - v ”H%*% VR 9707 2.

Finally for (6.3) we can integrate by parts in d. Then

1(6.3)] < IVally - lloll (1+degog)™ I
P

L{L, Ly L,S
1-2

3
P w -l
I 101y

S Vol - 11V]

S

7. Gronwall and Proof of Main Theorem
7.1. Gronwall for p = 2
The estimate of w is
1d r
el + 0 = DIViel |,

3 -1 3 ~852.3 -1
S IIH%IlelrLr IVeollir + 1713 TVl 950 Izl

1 1
—8q2 3,3 t0+er —8q2. 3, 2F6—¢1 1 L
+ (|||Vh| 2012 A 0% ) g VIl 22
I+l

+\log(10 + 11941780032 + loll e (I9°] 3 + 1) IVl ol
(7.1)
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The estimate of v3 is

3
2dt<2|||vh| P07 >+Z|||Vh|—5akw3||iz

k=1
< I3 11Vl 392031 2 11 VAl %8 v Vil a0?
0 VA8 2 + IVl VR 2003 2 103 s

H2
—892.3
+ ||0)||L’||U I3 VAl 0072 + lollzr Vel - |v? I3

I\J

(7.2)
Multiplying inequality (7.1) with [|w[|3," yields
Lyl + o - Dlwl7 IVol2 |2,
2.dt
SN sl 1Yol + 10713 1Val 950 2 ol e

—5q2. 3, 3+0+e1 —5q2. 3301
<|||Vh| 7v ||2 + Vil ~%0%v ||2

V]2 |2 llol"
S S ol
1+ [l 1%

+\/10g(10+|||VhI 290312 + lwll)(I0°] 3 + 1) IVellr ol

H?2

(7.3)
Then, it follows from (7.3) that
d 2 2—r % 2
31l + 1l V1ol 1,
—8q2.3
< Cllv*)? 3||w||y+@|||vh| |2, (7.4)
+ Clog(10 + [[[Va|? 903l 12 + ||w||u>(||v3||i.1% + 1)l
In addition, we know from (7.2) that
—|||vh| %0v3 17, 4+ 111Vl 2070713,
< C 2 V —58 C 3 2 . . 7" V % 2
< C|v’} I° 3 1Val~0v 17, + Cllv ||H%||w||L +100|| ol 7 IVIwl 2113,
(7.5)

Adding (7.4) and (7.5) together, one has

d _ 1 _ r 1 _
3 (ol + 11V ~00°I17,) + Enwuir’nvwniz + S IVl =020 1,
< CII 3 (Il + 11V~ 00%)72)

+ Clog (10 + [V %80 | 2 + ||a)||Lr)(||U3||Z% + 1) [l
(7.6)
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Using Gronwall inequality, we obtain that

lo®IZ- + 11Val 80 )17,

- (€ [P @I 5 +dsy (T
< (lwoll- + VAl ~?0v3 117, + 10) i3 .

It also follows from (7.6) and (7.7) that
t t
/O ol 7" V]| 2112, ds + /0 11V ~° 970313 »ds

< C(Iloll gy + 11V 2003700 2) Tog (104 [V 7807 [ o2 + 0l o)

t
[ @R +vas]
0 H?2

7.2. Gronwall for2 < p < 0o

Now we consider the case when 2 < p < oco. The estimate for w is

40— 1)

1d ri ri
——|llw|2|l5, + ——|V|w|2
el IR R S IVIel21L
< il 5423 e cl7p
s Cllv ”H%*% VRl 0307 2 [l 21l IViwl21l, ,

2

+Clv’? [ el 211} 2||V|w|2|| . (7.8)

;o4
Multiplying inequality (7.8) with |||w|2 || 12 2, we get

d L=
——I||w|2||

r 5—2 r
———1llwl2 I}, “IV]w|2|?
e S llel 2l 2

4
<c 5 ST w51 ) T V09203
[v? ||.1+2|||w| 15 (el 21, IVl 2 l2) 7 VAl =2 8350° |l 2
4

7 (el 17 ] RS
+Clv’? I, 2|||w|2||Lz(|||w|2||Lz IViwl2]l2)" "

4

< Clh? ||”2 S NolZ11, + — 11Vl 2 930° |2, (7.9)
H

100

The estimate for 9;v3 is

1d _ _
w(me S’ ||L2) +Z|||vh| V3|7,

2

< CIL 13 NV~ 060 AR
o ro2o1 r 2-2
+ CII 12 Ml 21 (Mol Vel 2 2) 7
4 2 2
+CI0 g3 Ml 1 (21 IV 101 2) 77 1190V el
2 -2
+ C””3”H%+% Vel V90715 VA 0%, T (7.10)
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Adding (7.9) and (7.10) together and using the Young inequality, one has

3
d ro 4 _
a(nwn;ﬁ} 1Vl ‘Sakv3||iz)
k=1
3

r 42 r _
+<|||w|2||,ﬁ2 IVIZ[17, + > 1Val ‘Svakzﬁniz)
k=1

3
4
< 3P ST =84 .32
= Clv IIH%+% <|||w|2I|L2+E VR 01172 |-
k=1

Therefore, standard Gronwall inequality shows that

3
ro 4 _
Nl 217+ Y VAl o 0172
k=1

t , 4, , 3t -
+/0 leolZ ()17 ||V|w|f<s)||izds+2fo 11V Vv ()17 2ds
k=1

pa L '
< <|||wo|z||;2+Z|||vh|5akv8||iz> exp{C/ I )11 1+2ds}.
k=1 0 H2ZTP
(7.11)

Now we are ready to prove the main theorem.

Proof of Theorem 1.1 (for 2 < p < 00). By smoothing estimates we may assume

without loss of generality that vy € H 3 N H', and Qo, V*Qo € L. With these
assumptions (and propagation of regularity) we note that the auxiliary norms ||w||,,
1V ~%3v3 ||, are well defined for any r € (2 — &9, 2] with &g > 0 sufficiently
small, during the life span of the local solution.

Now to control the local solution, by using Proposition 3.1 and Remark 3.3,
it suffices for us to control ||w||L;,H_%+%(0’T*) if 2 < p <4 and ||a)||L?cL§_, for
some 7 satisfying % < % < %(1 — 1y if4 < p < oco. Consider first the case
4 < p < oo. We shall take r sufficiently close to 2. By the Gronwall estimates
derived in previous sections, we have uniform estimates on ||w]||,. It follows easily
that the solution remains regular.

Next for 2 < p < 4 we can take r sufficiently close to 2 satisfying also

%+§—2>0.Then

r

2,3
2439
IIwIIH_%Jr% S VP ol
3.2 2.3

3-3_2 2
Slel: ™ Vel

3_ _r_1
r p 2

2
ro st r
S IVAel DIy “llell,
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Noting that 0 < % +3_2< % and ||V(|w|%)||leLz < 1, it follows easily that

r

el

1.2
LPH™ 270 0,7

Thus the solution remains regular. O
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