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1. Introduction

In this paper, we consider the instantaneous growth of analyticity radius for the
solutions to the following 3-D generalized Navier-Stokes equations in R x R3:

(GNS) Ou — Au = Q(u,u), (t,z) € RT x R?,

u|t:0 = UuQ.
Here u = (u!,u?,u?) : RT x R?® — R? denotes the velocity of the fluid under study. The
viscosity preceding the Laplacian term is set to be one. Throughout this paper we shall
denote by Q = (Q*', Q?%,Q?) any bilinear map of the form:

3
QI (uw,)E N T (D) (ut), (1.1)
k,4,m=1

where qi’}”(D) is a Fourier multiplier with symbol

def o 3
@rO=E S oy ‘a;,

n,p=1

and «}"™" are real numbers. The precise numerical values of o, will not play any

role in our analysis. Henceforth from a practical point of view it is often useful to regard

Q(u,v) as
Q(u,v) = RO(uwv), (1.2)

where R denotes a general Riesz transform. Using this abstraction it is easy to deduce
scaling transformations associated with (GNS).
Namely if u = u(¢, x) is a smooth solution to (GN.S), then for A > 0,

ux(t, m)déf)\u()\zt, Ax) (1.3)

forms a one-parameter family of smooth solutions to (GNS). The homogeneous space
H:z (R3) is critical in the sense that

lua(t, My = e,
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for any A > 0. By a slight generalization we designate the inhomogeneous spaces H*(R?),
s = %, s> % as critical and subcritical spaces respectively.

Our motivation for studying the system (GNS) comes from the following classical
3-D incompressible Navier-Stokes equations:

O+ u-Vu— Au = —-VP, (t,z) € RT x R3,
(NS) divu =0,

U|t:0 = Uo,

where u stands for the fluid velocity and P for the scalar pressure function, which
guarantees the divergence free condition of the velocity field. In fact, by applying Leray
projection operator, P = I + V(—A)~!div, to (NS), we obtain equations of the type
(GNS). One may check pages 206-207 of [2] for a motivating discussion of the system
(GNS). See also Chapter 5 therein for an extensive review of classical wellposedness
results for (GNS).

In the seminal paper [26], Leray proved the global existence of weak solution and local
existence of strong solution to (N.9). It is well-known that strong solutions of (N.S) are in
fact analytic in both space and time variables (see [25] for instance). In fluid mechanics,
the space analyticity radius of solutions to Navier-Stokes equations yields a Kolmogrov
type length scale encountered in turbulence theory, one may check [3,4,8,9,11,16,22] and
the references therein for more details.

Mathematically, the study of analyticity of solutions to the Navier-Stokes equations
goes back to Masuda in [28], where the authors used complex-analytic techniques to
investigate the analyticity in both space and time for the solutions of 2-D Navier-Stokes
equations in a bounded domain with Dirichlet boundary conditions. Foias and Temam
[13] introduced the notion of Gevrey norm, which allows one to study analyticity prop-
erties of solutions via energy method. In particular, they [13] proved the analyticity of
periodic solutions of (N.S) in space and time with initial data ug € H'(T3) (see also
[12]). Gruji¢ and Kukavica [15] investigated the analyticity radius of the solution to (N.S)
with initial data in LP for p greater than the space dimensions. The related result was
later extended by the authors in [5,21,23,24] to show that: there exists a positive time T'
so that

T
/m (sup e 7€ . ) d5+//|5|3 (eVT¥lja(t, €)])? dédt < oo

0 R3

This in particular implies the Fujita-Kato solution of (NS), which was constructed by
Fujita and Kato in [14], with initial data uy € H 2 (R®) is analytic for any positive time
t. One may check related results in the survey book [25].

We remark that in the previous works [6,13,17], the authors used Gevrey norm of the
form [|e"®IPly(t)||x with a L? based Sobolev space X. In [23] Lemarié-Rieusset studied
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Gevrey regularities of the solution u to (IN.S) in the LP framework. One may check
[1,9,10,19,29] for more recent development in this direction.
Before proceeding, we recall the definition of Sobolev spaces from [2]:

Definition 1.1.

(1) For s € R, we define the inhomogeneous Sobolev space H*(R?) to be the space of
those tempered distributions f which satisfy

def Ny

[l =146)° F(€)ll> < oo,

where f denotes the Fourier transform of f. Here and in all that follows, we always
denote the quantity (f}déf(l + 1¢1?) 5

(2) For s € R, we define the homogeneous Sobolev space H*(R?) to be the space of
those homogeneous distributions f which satisfy

def N

[l zre = MEI°F(E)l 2 < oo

From a scaling perspective, the O(v/t)-radius of analyticity of the solution to (NS)
seems to be optimal since it almost fully utilizes the heat kernel. Thus it is somewhat
surprising that Herbst and Skibsted [17] proved the following sharpened result:

Theorem 1.1 (Theorem 1.8 of [17]). Suppose ug € H" for some ~ €]1/2,3/2[. Then the
system (N.S) with initial data ug has a unique local solution u on [0,T). Let e €]0,2y—1].
Then there exist constant to = to(e, 7, [|uo|lmr) €]0,T] and C = C(e,, ||uo||m~) > 0 such
that

[|ev =iy tll“t”Dlu(t)HHv < Ctite3  forall t €]0, to]. (1.4)

In particular,

.. rad(u(t))
liminf ———=% > /2y — 1. 1.5
o Vi lnt] — 7 (15)

Henceforth, we always denote rad(u(t)) to be the space analyticity radius of u(t).

Remark 1.1. Herbst and Skibsted asked the questions below (see page 194 of [17]):

(i) Are the bounds (1.4) and (1.5) optimal for v €]1/2,3/2[?
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(ii) Are there better bounds than those deducible from Theorem 1.1 if v > 3?
(iii) Can the asymptotic

. rad(u(t))
t£%1+ i - 00, (1.6)

be improved for the critical case v = %?

The purpose of this paper is to settle the questions in Remark 1.1 proposed by Herbst
and Skibsted. Our first main result addresses the subcritical case HY with v > %

Theorem 1.2. Let uyg € H"Y with v > % and be divergence-free. There exists T > 0

s0 that the system (GNS) has a unique solution u € C([0,T); HY) N L*(|0,T[; H'+1).

Furthermore, there exists to < T so that for any sufficiently small § > 0 with § < %(’yfl)

2
there holds

||e’\(t)‘/Z|D|u(t)HH%+5 < Ct_%('*"’é_%)|1nt|%(7_%)e%ﬂ(t) for all t €]0,10], (1.7)
where
def .
MO/ (2y — 1) (It + In ) +36(t)  with
def ~
ny(t)= max 1001/, E)llrz  and s
B(t)dﬁf min{ ‘11177:,%(75) ) %(’Y - %)Hnt\ }v if”:,%(t) > 0;
3Oy =)t i, () =0.
In particular, we have
rad(u(t)) >1 forall t€]0,to]. (1.9)

NONG

Remark 1.2. We deduce from (1.8) and (1.9) that

rad(u(t))
\/t(\ nt|+In|Int|)

> /2y -1 for all ¢ €0, to],

which not only improves the analyticity radius derived for the solution of (N.S) in (1.5),
but also generalizes Theorem 1.1 to the conjectured range v > % Consequently, we fully
resolve questions (i) and (ii) listed in Remark 1.1, which were originally raised by Herbst
and Skibsted in [17].
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mark 1.3.

For any given solution v € C([0,T]; H”) of the system (GNS) with initial data

up € H7, we shall prove in Lemma 2.2 that 1 (¢) — 0 as J — co. We should point

it out that the case n:*l (t) = 0 in the definition of B(t) is trivial in the following
2

sense: according to the definition of 7} (t), when n” , (t) = 0, it holds that

-4
supp(@(r,-)) C {€: €] <0.01t72}, V7 €0,

In particular the space analyticity radius of u(7) is arbitrarily large for 7 €]0,¢].
This scenario does not seem to be easily ruled out for the nonlinear problem. For
example if we consider two-dimensional Navier-Stokes in vorticity form, the solution
w(t) = et®wp with wy being radial is an explicit solution to the nonlinear equation. If
one takes wy to be compactly supported, then clearly w(t) also has the same compact
support in the frequency space.

Roughly speaking, the definition of () given by (1.8) is to accommodate the situ-
ation when the initial data ug has higher smoothness (say in H™ with m > v > %)
whereas the working space is H”. Apparently in the case ug € H™ with m > v > %,
we have n}(t) < J~(m=7) and |1og77:7%(t)| > 3(m —~)|Int] = C (C > 0 is a con-
stant). If m is large, we clearly see an “upgrade” of analyticity radius of the amount
(v — 3)|Int| thanks to our definition of 3(t).

The cut-off 1(y—1)|Int| is for the convenience of analysis only. In principle it can be
replaced by other suitable O(]Int|) term but the corresponding running parameters
(in our nonlinear analysis, see for example the estimate of the low frequency piece
(2.4)) will have to be adjusted accordingly. In practice we tacitly assume that the
working space H7 “saturates” the smoothness of uy so that n7(t) decays suitably
slowly as J — co. For this reason we chose the working cut-off 2(y—1)|Int| in order
to ease the presentation. We shall not dwell on this subtle technical issue here.

A fundamental insight leading to the proof of Theorem 1.2 is that the high frequency

part of the solution to (GNS) controls its space analyticity radius. In fact, we shall
recast (GNS) into the following form:

u = ePug + B(u, u). (1.10)

We employ the classical iteration scheme to construct the approximate solution sequence

{tn}nen of (1.10). We first prove that there exists a positive time T so that {u,}
converges to the solution u of (GNS) in L>([0,T); HY) N L?>(]0, T[; H*'). Then we
prove that there exists a positive time tg < T so that |lu,|x,, is uniformly bounded,

where the working norm || - || x,. is judiciously chosen as

def|, 8 1 DTN IPION
||u||XT§th|£‘6+§1 4T+)\\/T‘E‘u(t’€)’|L%c(Lg), (1.11)

1e
|€]>0.01AT ™ 2
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Henceforth, ¢ is a positive constant satisfying v > % + 24. Finally we prove the conver-
gence of the approximate solution sequence {u, },en in the norm:

)\ t

Ht2|€|5+267 AT Hflil (t,€) HLN p

)
for A = A(T") with A\(T") being given by (1.8).

To answer the question (iii) of Remark 1.1 for the critical case v = %, we have the
following result:

Theorem 1.3. Let ug € H2 and be dz’vergence free. The system (GNS) with initial data
uy has a unique solution u € C([0,T); Hz) N L2(J0,T[; H?) for some positive time T.
We denote

def

GO max ezl ar Oll; and A®™ \/3mm{|1n<2 (1)), |Int}, (112)

1 1

where |log (2, (t)| is tacitly defined as oo if (* ,(t) = 0. Then there exists a positive
t 4 t 4

time t1 < T so that for all t €]0,t1], there holds

Z8 8 (L4907 A2(4) o5
XV 30 <Clluol ) (¢F 4478070 ). (113)

-
Remark 1.4.
(1) It is easy to observe from (1.13) that

rad(u(t)) > \(t)Vt for all t €]0,t,]. (1.14)

1
In Proposition 3.1 we show that (7 (t) — 0 as J — oo. This implies A(t) — oo as
t — 0", By (1.12) and (1.13), we deduce (1.6), i.e

lim rad(u(t))
t—0+ \/Z

In this sense the point-wise-in-time bound (1.14) offers a minuscule yet nontrivial

= 0. (1.15)

improvement. Note that (1.14) also gives an “e”-improvement of [6].
(2) In [6], the authors proved that for any global solution u € C([0,00[; Hz(R?)) of
(NS), there holds
rad(u(t))

dm BV
We expect that similar result as (1.14) should be true for any global solution u of
(NS) with time t being large enough. However we shall not pursue this interesting
direction here.
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We conclude this section by introducing notation used throughout this paper.
Notations:

e Throughout, C > 0 denotes an absolute constant whose value may vary at each
occurrence. For positive quantities X and Y, we use X <Y to indicate X < CY,
and X Sz,...z Y to indicate that the constant C' depends on the parameters
Zi, ..., Z. Occasionally we write X < Y (equivalently Y > X) if X < ¢Y for some
sufficiently small constant ¢ > 0.

e We adopt the following convention for Fourier transform. For Schwartz function
a=a(x): R® = C, we denote the Fourier transform

(Fa)(§) = (fzﬁga)(g) =a(6)= /a(w)e_m.gdx.

For Schwartz function b = b(¢) : R3 — C, we denote the inverse Fourier transform

(F b)) (2m) / b(E)eiSde.

R3

The action of Fourier transform and inverse Fourier transform on tempered distri-
butions can be defined accordingly.

» We use the notation t — 07 to denote t — 0 with ¢ > 0.

« We shall use the Japanese bracket notation (z) = (1 + |z[2)2 for z € R3. For s € R,
we denote the smoothed fractional Laplacian (D)* = (I — A)*/2 which corresponds
to the Fourier multiplier (1 + |£]?)*/2. We also use |D|* = (—A)*/? to denote the
fractional Laplacian which corresponds to the symbol |£]°. We denote by (f, g) g
the usual H* inner product, namely

(.9)4- = [ IDI*FIDYgda. (1.16)
R3

« For vector-valued Schwartz function u = (u1,u2, u3) : R* — C3, we denote

1
lullze = [I(lur[* + [uzl® + [us|*)2 [ o ro), (1.17)

where LP is the usual Lebesgue LP-norm. The vector-valued Sobolev norm H? is
similarly defined. In yet other words we shall suppress the notational dependence of
the vector-valued spaces. For example we write LP(R?)? simply as LP(R?).

e We use * to denote the convolution of two functions, namely for Schwartz functions
fi:R3 = Cand fy, : R® = C,
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def
(hr+ )@ [ ila = ) o)y,
R3

e For a nonempty set A, we use 14 to denote the usual indicator function, i.e.

of | 1, if z € A;
1,% (1.18)
0, otherwise.
For example in Section 2, we have
L if €[ = 0.01Ny;
Ligiz0.018, = , (1.19)
0, otherwise.

o For two vectors u = (u1,us2,u3) € R® and v = (v, v, v3) € R3, we employ the usual
tensor notation

(u (%9 v)ijdéfuivj. (120)

« For a Banach space B, we denote by || - ||z (p) or || - ||z p the norm ||| - ||BHLP(0 .
For example,

T .
1l e == (/(/ Ft ) ar)”
0

R3

The space of continuous functions from [0,7] to B is denoted by C([0,T]; B),
equipped with the norm

def
||U||C([0,T];B)§ sup |lu(t)| -
0<t<T

2. The subcritical case: v > %

In this section we give the proof of Theorem 1.2. For A\, T > 0 and a € S'(R3), we
denote

MENT 2 QL OE Fase(a)(t,€), (2.1)

where F,_,¢ denotes the Fourier transform. We decompose a into low frequency and high
frequency parts as:

. ~ def~ _def .
a=a+a, with @(t&=atE) lg<oony, and an=at &) lgsooin,. (2:2)

To track analyticity radius, it is convenient to adopt the following notation:
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T(a)(1.&) e I lg (1, ). (2.3)

Here we suppress the notational dependence on A and T.

We first deal with the low frequency part of a. Throughout this paper we shall tacitly
assume T < 1 since T will be eventually taken sufficiently small. Since A will also
eventually be taken sufficiently large (A = O(y/|InT]) in the main order), we shall also
tacitly assume A > 1 to avoid any pathologies in the computation. For example in
Lemma 2.1 below, we have (AVT)~! < 0.01N; = 0.01AT 2.

Lemma 2.1. Let v > 3. Let' 0< 0 <~ —1% and a € L>([0,T); H?). Then for anyt < T,
one has

2y _ A%t
I1T(@) ()] ys S L+ ATTOFITIO77D OO ST a ] e gy, (24)

Proof. We observe that for v > % + 4,

13 |2 o8 e ‘1\§\<001N |§| 8 \/_ml -1
€ ' (€7 Tle<(xaT)
A= €]
e

W . 1(/\\/T)fl<|£|<0.011\/1

<14 )\%“MT%(V*%*‘S)eO-O”Q.
By (2.3), we obtain

1 1 _ A2 _t_ ~
Pl [ s TR (3]

S (U APPOTHE D00 o] g ). O

2
We remark that there is a saving of e~ 3T in the estimate (2.4) which will be used in
forthcoming nonlinear estimates.
Notice from (1.11) and (2.3) that

3 s+ 1
lallx, = [1t2|D1°"> T(an) (t) [ g 22)-
To estimate ||a| x,., we first observe that for any ¢t <T <1,

g7 he T g |

H10.01N1§|5|§0‘1Nl Lo

S TH) 0D 00 oy e &)

ST30=)\ =379 llanll Lo (217)-

L Here in the linear estimate we only need ~v > % + 0.
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Therefore to complete the estimate of ||u|x, for the solution u of (GNS) in
L*>([0,T]; H"), it remains for us to treat the main piece

s 1 A% a e
|tigz0.mttlep ekl )| (26)

L§(L2)
For this, we appeal to the following integral reformulation of (GNS):

t

u = ePuy + /e(t_s)AQ(u,u)(s) ds,
0

where the bilinear form Q(f, g) is given by (1.1). The avid reader should think of

Q(f,9) = RA(f9g),

where R is Riesz-type transform. On the Fourier side, we need to estimate the piece

t
1\5|20.1N1/6_(t_3)|£|2m)(875) ds.
0

Thanks to the high frequency cut-off 1/¢/>0.1n,, there will be no low-low interactions of
f and g entering the nonlinear estimate. Our main technical result is stated in the next
proposition. This is the most crucial ingredient used in the proof of Theorem 1.2.

o - , 1 2
Proposition 2.1. Let Q(f, g) be the bilinear form given by (1.1). Let v > 5. Let” 0 < § <
%('y — %) be sufficiently small. Then for ng being a small enough positive constant, one

has

t
A2¢

3 1 _t_jg|l—=2zt _(f— 2 =
t31¢ 501, €0 FEMVERITAT /6 (t=s)lel Q(f,g)(&f)dS‘
0

LF(L?)
(e p AT A O3 (-3 420)

s a2
% (1 fllnge e llgnllzse crvy + I fnllpgs (gl e () + A || fllxollgllxr

_ S 1 1(r_1_ 2
FAZTOTE (14 A HOITE (7370 00N (g o o [ L + 1 1 e (o 9L
(2.7)

where fy and gy are given by (2.2).

Proof. For any ng > 0, which will be taken sufficiently small later, we split the integral

fg = Onot + f;[)t and shall estimate each piece separately.

2 Note that here in the nonlinear estimate, we need v > % + 26.
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In view of (1.1), we decompose the short-time piece fonot into the following two parts:

Mot
s 1 g%
tzH|§|z+51\§\20.11vle’\ﬁ‘5‘ aT / —(=9lEP g1, 9) dSHL2
0
Not 5
5 1 _ . N 2 —
=t el o, [« ) Qs 0],
0 (2.8)
not
5
Sl igon, [ 1 g, 300,80 ]
0
Not
s 246 ,— 51 Fy
+Ht21\£\z2m/|§|2+66 DIEEIT (s, )l ds || -
0

Here the smallness of 79 is needed for the second part so that esléle—t 51617 < o= T5l€17,

In particular ny < 0.1 suffices.
By frequency localization and (2.2), we have

Ligsoan f *9 = Lig>0.an, (1% G0 + fo* 91 + fo * Gn). (2.9)

Then we get by applying Hausdorfl-Young’s inequality, ||f|| o' < C|fllee for p € [1,2]
,de

and p , that
not
3 2
/ [Lje1<am €10 100w, F 5 (s, O] s
0
not
2 §+§
S [N igean | o iesoam P02,
Le L
0
not
2 846 126
< /e4sN1 NETUNE (||f19h(8)||L2(1§5) + ||fhgl(s)||L2(1:16) + || fugn(s )||L2(1 5>)
0

By Sobolev embedding and (2.2), we obtain

not
3 2 T
/||1|§|§2N1|€|2+568|£| ]_|§|ZO1N1|f*g(8a§>”|L§d8

not
2 _ 1 1 1 1
S [ VNI (IDE a1 gl + 11D Al o 1D1E g1
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1 1
+ 1ID12*° full 2l D17 0 gnl| 2) ds
not

sN2 _ —y41
5/64 Nl]\fl2 5ds(N1V 2(Hf”L;”(HW)”gh”L;”(Hv)+||fh||Lg°(H~/)Hg||Lgo(Hw))
0

—2(y—31-9)
+ N0 Bl o gl e i )
Since v > % + 24, we get

Not

3 2 ~
/”1|s|s2N1|§|2+565'5' Lezo.1m, | f # (s, )l 2ds
0

_ 2 — +l

S NT PO TNENTTT2 (|| fll poo oy gl poe () + | full o () 1191 £oe (1))
C1miyy—i+6 2

S (ATITE) TN (| £l oo (g | e vy + Ll g ey 9l Lo () -

Similarly for the piece containing 1/¢/>2n,, we have

not
S 3 _tqel2
”Hl\s\zzm/lflﬁée 016 7 (s, €) ds]) .
0
not
— _1 ~
Sl Lzl sy /||1|£|20.1N1f*g(s,')||L¢325 ds
0
not
—1 77 —26
S /(Hflgh(s)HLﬁ + g ()] yizsy +||fhgh(f>“)||Lﬁ)ds
0

1 l\y— 2426
S AT T ET (1 e lgn L nge vy + L full oo ey 9 pge (7)) -

Plugging the above estimates into (2.8), we obtain

not
S 1 At _ A2t —(t—s 2 —
||t2\§|2+61|€|20.1N16 Vol /e (t—s)€| Q(f,g)(s,ﬁ)d$||L;s(Lg)
0

(2.10)
< (M0 p AT A3t (-5 420)

< (I Nz e lgnllzse vy + Iullzge e N9l e i) -

For the remaining piece fnto ,» we require the following lemma. Its proof is deferred
until after that of Proposition 2.1.
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Lemma 2.2. Let Nodéf% > 1. Assume § > 0 is sufficiently small. Then for all0 <t < T,

one has

t

68 [ ticonee 1615+ s, dsllieagy S 70T sup (SIF(, )

" (2.11)

and
t

& / Lezanye™o "€ 3000 B(s,€) ds|l o (12

ot (2.12)

:
SAoMNT OEEIS)T(SsHF(S)”Lﬁ)-

We now continue our estimate of the piece f;o ;- In view of (2.3), we write

t
s 1 At _aZ (4 2 —
£2][1€12 1 20,0, VT /e QL 9)(5,€) ds|

not

t
) 1 (i— 2 Nt |g|_A%t o~
St 1€ g z0am, / jgle™ Nl A Tm AT P (s, € ds | . (213)
Not
t

St [lefE / e~ (t=9)el* N

not

e

lel+ TN 500w [T(F) * T(g) (5,6 dSHLg'

By frequency localization (2.9), it suffices for us to handle the estimates related to the
terms:

— —

T(A)*T(gn),  F(fu) *T(q1), and T(fn) * T(gn)-

These correspond to low-high, high-low, and high-high interactions. Once again, the
saving grace is that there is no low-low interaction piece.

We first estimate the contribution due to T(f) * T(gn). For this we employ further
frequency cut-offs 1j¢j<n,, 1i¢j>n,, and decompose the integrand accordingly as:

t
t—s A2s A%y
t%{||g|%+6/6_(t_s)|£|26Aﬁ‘£‘+ 3T — 4T |3(fh)*‘l(gh)(8,§)|d5”Lg

not

t
StgH/ |§|%+5e—(t—s)(\6\—ﬁ) +ﬁ‘%*@(&f)|““@

not
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t
=4 / €13 T e 37 [T(fu) * Tgn) (5. ) ds]] . (2.14)

not

t
3 3 L8P+ A2 AN =Y
+ 13| / €1+ L gz, €710 IS T (fi) + Tgn) (5, )] sl

not

Using Lemma 2.2, we get for A\ > 1land 0 <t <T < 1:

t
s 3 —(t—s 2 t—s _
£3||¢|3 0 / e~ (=) I€ A el A = i |s<fh>*s<gh><ss|dsl\m

not

A0 - sup (s () Tan) (s, M, ) (2.15)

0<s<T

A

A% - sup () |DIEHOT(fi) (s, ) lln2ll| D120 (gn) (s, ) 2)
0<s<T

A

s a2
SAe T | fllxrllgllxr

—

Next we estimate the contribution due to T(f,) * T(¢q1). Along the same line as the

estimate of (2.14), we write

t
s 3 _ $)e1? A%
[ el T RE PRI CRSIEN P

not

t
il 3 A2s =T =T
et [ 1610 L, e [E0R) + ) 5.9 ds

not
t
4 g4 — & (=P T (£ % T (o)
+ 3| I g e () * T (s, )l ds] -
not

Using Hausdorff-Young’s inequality, we obtain for 0 < t < T

t
3 3 A2s =TS T
[ 163 e, 3 ) o) (5. ) s

not

T(fn) * Tan)(s, N, a5 s

/ [P s

not

SNETE sup (ST S(RIT@) (s ),

0<s<T
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and also

t
5 3 L) e A =Y =N
t"’”/ |§|2+61\§\2N1€ 1o (=I5 | T fy) *5(91)(37§)|d5”L§

not
t

sth [(t-9 s as sup (S IRRIT@O, 0, )

0<s<T L20-9)
not
< swp (e IT(RT@)6) Ly ).
~o0<s<T L20=3)

Consequently, we deduce for 0 <t <T

t

|l [ ool

—

€157 =37 | T (1) + (9) (s, )l ds] .

Not
<( ) OilslIS)T(S e T || Z(fn) (91)(S)||L2<li5)) (2.16)
A0 sup (e IDEHT(f) (3)]|a - 1IDIEHT(00) 522 )

0<s<T

58 A2s
SN TOTE | fllxe sup (€571 T(90)(5)]] 3 45)-
0<s<T

Together with (2.4), we infer

t
3 3 —(t—s 2 )\i=s LQ:,_L% — —
||t2|§|2+5/e (t=9)€]? AT |61+ 57 — 47 |‘I(fh)*‘I(gl)(s,fﬂds”L%?(Lg)
not

SAZTE (14 Az T30 00N il lg)] e 0.

Plugging the above estimate together with (2.15) into (2.13), we obtain

t
5 N2 [ e
[£2 1617701 gp20.18, € VT 11737 /e ok Qf9)(5:€) ds|| e 12

] ot (2.17)
) 2
SATC T gl + AT (14 ARHTROR 000

x (lgllzze a1 lxr + 1F g e lgllxr ) -

Clearly, (2.7) is a consequence of the estimates (2.10) and (2.17). O

We now turn to the proof of Lemma 2.2.
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Proof of Lemma 2.2. Using Hausdorff-Young’s inequality, we find

t
‘N2 3 =
[ e gcon 610 F (5. 8) 13 s

not
t
2 346 n
5/68N0N02 [ Te1<2mo || o0 1 (5 O iy s
Not
t
2 34§ 1_925
< / NN NG TR IF )|y, ds

2(1-9)
not
< s -2 -8 (N3t _
NoigISJT(S IFGI, sy ) -t 2(NoVe) ™" - (Mo — 1).

Note that the function f(z) = x"s(e“f2 — 1) is monotonically increasing in z > 0. In
particular, for ¢ < T, one has (recall 2Ny = N = /\T_%)

F(NoVt) < F(NoVT) < 222~ 0N

This leads to (2.11).
On the other hand for the piece containing 1/¢>2x,, we have

t

[ 2 3 S 2 ~

It2||/*3N°s|f|2+61l§|221\fo€ w0 E (s, €) ds| 2
not

t

S

t

ot [ Mo — s sup (1G]

i)
0<s<T L20-9)

1
< N2tr _ —1+8 . ) .
S [t —n i s (@IFE )
o

_9d 2
S <N3T> zeN(,T OiugT(s‘;HF(S, ~)HL2(13_5) )
ERS

Note that in the above we adopted the notation (z) = /1 + z2. Clearly <N§T>_% <
(NgT)*%. Thus (2.12) holds. In the last step above, we used the elementary inequality
(for A > 1):
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1 1—mno

/EAT(].—T)_lJ'_%dT:eA / —As _1+2d5<A el

70 0

This completes the proof of Lemma 2.2. O

Next we turn to a pedestrian result: the local well-posedness of (GNS) in classical
Sobolev spaces. Given the bilinear form Q(u,v) in (1.1), we define B via

{ 0B~ AB=Q(u,v),  (tz)e R xR, (2.18)

Bli—o = 0.

In yet other words, B is related to Q(u,v) by the integral:

B= [ e"92Q(u(s), v(s))ds
/

Clearly, B is a bilinear form in w and v. This bilinearity is precisely what allows the
ensuing a priori estimates to directly establish the existence and uniqueness of B.

and u,v belong to

of | 4, ) 1,
Proposition 2.2. Let v € [1/2,00], pﬂ,df{ ZZ];FLZ 1/2,1],

Lrv([0,T7; HAH_%). Then (2.18) admits a unique solution B < C([0,T]; H) N
L2()0,T[; HY*1). Moreover, there holds

1Bl Lse vy + VBl 2.7
CTz, ify>1,

c, (T 2 2 ith C.
SOl e 01, ez with Oy (D) {TZ B
(2.19)
and
18| < C(T)(1+T77)[|ul| H | : (2.20)

Py 7+pl Py Py
LRy () 7500 a0 2200 a0l )

Proof. For simplicity, we just present the a priori estimates (2.19) and (2.20). We first
get, by taking H” inner product of (2.18) with B, that

Q.|&

AIBllz + [ VBI7- = ((D)Q(u,v),(D)7B) . (2.21)

N | =

In the case when v > 1, we deduce from (1.1) and the product-law in Sobolev spaces
(see Theorem 8.3.1 of [18] or [27]), that
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(D) Q(u,v),(D)"B) .| SIIDI™2Q(u,v) |- || DI Bl -

Sllull iy 1014 1Bl VB -

H’Y+2 H7+2

This implies

T
J16DY QU0 (D))
0
1 1 1 (2.22)
STl e 100y e, DBy VB s
1
SCTHuIR, ey 100, ey, + 1B oy + 198150
Similarly for v € [1/2,1], we have
|(<D>"’Q(u,v),<D>”’B)L2| §||U®UHHWHVB”H“’
< VB g~
Sl ez ol o2 VBl
This yields

T

J1@r Q.. 0rB) .|

0

12 (2.23)
<T2 by ||U|| pW(H || || pw(Hw%)HVBHL?T(Hw)
1
< P 2 9 2 2 — 22
<erE e, W)nvumwﬁﬁ2||VB||LT(HW

where we used the fact v > %, so that p, > 4.

By integrating (2.21) on [0,7] and then plugging the estimate (2.22) or (2.23) into
the resulting inequality, we obtain (2.19).

On the other hand, a simple interpolation argument gives

18] iy 7||B||L°°(Hw KD >BHL2(HW

LYY (H
= 1 2
N||B||L°°(H’Y)(T2 1Bl gy + VBl Lz (1))

This together with (2.19) yields (2.20). This concludes the proof of Proposition 2.2. 0O

We now complete the proof of Theorem 1.2.

Proof of Theorem 1.2. We proceed via the following three steps:
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Step 1. The local existence of classical solution.

In view of (2.18), we seek a solution to u = e*®ug + B(u, u) via the following iterative
scheme:

f A

uldée ug and un+1d§femu0+8(un,un). (2.24)

Let p, > 2 be the same as in Proposition 2.2. Minkowski inequality yields

A —t]g2~ o o—tlE
e uoll oot SIETET T g gy + €71 e TGO 1
1 2 2 —~
ST ol + (| (€)1 e | o To(€)] . (225)

1
SC(l-l-TpV)HU()HHW.

By (2.20), we have

<M1 4T ) ||lun?

42 2 .
Ly (H ) L2 (H TP

1B (twn, un) |

In the subcritical regime vy > 1/2, estimate (2.19) yields C, (T) = T? with 6 > 0. Scaling-
wise, the factor T? directly reflects the subcritical nature of the nonlinear estimates.
Hence we may choose 77 > 0 such that

T sup{ T <1, 4CC,(T)(1+T%) (1 + |fuoflu~) <1 }. (2.26)

With this definition of 77, we can find u € qu (H7+%) satisfying (1.10) and

1
li — 2 =0 d 2 <2C(1+T, v.
lim|uy, UIILIE(HW;H an i‘;‘i““"||L;;(H*+pi> < 2C(1+ 17 )[|uol =
(2.27)
By (2.19) and (2.24), we obtain
ig(”unlh%; )+ IVunlicz, (mvy) < Clluolla-- (2.28)

Notice from (2.24) that

Unt1 — U =B(Un, un) — Bu, u)

=B(un, — u, un) + Bu, uy — u).

Using (2.19) and (2.27), we deduce that for T' < T7,



D. Li, P. Zhang / Advances in Mathematics 487 (2026) 110769 21

[(unt1 — Wl Lge vy + 1V (un+1 — w)ll Lz (v

< —
< Cllun =l e (Bl e+l e ) (229)

< Clluol 7 [|un — ul| —0 as n — oo.

A
Step 2. The uniform estimate of ||u,|| x,.

Using (2.2) and (2.24), we write

. def ~
Unt1,0(t ) S Unt1(t, ) 1ig1>0.01n,

= 11(t, &) 10,018, <|¢|<0.1n; + B uolig>0.1n, + B(tn, un)(t,€)1jg)>0.1n, -
(2.30)
By (1.11) and (2.5), we get

1 _1 (~y—1_
tnt1llx, SCTEO"DATO727 w1 | g ) + et uol
t
S 1 Nt A2 e 5
([ o, e[ A I /e (t—s)€] Qo 0)(5:) | 1)
0

Thanks to the condition ~ > % + 24, we have
51 ZAZE Nt el g2~
le 2 uol|x, =I[E31€12* Ligz0.00n, €~ T AV e GG (€) | e 1)
L(ymd)y—(y—2i— —
STz A0 g0 01, [P TR () 2
<T%(v—%))\—(w—%—5)HuhHLm(m)
~Y T b
where in the last step we invoke the limit solution u determined by (2.27) (note that by
(2.28) w € L H"). Using Proposition 2.1 for the nonlinear piece, we obtain

1,1 (~y—1_
wnt1llxp SC(TZ(7 DA77 [(luns1nllzse oy + lunllse )
2 _s A%
+ (1 + )T \lunll Lo () lun n |l Lgs ()] + A0 [Junl|%,

£ X2 (14 AT RO b 0 000 s i x ).

Then we deduce from (2.29) that for arbitrary but fixed small enough constant ¢ > 0,
there exists an integer N so that for any n > N, there holds

Junsillxy <C(THO-DAOED[1 4 (14 403) T g -]

2
% (e + lunllzge i) + A0 unl%, (2.31)

+ /\275Tg (1 + )\%+5+7T%(’yf%76) 60.01)\2) HUOHHW HU'TLHXT) .
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22
Before proceeding, we present the following lemma:

Lemma 2.3 (Uniform high frequency smallness in H”). Let v > & and uw € C([0,T]; H)
be a mild solution of (GNS) with initial data ug € HY. We denote the Fourier multiplier

=, def
P> 5(&) = 11¢j>0.017- Then one has
v (ydef
) (T)= max |[Psyu)|nr =0, as J o0 (2.32)

We admit the lemma for the time being and postpone its proof till the end of this

section.
We now continue our proof of Theorem 1.2. For 0 < 1y < 5 =1) and 7 (t) being

given by (1.8), we define

AT /(27— )| T| + 1[I T) +35(T) with
(2.33)

def . 1 1
B(T)= mm{ |ln(77;7% (T))|7 5(7 — §)|lnT| }
)| is tacitly defined

(T') = 0, then the expression | ln(nlf
are well-defined in

In the above definition, if n;J N

2 2
to be infinity for which B(T") = (v — 1)|InT|. Thus B(T) and A(T)
all cases. We also define

ngéfsup{ T<1T, eAnoX*(T) s <1,
(2.34)
CXN (DT (14 ATH(T)T 207370 D) g | 12 <
We observe that due to v > % + §, Ty is well-defined for § being sufficiently small.
Then by virtue of (2.31), for any n > N and T' < T3, we achieve
Junsllxr <C(THO™DN=O=EDT) (1 + fluoll ) (¢ + lunll 3= 1))
(2.35)
_ A2(T) 1
AT funll, ) + Sllunlx
Let us compare ||ty,+1]|x, with Z, which is determined by
/\24(1T) Z2) .

22 = C (TN (D) (1 + uoll) (e + lunllage ) + A~ (T)e

In particular, thanks to Lemma 2.3 and (2.33), for any sufficiently small positive constant
co, which will be determined later on, we can shrink g < T5 to be so small that
1 A%(T)
W) (1 + uollm~) (¢ + lunllpgs e+ < co}
(2.36)

todéf Sup{T < T, C2T% (7_%))\_(7_5
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We notice that for A(T) defined by (2.33), to defined by above can be reached.
Then we deduce that for n > N and T < ¢,

sl xz < CT2OTDN=OT270(T) (1 + [fuol i+ ) (£ + l[unll e () ) - (2.37)

Step 3. The convergence® of {t3T(u,)} in L>®([0, to]; Hz1?).
Recall (1.11) and (2.3). We deduce from (2.2) and Lemma 2.1 that for T < g,

O P L (G

sy * lons = allr
<COllunt1 = unllLge (7 + [Uns1 — un|lxyp-

By (2.30), we have

5 1 PRI PIN G ~
|Ung1 — Unl|xp §Ht2 1£]°%= Lo.01N, <|¢|<0.1N, € vrltl=ar (Wn1 — “n)HL%O(Lg)

t

2
+ Htgl\f\ZOJNl|§|5+%€)\\%w7% /6_()5_5)‘5‘2]:(62(“71 — Un—1,Un)
0

+ Q(un—1,Up — un—l)) (s,6) dsHL%"(L%)
Using (2.5) and Proposition 2.1, we get

1

lums1 = wnller <C(THO™DAOE0(T) [l 1 = wall e 1)

+ T (JJunl e (rrv) + N1l £ge (1)) 1t — 1| £o (11

_ s
+ N TUD)T2 (funlxr + lun-1llx2) un = wn-allzge )

A2(T)

+ Hun - u’ﬂ*IHXT [A_é(T)e 4 (Hun”XT + ||un71||XT)

—5pd
+ X2 (e ) + el )] )
It follows from (2.36) and (2.37) that for T < tg

A2(T)

AT (Junllxy + lun—1llx,) <20T20~22\=02)(T)

A2(T)

2
X (14 luoll ) (& + llunllLgs () ) e < oeo

Then if we take cg to be so small that ¢y < %, we deduce from (2.28) that for T' < ¢,

3 A conceptually simpler approach is to obtain a contraction in C?Li for the “un-weighted” iterates

themselves, and then appeal to the weak closedness of the relevant Banach spaces to handle the higher
norms.
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g1 = tnllxr SC(lunt1 — wnllpge vy + luoll g [t — wn—1llLes (1))

1 _ s
+ (1 + ONTUD)T = ol ) 1un — tn—1[lx-

By (2.34), we infer for T < t

1
tUnt1 — unllxs < C(Hun-‘rl - unHL%O(HW) + [Jun — un—1||L%°(H7)> + §Hun — Un—1]x7-

Plugging the above estimate into (2.38), we find for T' < to,

Htgi(unJrl - S%Ht%g(un — Up—1

Un)HL%o(H%H) )HL%(H%M)

+ C(||Un+1 - un”La’?(H‘Y) + [Jun — 'UJn—1HL7°?(H“f))-
(2.39)

Hence {t%T(un)} is a Cauchy sequence in L%O(H%H) for any T' < tg. As a result, it
follows that for any T < ¢,

. s o 3 2%t AMtp)
nl;n;o||t2i(un+1 _U)HL%O(H%”) =0 and |[t2e 3T eVT u(t)HLgs(H%”) < C. (2.40)
In particular, by taking ¢t = T in (2.40), we obtain

2
||6)\(T)\/T‘D‘U(T)||H%+5 < CT= 3™ for any T < tg.
This together with (1.8) yields (1.7), completing the proof of Theorem 1.2. O
We now complete the proof of Lemma 2.3.

Proof of Lemma 2.3. We first observe that the linear part satisfies

iglgHP>J€tAUOHH.Y < ||Psjuollgr — 0, as J — oo.

For the nonlinear part, we first deal with the case v €]1/2,3/2[. Let J > 1 which later
will tend to infinity. Take sufficiently small constant € > 0 such that 0 < ¢ < v — %
Using the product-law in Sobolev spaces (cf. Theorem 8.3.1 of [18] or [27]), we have

¢
||/P>J<D>Ve(t75)AQ(u,u)(s) dsHL2
0
t

< Je /H|D|1+€+7P>Je(t_sm(u ®@u)(s)| . ds
0
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t
< / ID13 =7+ Py ;e =8 D27 (u @ u)(s)]|, ds

A

t
. / (t = )" E ) u(s) 3, ds
0

< Jez03e) Hu||Loc(H7) — 0, as J — oo.

Note that in the very last step, we appeal to the fact that v > % + €.
For v = 2, we take € €]0, 1[. By a slight modification of the above argument, we have

1] PostDr 30 s ],

< J_E/H|D‘1+€+%P>J€(t_s)A(u®U s)HL2 ds

< /H|D\1+25P>J€(t_s)A<D>%_E(“ ® u)(s)HL2 ds

t

<Je /(t _ S)fé(uge)“u(s)”;% ds < J’et%’EHU”iN(H%) — 0, as J — oo.
t
0

Finally for v > 2, we note that H7(R?) is an algebra. Clearly

H/P>J<D>76(t_S)AQ(u,u)(s) dsHL2

0
t
< / DI Py et (uw @ u)(s))| . ds
t
< J’E/(t — 8) "2 u(8)]|3 ds < 420 |2 —0, asJ— oo
~ Hv @5 L (H) ) :
0

Collecting the above estimates, we conclude the proof of (2.32). O

3. The critical case: v = %

In this section we tackle the critical case v = 1/2 of Theorem 1.2. One notable feature
of the critical case is that we must exploit fully the frequency localization. This is already
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manifested in the following uniform high frequency smallness lemma. Albeit this is more
or less standard, we include a proof for the sake of completeness.

Proposition 3.1 (Uniform high frequency smallness in H%). Let ug € H=. There exists
a positive time T = T (ug) so that the system (GNS) with initial data ug has a unique
solution w € C([0,T); H2) N L]0, T[; H2) and

ol 1, + 19l "l s,
+ ||t El VuHL2 sl S < Cllugll ;3 for any integer m >0 and 6 €]0,1[.
(3.1)
Furthermore there holds
b et
G)™ max gl Ol 0, as T = oo, (3.2)

Remark 3.1. It is possible to obtain all polynomial smoothing estimates in (3.1) at one
stroke. We sketch the argument as follows. The key is to estimate the following Z-norm:

def . ~ def tje|~
|l zp = ||t8|D\4vHLm (L), with 9(t,) e Fla(t, €). (3.3)

For the linear part, it is not difficult to check that

1 3
[£5 D1 e 1Pl S ug|| o g2y S ol ;15

Jim t5 | D|F e 1Pt g 12 = 0.

On the other hand, for the nonlinear part, we first get

t
[ 4P D03 Q u(e), o). s
0
<t / €17 3TV ()] x 3(s) |, ds
£
t
<t /H|§|§6_%(t—s)lfl2|§}(s)| « [0(s)||| 2 ds
£

t
1 — T~ ~
st [t s HIo)] « @)l ds
0
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t

< /(t_s)—%}|]-'5%(|6(s,£)|)||i4 ds
0

Applying Sobolev H 3 (R®) — L*(R?), we obtain

t
ts /He 2 IPID3 e =92Qu(s), u(s))]| . ds < é/t_‘9)_%|||D|%]:§ﬂw(m(5’5)‘)H2L2 ds
0

ool=

St

/ (t =) Est dsfull,
0
S Hu||2ZT'
Upon choosing a sufficiently small T, this together with (3.4) yields a unique local so-
lution u on [0,7] to (1.10) satisfying |lu|lz; < HUOHH% and enjoying all polynomial
smoothing estimates.
Proof of Proposition 3.1. We first get, by a similar derivation of (2.25), that
el2
HetAUO||L4(R+;Hl) :H\ﬁle el g UO ||L4 (R+;L2)

SH\§|H€4|E| HL%(Rﬂao(f)HLg < C||Uo||H%
Thus

: tA —

:,1}210 lle u0||L4T(H1) =0. (3.5)
For B being determined by (2.18), we deduce from (2.20) that

18Il s ity < Collull s im0l g sy i T < 1.

Take T'(ug) > 0 sufficiently small such that

4CO||€tAU0||L%(H1) < 1.

The usual fixed point theorem ensures that (1.10) admits a unique solution wu in
L*(J0,T[; H"). Moreover, it follows from (2.19) that

[l + [V < C(fluoll,3) and

Lso(H?) L2.(H7%)
(3.6)

g ey < el * oyl g < Clluallyy) for any g € [2.00]
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For any p €]1,00[, we choose ¢ €]2,00[ with p > 4. Then we get, by applying the

product-law in Sobolev spaces, that
(=) €12 |
1B )O3 / €1+ 3 == (el @a(s)]| . ds

/Hlé\z+ “ae g s @ u(s)| L, ds

t

_1—-142
S [u= s Ry s

0

By (3.6) and Hardy-Littlewood-Sobolev inequality, we obtain

||B(u,u)|| 12 gt % /t—8| X[OT( )||u($)||i{%+% ds“[,p
0

< 2
Sl IILQT( he2) S Clluoll ,3)-

A simple interpolation argument yields

1 1
< 2 . 2 < .
I8, 3 ) & B0y 1By < Clluolp) (7)

.3

where HGHB% denotes the homogeneous Besov norm of a in the space B3 ; (see Defini-
2,1

tion 2.15 of [2]; see also Lemma 2.7 of [27] and the discussion therein for more general

interpolation inequalities).
Clearly,

1 dt\ 3
e 2o 2oy = ( / 5 e B3 )" = lluoll sz, < Cluoll;y

This together with (3.7) ensures that

lull 2z (p) < Cllluoll ;1 )- (3.8)

Next we turn to time-weighted energy estimates. For simplicity, we just present the a
priori estimate. Fix § €]0, 1. Taking H™%3 inner product of (GNS) with u, we get
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1 1
5 IO sy IV, iy =D Q) [DI 520
Sl ® ull osasy [Vl sy (39)
<Cllullisllull?,,. sy +5 HVUIIHWHm
In the above we used the simple estimate that
||u ® uHHm+5+1 < C||u||L°° ||u||Hm+5+% .
Multiplying (3.9) by ™, we obtain
d m+38 m+5
E t u(t)lli-lm+5+% +| quHm+5+2
+
< (m+ )| ()2, R0 [
A simple Gronwall argument yields
2 2
Pl sy, FICEVR, oy < (5 VO, ey,
DT W2, oy ) exp(CllulFap))-

(3.10)

To complete the inductive proof of the time-weighted estimate in (3.1), we require the
following lemma. Its proof is deferred until after that of Proposition 3.1.

Lemma 3.1. Under the assumptions of Proposition 3.1, for any t < T(ug), one has

5
[t2u ||2 +\|tzvu||2L?(HH1 < C(Jluoll ;3 )- (3.11)

() %)

Finally, we present the proof of (3.2). Due to u € C(]0,T]; Hz), for any € > 0, we can
choose 75 > 0 so small that

— .1 < 0. .
Jmax [[u(t) = uoll ;3 < 0.001e

This implies for any J > 1 that

max [Lepsg 61 @(E ) — T(€)12 < 0.01

Taking Jy > 1 sufficiently large such that

1 _—
111> €12 U0 (£) [ 2 < 0.0Le,

we obtain for any J > Jy,
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max ||1|§|>J|§|2u(t §)|‘L2 < 0.02e. (312)

0<t<

On the other hand, it follows from (3.1) that tiu € L>([0,T]; H?). Thus

_3 3
8 3
max | P~ ju(t, )||H% <Cry*J7 2 =0 as J — oo.

In particular, we can take J; > 1 sufficiently large such that

1
'rglta<XT ||1\£\>J1|§|2 (taé.)“l% < 0.1e.

Together with (3.12), we obtain for J > max{Jy, J1}:

oax |[1iei=s[€2a( €)1z < e

This leads to (3.2), and we complete the proof of Proposition 3.1. O

We now turn to the proof of Lemma 3.1.

Proof of Lemma 3.1. We first observe that

oo

51 2 1426 5—1,-2tl¢ 2 2
165 e B0l ey = /KI [t e ag
0
(3.13)

://ﬁ*f%mmmaW@:CMﬂ;
30

This will be used in the nonlinear estimate below.
By taking the H%% inner product of (2.18) with v = v and then multiplying the

resulting inequality by t°~!, we obtain that
5|87 Bluw,w)(0)|[7s-3 + |77 O o4 + 1= 0)[3 7Bl u)(®)|[ o3
<Ct || (e ug + Blu,u) ® (e uo + Blu,w)) || oy |77 Blu, w) ()] vy
<O (6o + B, 1) @ (e uo -+ Bluy )Gy + 515 Blot, u) (1) [
By the product-law in Sobolev spaces, we infer
i||t“%8(u WO sy + T Bl w)(8)|yses + (1 — 5)|{t%_18(u,u)(t)||25,%

ST B2 1,y (et a0l y + 1Bl )2, y) + 180w g 65 Blu, w) ()] 5s-3-
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By applying Gronwall’s inequality and using (3.6), (3.7), we find for ¢t < T'(uo),

s=1 2
6% Bl ) (B)][3 53, SC(”etAuoHQm(HQ Bl 45
tA 2
x 175 e OHLQ(HHweXp(CHB(u’“)HL%(B%))
C(lluoll ;)
Together with (3.13), this yields
165l g, < Clluoll ) (3.14)

We remark that estimate of this type was first proposed by Chemin and Planchon in [7]
for the classical 3-D Navier-Stokes system. The avid reader may view it as a natural L?
version of the classical Kato spaces (see [20]).

On the other hand, by taking H%*2 inner product of (GNS) with v and using the
product-law in Sobolev spaces, we get

d
S o,y + 1901 1,y =(Q 1)) ey
190l 503

3 [Vl

HF2

DN | =

flu®ull o0y

S L

Multiplying ¢’ to the above inequality, we obtain

d . s s o—1 5
EH“U@)HZH% + ||t2Vu||25+% <4tz U(t)HiIH% +C|\u||2Loo||t2u||25+1

A simple Gronwall argument yields

It2 + [1¢% Vul?

Ly (H°F2) L2(H°F2)

< CHtTu||2 L exp(C||u||L§(Loo)) for t < T'(ug).

HO3)
This together with (3.8) and (3.14) imply (3.11), completing the proof of Lemma 3.1. O

Analogous to the norm || - || x, defined in (1.11) for the subcritical case, we define a
corresponding norm for the critical case: for a sufficiently small § > 0,

lully, &3 g+E1 - ye i ARG

lE1>T 4 6O L 22y (3.15)

Note here we introduce the special cut-off 1 1 to break the critical scaling. In what

lg|>T" 1
follows, we shall focus on the estimate of the YT -norm of wu.
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Proposition 3.2. Let uy € H?. There exists a sufficiently small positive constant t1 so
that the system (GNS) with initial data ug admits a unique local solution u on [0,1;]
and

—442
[ully, < Ce® > (T)”“hHL%o(H%) for any T < t, (3.16)

where A(T') is defined by (1.12) and uy, is defined by (3.17) below.

Proof. For simplicity, we just present the a priori estimates. We take M -1 and split
the solution u of (GNS) as

U = U] + Up with ’l/J/\ldéfa1|§|<M and U/\hdéfa1|§|2M7
v v (3.17)
— 24 t
S(u)(t, &) Le 7 a ).
We first observe from Proposition 3.1 that for all 0 <t <T < 1:

s A% s 1Nt
53 DS () 1) 2 5t ||\5|6+26*ﬁ'5'1.5.<T a(t, €)1

ST 60t )l e (3.18)

<A Ol ).

Note that due to our low frequency cut-off 1 there is a saving of T4 in the low

|§|<T72’
frequency estimate (3.18).
In view of (3.15), the Yy-norm of w is just [|t2|D[*+2 S (uy) | Lse (2)- To estimate ||ul|y,

we first notice that

s 1226 5 el
[£2 Lar<iei<anr €] 2e 4T+AﬁI5|UHL;o(L’g‘)
5 s —t(#—\f\)z 9tM? | ¢ L o (3.19)
S T2 M°|le”"\2vT e |£|21\§\2MUHLEF(L§) .
s
STHunl, -

To complete the estimate of ||ul|y;, it remains for us to estimate the term

t+)\
H1|§|>3Mt2|f|6+2e i f‘E‘UHLw(m)
For this, as in the proof of Theorem 1.2, we shall turn to nonlinear estimates. Note that,
thanks to the judicious frequency cut-off 1¢>3ps, there will be no low-low interactions

in the nonlinear estimate below.
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Similar to the proof of Proposition 2.1, for sufficiently small 79 > 0 (the needed small-
ness will become clear in the course of the proof), we split the integral fot = not + fno .
and estimate each pieces separately.

Step 1. The estimate of the short-time piece fonot.

Recall that Ny = AT—%. We write

not

iiys —(t—s)|€|? A= lel- 27t
[£21€17  Lig5a0 | e €T Q(“’“)(s’f)dSHL%‘%L?)
0

not
[ 3 s 2 —
S ||t21\5\<2N1/|5|2+6e e manu @ uls, €) dsl| g 1) (3.20)

not

22—
+H“1|§|>2N1/|§| s+ Wty R s, €) dsl g (12)-

We first deduce from Hausdorff-Young’s inequality and (2.9) that

Not

s 2 2 /\
12 /H1‘5‘<2N1|£|2+6es‘5‘ Lig>anmu ® u(s, HL2
0
not
5 2 346 T
St2 [ e MINE T | Lgi<on, Nl oo I Legzanu @ uls, )|z ds
0
not
5 2 §+5 1
§t2 /645N1N12 Z(Hul®uh( )||L2 + ||uh®uh( )”L )dS
0

5 2
s (N12T)1+§e4770TN1 Hu||L§’9(L3)HuhHL§'5’(L3)
< 0N A2
Sl ol 3

Along the same line, we compute

not

S 3

t2”/‘§|3+61|5|221v16 Bl @ u(s, ¢ dSHLE
0

not

St [0 0y Lgsan, T8 (s, Ol ds
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not
<4 /(||ul®uh( 5 + llun @ un(s)ll 3) ds
0

Plugging the above estimates into (3.20), we obtain

not
t 2y ——
Ht%‘f'%—‘réll&bi’)M/6_(t_s)|£|26)\ﬁ|§‘7%Q<U7U)(&f)dSHL‘”(LQ)
- T
) ¢ (3.21)
2
rS 657]0)\ HUHL%’(H%) ||uh||L%°(H%)
. . t
Step 2. The estimate of the piece fnot’
In view of (1.1) and (3.17), we have
t 2y ——
t%}|§|%+61\5\231\4/6_(’5_5)'5'2@7'5'7%62(%U)(Saf)dS’
t
" (3.22)

t
Selgies [ ool

not

S lel+ 3 - 37 Ligi>anm |S(u) @(u)(s,f)’d&

By frequency localization (2.9), we find

— — —

Ligj>3mS(u) @ S(u) = 1jgj>3mS(w) @ S(un) + Lg>30S (un) @ S(w)
+ 1|€|23M8(uh) ® S(up).
We first handle the contribution due to S(up) ® S(uy). Indeed, it is easy to observe that

t
t—s A2s A2t —_—
[£3]¢13+° / o~ (=9I NI =3 50, ) @ S (un) (s, €) ds|l Lz (r2)

not

t
(=) (16— ) 122 —
< Itz / g+ 18- 0) 4 S (0 @ S ) (5, €) sl 12

t
25 —_—
S8 [ 163 e, ST S Slan) (55 a2

not

t
) 3 S R 2, A2s —
+Ht2/\f|2+61|§|21\71€ 10 (1= )67+ 57 S(”h)®S<Uh)(57§)d5”L§’§(L’E’)~

not
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By Lemma 2.2 and noting Ny > 1, we get

t

t—s A2s A2t —
||t%|£‘%+5/e*(t78)|€|26>\ ‘fH‘ 2T — 4T S(uh)®S(uh)(87£)d8”L§9(L§)

not

A2
4

A

A e sup (s‘s||8(uh)(s)8(uh)(s)

0<s<T L (L21=9))

sup. (5711308 ) ()13 1)

0<s<T

A2
4

A

A%
2
SATE [ul3,

Note that in the last step above, we applied the Sobolev embedding H %‘*‘s(RB) —
3
LT (R?).

Similarly, we have

t
>\2t =
Htg|‘f‘%+6/ e T S(w) ® S(un)(s,§) dSHL%"(LE)

Not

2 25 —_—
St [reteoe O ST S (5, s e 0

Not

5 E 25 —_—
S [ 1 e S(] © S(an) 5.9 sl

not

28 —
+ ||t% / |§|%*Hsl‘g‘ZNl6*%(1575)‘5‘2+A47T8(U1) ®S(Uh)($,€) ds”L?(Lg)

not
By Lemma 2.2 and a similar derivation as (2.16), we get

t
[etlefis [ emtmner

2t

S () © S (un) (5, €) ds||Lge (L2

not
< (\2-6 . 5 A
S (A1) OgggT(se“ IS@)()SEn) @,z
25
SN sup (53 [DITTS ) (s) e - 52 D1 (un) (5 12)
<s<

1
SNTEAT |y fullye,  (by (3.18)).
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Plugging the above estimates into (3.22), we obtain

t

—

LS DI
Ht2|§|2+61|§|231\/1/€ (t=s)IE* Az 16137 Q(u,u)(s,f)dsHng(Lg)
s (3.23)

2 1
SAT T ulld, + NPT ol .y ullyy
Step 3. The estimate of ||u||y,..

We now turn to the estimate of (3.16). Recall the definitions (1.10) and (3.15). Col-
lecting the estimates (3.19), (3.21) and (3.23), we get

)
lellvr < et uollve + Co (T funll e 1 + € ol lunll g

: (3.24)
+ AN ufl2, + T4 2T luoll 3 llllyz )

To see the smallness of the linear term ||e*®ug||y;., we observe that for all 0 < t < T

Sioiys — 374 —tlel* >
e ug |y, =[1t2|¢|2 T lesr-1¢ ™ Irlele-tlely uo ()l Lge (22)

18 _ g2~
SItezan, (€17 82 €0 e 10" uO(é)HL%’(L%)
5 1.5 -

0 )
Sl 3, + lnl, . g, < CoA HuhHLw .

Now take A = A(T") as in (1.12). Choose T > 0 sufficiently small such that

I
cmmmﬁT%A%%ﬂaﬂﬁ4g§ VO<T <T. (3.25)
By (3.24), we have for any T < T,
2 _ A%(T)
lellve < Co (¥ Ol 1)+ A=) ). (3.26)
We further shrink 0 < ¢; <7 to be so small that
2 500A2(T)  y—6 v 1
402”““"@0(1'{%)6 0 A (T)e = < 5 VO<T <t. (3.27)

Note that, thanks to the definition of A(T") given by (1.12) and (3.2), the existence of ¢;
is not an issue.
It follows from (3.26) and (3.27) that for any T' < ¢,

2
lullyz < 2C2e™* Dyl (3.28)
T

(H%)'
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Taking 79 = 107°, we conclude the proof of (3.16) and also the proof of Proposi-
tion 3.2. O

We now complete the proof of Theorem 1.3.

Proof of Theorem 1.3. Again for simplicity, we just present the a priori estimates. In
view of (3.17), we get, by summing up (3.16) and (3.18), that for any T < ¢;,

) 3
1SN gty IS o0, + s

2 —
<C(Jluoll ;)T Fe™ 5 4 Cel Ny

1.
LS (H2)
Taking t = T, we get for T' < ¢; (as determined by Proposition 3.2) that

A2

2 —
T8 N OVIPYT)| s < Ollluoll )T Ee 5 4 €t N O g |

P U
Hz Ly (H?2)

This readily leads to (1.13). We thus complete the proof of Theorem 1.3. O
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