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1. Introduction

We consider the nonlinear Schrodinger equation for ¢ = ¢(t,z) : R x R3 — C:

i0pp + A + [¢|* = 0. (1.1)
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Plugging in the standing wave ansatz 1) = e‘*¢(x), we obtain

—A¢+¢— ¢’ = 0. (1.2)

Denote by @ the unique positive radial ground state (cf. [1,6]). We have Q(z) = Q(r),
(r = |z])," where @ solves the nonlinear ODE

Q) - 2@ + Q) - @) =0. (13)

Consider ¢ = Q + n with n = 1 + in9. Clearly

Ap— ¢+ |0
=An—n+ (Q* +2Qm)(Q + m + in2) — Q> + O(|n|*)
=Lym +iL_ny +O(|n?), (1.4)
where L, = ~A+1-3Q% L_=-A+1-Q>

It is known that the essential spectrum of L, and L_ is [1,00). Ly has a unique
negative bound state. If f L AQ, then (below (-,-) denotes the usual L2-inner product
for real-valued functions)

(Lofi )2 ( / Qdx)?. (1.5)
RB

The kernel of Ly is span{d;Q}3_, and the kernel of L_ is span{Q} (cf. [12]). On the
other hand, it has long been accepted wisdom (cf. [4,10,3,11]) that L, and L_ have no
eigenvalues in (0, 1] and that 1 is not a resonance of either operator—a property known
as the gap property. This gap property plays an important role in the construction
of stable manifolds for orbitally unstable NLS (cf. [7] and [11]). It was numerically
verified by Demanet and Schlag in [3] using the Birman-Schwinger method for NLS with
nonlinearities |¢|?%4), B, < B < 1, B, ~ 0.913958905.

In their recent work [2], Costin, Huang, and Schlag gave a rigorous proof of the gap
property under the assumption of radial symmetry. The main contributions of [2] are
twofold.

First, they constructed a remarkably accurate approximate ground state @, which

differs from the true ground state by less than 10~%. More precisely, the pointwise error
lire_r
Second, they developed a robust Wronskian-based approach that connects two Jost-

is bounded in absolute value by 7 -107° -

type quasi-solutions: one starting from r = 0 and the other from r = oo (the decaying
solution at infinity).

! We shall slightly abuse the notation and regard Q(z) = Q(|z|) = Q(r) when there is no obvious
confusion.
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The key step is verifying that

)\él&fl]\W()\H >0 for Ly, Aeir[gl]\VV(/\)/M >0 for L_,
where )\ is the spectral parameter. This highly nontrivial computation was carried out
in [2] to establish the gap property in the radial setting.
The purpose of this paper is to give a rigorous proof of this gap property for the
fully non-radial case. We shall develop a new comparison-based approach which offers an
interesting (and perhaps simpler) alternative to the Wronskian strategy developed in [2].

Theorem 1.1. Consider
L. =-A+1-3Q% L_=-A+1-@Q7% (1.6)

where Q is the unique positive radial ground state solving (1.3).

The operators Ly and L_ do not have any eigenvalues in (0,1]. For the eigenvalue
A =0, the kernel of Ly is span{an}g?:l, and the kernel of L_ is span{Q}. Furthermore
the threshold A =1 is not a resonance for either Ly or L_.

Remark 1.2. As in [11], « is called a resonance of the self-adjoint operator L (resp. L_)
if there exists a nontrivial function f such that L, f = af (resp. L_f = af) such that
¢ L*(R3?) and

/|f(x)|2(1 +z])7° dr < 00, forall s> 1.
R3

Remark 1.3. As expected, some nontrivial information about the ground state @) enters
the spectral analysis. To minimize technical complications, we employ the approximate
solution @ from [2] as a tool for extracting sharp pointwise estimates. The construction
of alternative high-precision approximations of ) with controlled and fully rigorous error
estimates is certainly possible, but we shall not delve into this matter here.

With the help of Theorem 1.1, we obtain the following full characterization of the
spectrum of L.

Corollary 1.4 (Full characterization of the spectrum of Ly ). We have
Oess(L4) = [1,00) = Oess(L-).

The edge X = 1 is not an eigenvalue or a resonance for either L, or L_. For Ly we
have

UdiS<L+) = {_% O}a (1'7)
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where —y < 0 is simple with corresponding eigenfunction being radial, C*° and having
exponential decay. The kernel of L is span{VQ}. For L_ we have oqis(L_) = {0} with
the kernel of L_ being span{Q}. The resolvents of Ly are given by

p(Ly) = C\ ({0} U {7} U[1,00) ); (1.8)
p(L-) =C\ ({0} U[1,50)). (1.9)

A schematic plot of the spectrum of L1 can be found in the figure below.

O-(Ii—t)______________.fy_ ______ _Q____l ‘R
simple {VQ} essential spectrum ~

olle) 0 1 R
{Q} essential spectrum

We now explain the main steps of the proof of Theorem 1.1. Consider first the operator
L and the equation Ljyu = Au. The task is to show for A € (0,1] the above equation
admits no solution in L?*(R?). To do this, we argue by contradiction and assume that
there is an L? solution for some A € (0, 1]. By standard elliptic theory, it follows that
u € H™(R3) for all m > 1. In particular v admits a rapidly convergent spherical harmonic

expansion
o]
=> Y Rpu(r)Yim(0,9), (1.10)
1=0 |m|<I
where R, (r fsz Y, m (6, qb) (z)do and Y}, are the L?(S?)-normalized spherical har-

monics, namely (cf. [8]) for 0 <6 <7, 0< ¢ <2m,

Yim(0,0) = (%) ’ ™% P (cos 6)

4 (l+m)!
(=D - m) 2L+ 1)\ 2 PN
o2 ( Ar(l + m)! ) “(sing)™ ( dlcos 9>) (sin 6)%

(1.11)

Remark 1.5. Since u is C*°-smooth, by using the Taylor expansion u(z)=3_,,<j, Cat®+
O(|z[ko*+1) and the formula for R,,;, one can infer that R,,;(r) has a regular local ex-
pansion when r — 07. For example consider the case [ = 1 and the coefficient for the
spherical harmonic z;/r. One observes that
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Z C’aajo‘) %da

g2 lal<2N+3

=c17 4 c3r® + - + can a3V, (1.12)
where all even powers of r vanish due to parity. As a result we can infer
Rm1(r) = c17 + e3r® + O(r°), asr — 0. (1.13)

This simple yet important observation will be used when we classify the corresponding
solutions having regular behavior when r — 0F.

By using the aforementioned spherical harmonics expansion, we are led to the following
set of equations arranged in ascending order of degree of the spherical harmonics:
[=0: (_arr_%6r+1_)\_3Q2)RO:0;
[=1: (=0 — 20, + 3 +1-X—3Q*)R; =0; (1.14)
[>2: (=80 — 20, + U1 41\ —3Q°)R, = 0.

T

Here Ry, R; and R; are real-valued? functions of r only.
From the discussion in Remark 1.5 and the fact that 0 is a regular singular point of
R; (j > 0), we have
{1) R; € C>((0,00)) and R; € L([0,00), r2dr); 1.15)

2) R; has a regular local expansion when 7 — 0.

We discuss several cases.

The case I > 2. By using the pointwise inequality % > 3Q%(r), Yr > 0 (see
Lemma 2.3), we rule out any nontrivial solution to (1.14) in L*([0, 00), r?dr).

The case [ = 0. Denote e =1 — X\, t =7 and F.(t) = tRy(t). It suffices to consider

" o__ _ 2 .
{Fe = (e—3Q%)F., t>0; (1.16)

F.(0)=0, F/(0)=—1.

By a comparison argument (see Lemma 6.1), we show that F. must change sign at least
once, and the first positive zero t. of F, satisfies

te > to >0, (1.17)

2 Note that the equations for R,,; depend on the index [ only. Hence we suppress the notational dependence
on m. Also it is enough to work with real-valued functions by taking separately real and imaginary parts.
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where tg is the first positive zero of Fy. We then focus on analyzing the behavior of
the solution after its first positive zero. For this it is enough to study the time-shifted

equation
F'= (e —3Q*t+t))F.,, t>0;
F.(0)=0, F!/(0)=1.
Introduce ¢ solving
"= —3Q%*t+to)g, t>0;
{q Q (/ 0)q (1.19)
q(0)=0, ¢'(0)=1.

We show via comparison arguments (see Theorem 6.3) that ¢(t) is positive for ¢t > 0,
and ¢(t)/t stays bounded from below by a positive constant for ¢ € [1,00). Thanks to
another comparison argument, we deduce F.(t) > q(t) for all ¢ > 0. This yields the
desired conclusion for [ = 0. Quite interestingly, in some sense we are able to reduce the
original A-dependent problem to the study of the A = 1 case.

The case [ = 1. This is an involved case since for A = 0, R = —Q'(r) solves the
equation
2 2 ,
(=0r = —0r + 5 +1-3Q°)R =0. (1.20)

If one adopts the Wronskian strategy in this case then one must deal with? the degeneracy
of W()\) as A — 0. In our comparison-based approach, we first use a local analysis together
with suitable normalization to deduce that

const - Ry(r) =7+ 0.1(1 — A — 3Q%*(0))r* + O(r®), asr — 0. (1.21)

Denote t = r and Fy(t) = const - tR;(t). Then F) solves
Fl=(1- At 2 —3Q%)F 0 <t < oo; 1.22
A ( — A+ tig - Q ( )) A <t < o0 ( . )

and F)\(t) = >+ 0.1(1 — A — 3Q2%(0))t* + O(t°), as t — 0. By a comparison argument
(see Proposition 4.2), we show that F\ must change its sign and the first positive zero ¢
of I\ satisfies tg > 0.2. It then suffices to study the solution for ¢ > t3. In Proposition 5.1
we show via a further comparison argument that the corresponding solution must grow
in time.

The above concludes the analysis for the operator L. For L_ the analysis is similar
and slightly simpler. The governing equations are

3 One possible fix is to work with W (X\)/A.
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2
1=0: (=0p — ;8T+1—)\—Q2)R0 =0; (1.23)

2. I(l+1)

[>1: (=0p — ;a,. + +1-XA—Q*»)R, =0. (1.24)

r2

By Lemma 2.3, we have T% > @Q?*(r) for all 7 > 0. Thus the equation (1.24) does not
admit any nontrivial solution in L2([0, 00), r?dr). For (1.23) we show in Theorem 7.3
that it does not admit any nontrivial L?([0, 00), r2dr) solution for A € (0, 1]. The overall
strategy is similar to the L case.

The rest of this paper is organized as follows. In Section 2, we recall a basic Sturm-type
comparison lemma for ODEs and collect several useful properties of the ground state
Q. Section 3 is devoted to the proofs of Theorem 1.1 and Corollary 1.4. The technical
estimates used in the proof of Theorem 1.1 for L, are presented in Sections 4 through 6.
Section 7 delineates the modifications necessary for treating the operator L_. Auxiliary
technical estimates are gathered in the appendices.

Notation

The following notation will be used in this paper.

o For a nonnegative quantity Y, we write X = O(Y) if |X| < CY for some positive
constant C. For any two positive quantities X and Y, we write X <Y or Y 2 X if
X < CY for some positive constant C. We write X Sz, z,..z, ¥ if X < CY and
the constant C' depends on the quantities Zy,--- , Z.

o We define

t

-
t):=7-107° ——.
770() 1+¢

o For simplicity of presentation, decimals (e.g., 0.45) denote exact rational numbers
(e.g.,45/100). All computations in this work are performed using exact rational arith-
metic which is fully rigorous. The use of floating-point numbers is strictly avoided
to ensure complete rigor.

Acknowledgment
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ported by the Jiangsu Shuang Chuang Doctoral Plan and the Jiangsu Scientific Research
Center of Applied Maths under Grant BK20233002. We thank the anonymous referees
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2. Sturm comparison and properties of the ground state QQ

We record the following variation of the standard Sturm-type comparison lemma. We
include a simple proof for the sake of completeness.

Lemma 2.1 (Sturm comparison, [5,6]). Let 0 < ly < co. Suppose G = G(t), g = g(t):
[0,1p] = R are Lipschitz functions satisfying
G(t) zg@), VO<t<lp. (2.1)

Assume F, f are C%([0,1o]) functions satisfying

F'"=GF, 0<t<ly;
f"=gf, 0<t<l; (2.2)
F(0) = f(0) >0, F'(0) > f'(0),

and f(t) >0 for all 0 <t <ly. Then

F(t) _ (1)
Ft) © 1)

If in addition F(0) = f(0) > 0 and F'(0) > f/(0), then we have the strict inequality,
namely

F(t) > f(t) >0, V0 <t<lp. (2.3)

F(t) > f(t) >0, ) > 0 VO <t<lp. (2.4)
If F(0) = f(0) =0 and F'(0) > f'(0), then
F(t) > f(t) >0, VO <t <lp. (2.5)

Remark 2.2. The same conclusion holds if f(¢) > 0 for all 0 < ¢ < Iy and

F/ ]('/
F(0) > £(0) > 0, (———)‘ > 0. 2.6
0) = (0) )2 (26)
Proof. We sketch the (standard) argument. Consider first the case F'(0) = f(0) > 0.
Note that for this case it is enough to prove the theorem under the assumption that
F(t) > 0 for all 0 < t < lp. Once this is proved, the general case follows by a simple

bootstrapping argument.

Denote R = R(t) = l;,((:)), r=r(t)= % Clearly (R —1) o > 0. Then

_ F//F_(F/)z B f//f_(f/)2

(R— T)/ 2 12
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=G—-g—R*+1?2 (2.8)
> —(R+7)(R—7). (2.9)

Integrating in time then yields that R —r > 0 for all ¢t. Thus

F(t)y
R~ (log f(t)) > 0. (2.10)
Thus F(t) > f(¢) for all 0 <t < .

Next consider the case f(0) = 0. Clearly F’(0) > f/(0) > 0 (if f/(0) = 0 then f =0
which is a contradiction to the assumption f > 0 for ¢ > 0). By continuity we have
F(t) > 0 for ¢t € (0,t1), where ¢; > 0 is sufficiently small.

Define for € > 0, f. = f + €. Let F solve

{Fé/:G£F€7 . {fe”:gﬁfev (2.11)
F(0)=e,  F(0)=F'(0) f0) =€, fU(0) = f(0).
Apparently,

Fc(t) > fe(t) >0, Ft) o, felt) VO <t<lp. (2.12)

Fe(t) — fe(®)’

Sending € — 07 then yields the desired inequality (note that* F.(t) — F(t) and F/(t) —
F’(t) as e — 07 for each t).

Finally if F/(0) > f/(0) and F(0) = f(0) > 0, the strict inequality follows easily from
the fact that R(t) — r(t) > 0 for all 0 < ¢ < l.

If F'(0) > f'(0) and F(0) = f(0) = 0, then using R — r = (log ()’ > 0, we obtain

F(t) . F(s) F'(0)

70 = 5 s) ~ F(0)
Thus F(t) > f(t) >0 forall 0 < t < ly. O

> 1. (2.13)

The following lemma, collects a few important properties of (2 which will be needed
later. In the proof we shall use the Costin-Huang-Schlag approximate solution ) whose
properties are reviewed in Appendix B.

Lemma 2.3 (Properties of Q). The following hold.

(1) The Lyapunov functional (cf. [1]) E(t) = Q/g)2 - Q(Qt)z + QS‘N is decreasing in t. We
have the derivative estimate |Q'(t)] < \/(Q’(s))2 + 3Q(s)* for any 0 < s < t < 0.
In particular |Q'(t)] < %Q(O)z.

4 Observe that e/fe(t) < ej-t,

for t < 1 since £(0) =0, f'(0) > 0.
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(2) Forallt >0, % is increasing in t. Also |Q"(t)| < 81.7 for all t > 0.
(3) 2 —3Q%(t) >0if0 <t <02o0rt>12 Also % —3Q*t) > —13.64, for any
t€0.2,1.2], and % — 3Q*(t) > —6.04 for any t € [0.625,1.2].

(4) %—3Q2>0foranyt>0.

Proof of Lemma 2.3. (1) This follows from the identity

(2) Clearly

d 1 1 1 / 1 " -2/ -1 3

~ (= R —— - = -3t t — .

S(Q) = -5Q +Q Q7@ QY

Let t; > 0 be the unique point such that Q(¢1) = 1, where the uniqueness of ¢; follows
from the strict monotonicity of @ in [1]. Clearly Q — Q® > 0 for any ¢ > t;. Thus we

only need to show (t71Q’)" > 0 for 0 <t < t;. To this end, note that

Q) =1*(Q - Q%)

= £Q0) = [ #(Qes) - Qs))ds
0
< /szds(Q(t) —Q(t)*) (weused (Q —Q*)'=(1-3Q*Q >0 for s€[0,t])
0
= 38Q0 - Q). (214)

Thus (t71Q’)" > 0 for t € [0,#1] as well.
Since QT is increasing when t > 0, we have

210 < 10) - 27(0) = Q) - 2(@10) - QY.

~Q(0)* < Q"(t) = Q(t) — Q(1)° —

Thus, |Q"(t)] < (Q(0) +10(0))® < 81.7.
(3) For 0 < ¢ < 0.2, thanks to the explicit expression of Q(t), one can check that

2 3(Q(1)% > 2. (2.15)

Indeed, on (0,0.18],
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On [0.18,0.2],
12

Denote £ = Q — Q and recall that [|€]|se < 7 x 107 by (B.6), we have

3% — 3(Q)| < BEIP. +6Q(0)] - ]l < 528y < 1. (2.16)

Thus 2t72 —3Q% > 0 for 0 < ¢t <0.2.
By Proposition B.1, we have

187e"t ~ 350 et

2T )< 2228 yi>95:

60 ¢ QW< e VE225

1Q(t) — Q(t)| < 7-1075 - 1‘3—” = no(t), Vt>0. (2.17)

It is not difficult to verify for ¢t > 2.5,

2 350 1 2 351 1 1
—— et t)2> - =3 (- —eH?2 > <. 2.18
2 (Tog 3¢ +m®)"> (o9 3¢ ) > & (2.18)

Thus 2¢t~2 — 3Q2 > 0 for t > 2.5.

For the regime 1.2 < ¢t < 2.5 we resort to rigorous computation. We partition the
interval [1.2,2.5] into N = 130 intervals [f;,¢;41] with equal length t;11 —t; = 155
(0 < i < N —1). From (2.16), it is straightforward to check (below we recall 7y =
7-107%e7t/(1+1))

2 11211 23083 1
ogn<nzv{ —3Q7°(t)} = 01<111<nN{— _3(Q) (ti) — 5159000 ) = 37say - 107

Clearly,

4 125
max — = —m = —.
te[lo25) 3 1.23 54

Since the Lyapunov functional E(t) is decreasing, we have

i 1001 < (@92 + 500 <\ @(8) =3 w8+ 5@ +m(d)!

te[1.2,2.5]

< @) 5w + 2@ + w0 < 2 (219)

Hence
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e (~6QQ) < 6(Q(8) +m(0) - 1355 < T2 (2.20)

Note that (below we use |a — b| < max{a,b} for a > 0, b > 0)

[1225]|( QQ( )) | = te[ril,g?;ﬁ“*t_?,*GQ(t)Q/(t)\
< max{ max i max  —6Q(1)Q'(t)}

te[1.2,2.5] 37 t€1.2,2.5]

125 88512y _ 88512

< max(%57, {gis1) = Isasi

Thanks to the above derivative estimate, we have for any ¢ € [t;,t;4+1] and 0 < 4 <
N -1,

—3Q%(t) - ( —3Q%(t;)) > ?giéiAt _ 88512 12

t2 18484

Thus, for 1.2 <t < 2.5, we have

2 2 88512 2 - 23983 1_ 2
—3Q°(t) 2 OLHLHN{ —3Q%(t)} — Tt 1077 > 3557 1071 — 55T 1077 > 0.
Thus we obtain 2¢t=2 — 3Q%(t) > 0 for 0 < ¢t < 0.2 or t > 1.2. The statement 2t 2 —
3Q%(t) > —13.64 for any t € [0.2,1.2], 2t 2 — 3Q*(t) > —6.04 for any ¢ € [0.625,1.2] can
be checked along similar lines. We omit the details.

(4) The proof of this inequality is similar to those in (3). We omit the details. O

3. Proof of Theorem 1.1 and Corollary 1.4

In this section, we prove Theorem 1.1 and Corollary 1.4. To streamline the presenta-
tion, the proof invokes several technical estimates that are established in later sections.

Proof of Theorem 1.1. We discuss several cases.

1) Eigenvalue case of L. We consider the equation Lif = Af for A € [0,1] and
f € L?(R3). By standard elliptic estimates one has f € H™(R?) for all integer m > 1.
We decompose f into spherical harmonics as in (1.14), satisfying (1.15).

Subcase [ > 2. By Lemma 2.3, we have the pointwise bound (note that [ > 2)

1(1+1)

6
3

> 3Q%(r), Vr>0. (3.1)
r

It follows that the above system cannot admit any nontrivial L? solution. In the following,
we present an additional argument to rule out the resonance case. By Remark 1.5, it is
not difficult to check that for [ > 2:
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Ri(r) = O(r?), Rj(r)=0(r), asr—0T. (3.2)

Denote F(r) = rR(r) and V(r) = L&D 4 1 — X\ — 3Q2. Note that 0 < V(r) <1+ r~2.

r2

Clearly

F"=VF, > 0;

:>%(F2)” = (F')?+VF?, r>0;
1 o0 o0
=3 /F%;;dr = /((F’)2 + VE?)) odr, (3.3)
0 0

where Y4(r) = ¢(%), and ¢ € C°(R) is such that ¢(z) = 1 for |2] < 1, ¥(2) = 0
for |z| > 2, and 0 < 9(2) < 1 for all 2 € R. Note that the regularity F(r) = O(r?),
F'(r) = O(r?) as r — 07 is used when we derive [J~ F"¢adr = [;° Fi/{dr. Taking
A — o0 easily yields that F' = 0. Note here in order to have fooo F2yidr — 0 as A — oo,
it suffices to require A2 [) 11 1< <1004 £ (r)dr — 0. This is obviously fulfilled if

/ (r) dr < oo, for all s > 1. (3.4)
(1+7r)s
0
Subcase ! = 1 and A = 0. In this case by Remark 1.5, we have Ry (r) = c17+c3r3+O(r®)
as r — 0. Denote F(r) = rRy(r). Note that

2
F'" = (T—2 +1-3Q*F, r > 0.

One solution is given by Fy(r) = —rQ’(r). We shall prove uniqueness. Namely if F(r) is
another solution with the asymptotics F(r) = c¢17? + c3r* + O(r%) as r — 01, then let

0(r) =F(r)+a Q+(O)F0 (r). Obviously

2 2
9”:(T—2—|—1—3Q)97 r > 0;
6(r) = O(r), asr — 0, (3.5)

By Proposition A.1 in the appendix, we conclude 8 = 0. Therefore R (r) = —Q'(r) is the
only solution (up to a multiplicative constant). Note that R;(r) = —Q'(r) corresponds
to the statement that the kernel of Ly is span{VQ}.

Subcase [ =1 and A € (0, 1]. In this case denote Fy(r) = rR;(r) and note that

2
F”:(r—2+1—)\—3Q2)FA, r > 0.
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By Remark 1.5, we have F)(r) = c17% + c3r* + O(r®) as r — 0T. By a similar reasoning
as in (3.5), we infer ¢; # 0 if F) is not identically zero. With no loss we can take ¢; =1
and work out c3 = 0.1(1 — X — 3Q2(0)). At this point we can invoke Proposition 4.2 to
conclude that F\ must change its sign and the first positive zero t( satisfies tg > 0.625.
By Proposition 5.1, we conclude that F)(r) must grow without bound as r — oco. Thus
we arrive at a contradiction (since F) is assumed to be in L?(]0,00),dr)) and Fy must
be identically zero.

Subcase | = 0. In this case we denote e =1 — X € [0,1], F(r) = rRo(r) and consider
the equation®

(3.6)
F.(0) =0, F/(0) = —1.

{FE” = (e —3Q*F.,, r>0;
By Lemma 6.1, the function F, must change its sign with its first positive zero t. > tg
for all € € [0,1]. Here tg is the first positive zero of Fy. By Theorem 6.3, we conclude
that F, must be growing as r — co. Thus this case is settled.
2) We show A = 1 is not a resonance for L. We assume L, f = f where f & L?(R3)
and

/|f(:£)\2(1 +Jz])7% dr < o0, forall s> 1.
R3

By examining the equation —Af = 3Q?f, it is not difficult to check that Vf € H™(R3)
for any integer m > 1. In particular f € C°°(R?) and the asymptotics near r — 07 still
holds in the sense of Remark 1.5. We then proceed to examine the coefficient of f near
each spherical harmonics, namely the set of equations

2 (l+1
[>0: (,3M,,3T+L2),
T r

3Q*) R =0, (3.7)
where R; (I > 0) are real-valued functions of r only. Each R; € C°°((0,00)) and has
regular expansion as r — 0% in the sense of Remark 1.5. Moreover, R; satisfies the
integrability condition:

/|Rl(7")|27“2(1 +7r)%dr<oco forall s> 1. (3.8)
0

Subcase [ > 2. This is already proved by the discussion around (3.4). In this case we
must have R; = 0.
Subcase [ = 1. This is again covered by Proposition 5.1. We have R; = 0.

5 If F/(0) = 0, then clearly F. = 0. We only need to rule out the case F’(0) # 0. Hence for simplicity we
take F!(0) = —1.
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Subcase [ = 0. This is covered by Theorem 6.3. We also have Ry = 0 in this case.

Thus A =1 is not a resonance for L.

3) Eigenvalue case of L_. The discussion for L_ is similar to that of L, . We sketch
the details in Section 7. In particular we use Theorem 7.3 for | = 0 and (7.5) for [ > 1.
The fact that the kernel of L_ is span{Q} is proved in Remark 7.2 for I = 0 together
with the non-existence result for [ > 1.

4) L_ has no resonance at the edge A = 1. The discussion is similar to the L, case
and in fact simpler. For [ = 0 this is effectively proved by Theorem 7.3. For [ > 1 this is
due to (7.5). O

Proof of Corollary 1.4. We focus on showing that the existence of a simple eigenvalue
—v for L. The situation for L_ is simpler and omitted.

It suffices to carry out the analysis of the equation Ly f = Af for A < 0 and f €
L?(R3). By standard elliptic estimates one has f € H™(R?) for all integer m > 1. We
decompose f into spherical harmonics as in (1.14), satisfying (1.15).

Subcase [ > 2. By the same analysis as in (3.3), we obtain R; =0 for I > 2.

Subcase [ = 1. By Proposition 4.3, if F)(r) = rR1(r) is nontrivial, then it must change
its sign at some ¢y > 0.625. By Proposition 5.1, F)\ must be growing as » — oo which is
an obvious contradiction. Thus R;(r) = 0 in this subcase.

Subcase [ = 0. In this case we define F)\(r) = rRo(r) and consider the equation

Yl = (1- A 3Q2)F,
F\(0) =0, FL(0) =1.

By Proposition A.2 in the appendix, we obtain that —v is the desired eigenvalue. O
4. When 0 < A < 1, the solution must change sign
In this section we give the technical estimates for the [ =1 case of L.
Lemma 4.1. Suppose I is a smooth function solving the linear equation
F" = (E —3Q*(t))F, 1<t< oo (4.1)
£2
Then for some constants c1, co we have
F(t) = 1l + m (1)) + e + ma(0)) (42)
where 1;(t) are smooth functions satisfying

121<poo(let771(t)| + le'na(t)]) < oo (4.3)
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Proof. It suffices to exhibit two independent solutions. We consider 7, solving the inte-
gral equation

m(t) = /(S*t)(f3Q2(8)82+(8%*3622(8))771(8))6187 t>Ty. (4.4)

By taking 77 sufficiently large, one can obtain a contraction in the norm
€' n1(t)|| oo (11y,00))- Clearly the function ©1(t) = t* + n1(t) solves the original ODE
on (T1,00). Solving it backward in time and noting that it is a linear equation, we
obtain a smooth solution ©1(t) defined on [1, c0).

Analogously we can find 79 solving

)= [ 0(-3Q; + (G -3¢ OmE)ds, 12T (19

The second solution ©(t) = 1 + n2(t) on [1,00) is also easily obtained.
To check the independence of the two solutions one can examine the Wronskian. It is
clearly nonzero for large ¢ and hence nonzero for all t. 0O

Proposition 4.2. Suppose 0 < A < 1 and F) = F\(t) solves

2
F{=(1-XA+ 5 =3Q°()F,  0<t<oc, (4.6)

To fiz the normalization we fix F)(t) such that
Frx(t) =12 +0.1(1 — A = 3Q%(0))t* + O(t%), ast— 0", (4.7)

Then Fy must change its sign at least once on (0,00). Moreover the first positive zero to
of F satisfies tg > 0.625.

Proof. We first show that F\ must change sign on (0, 00). Assume that F stays positive
(note that F) cannot touch the z-axis on (0,00) by uniqueness). Clearly for t = 0T, we

have
log Fi = 2logt + 0.1(1 — X\ — 3Q%(0))t? + O(t*); (4.8)
F() 2 2
Fi(t) =2 +02(1-X-3Q*0))t + ot?). (4.9)

In particular it is not difficult to check that for ¢; > 0 sufficiently small, we have (below
we used A > 0)
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3

OO
t) B’
Fx(t1) < B(t1), (4.11)

<

>

where §(t) = —c1tQ’(t), and ¢; > 0 is sufficiently large. Note that

8" —(1+——3Q2( )B-
Comparing 8 with F)\ on [t1,00) and using the assumption that F) is positive, we obtain
0 < Ex(t) < B(t), Vit <t < oo. (4.12)

First we discuss the case A = 1. By Lemma 4.1, the solution must decay as t~! as
t — oo. But then it clearly contradicts to the upper bound 3(t) which decays as O(e™?).

The case 0 < A < 1 is similar. One can also obtain a contradiction. Thus F\ must
change its sign on (0, 00).

Clearly, the first positive zero t; > 0.2 by Lemma 2.3 (since 2¢t=2 — 3Q? > 0 for
0 <t <0.2). In particular, F5(0.2) > 0 and F3(0.2) > 0 for all A € (0,1]. It remains to
show o > 0.625. We resort to the following comparison argument.

We consider U4 and Up solving

{U” (1=t 2 —3Q2)Ua, t>02
(UA’UI/Ll)|t:O.2 = (1,0).

Uh=(1-X+2-3Q%*t)Ug, t>0.2;
B (/ 12 Q ( )) B (4.13)
(U, Ug)lt=0.2 = (0,1).
By Lemma 2.3, we have
1- + = —3Q%*) > —2 —3Q%(t) > —13.64, Vtec[0.2,1.2].
Denote kg = v/13.64. Let Uy = cos(ko(t — 0.2)) and U = w solve
Ul =—13.64U4, t>02; [Ul=-13.64Ug, t>0.2; (414)
(U, U})]i=0.2 = (1,0). (Us, Up)limo2 = (0,1).

Clearly by Lemma 2.1, Uy > Ua > 0and Ug > Ug > 0 on the time interval [0.2,0.625].
As F) is a positive linear combination of U4 and Ug, F and F} stay positive on [0, 0.625].
Thus the first positive zero must occur after 0.625. O

The following proposition deals with the interesting regime A < 0. To guarantee sign-
changing, we impose an extra mild growth condition on F) as t — co.
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Proposition 4.3. Suppose A < 0 and F) = F\(t) solves

2
F//:(l_)\+t_2_3Q2(t))F)\, 0<t<oo. (4.15)

To fix the normalization we fix F(t) such that
Fx(t) =12 +0.1(1 — A = 3Q%(0))t* + O(t%), ast— 0", (4.16)

Assume t~3F\(t) is bounded as t — co. Then Fx must change its sign at least once on
(0,00). Moreover the first positive zero to of Fy satisfies tg > 0.625.

Proof of Proposition 4.3. We assume F) does not change its sign and remain positive on
(0, 00). Clearly due to the mild growth assumption, F) cannot be exponentially growing
as t — co. Thus F\(t) = O(e~V?) as t — oo. In particular Fy(t) decays faster than
B(t) = —catQ'(t). We can guarantee at some t; > 0 sufficiently small,

pt) _ Kt
B(t1) ~ Fa(t1)’

B(t1) < Fi(t1), (here we need to take ¢y > 0 sufficiently small).

By using comparison, we then deduce that S(t) < Fy(¢) for all ¢ > t;. This clearly
contradicts to the fact that F)\(t) decays faster than 5(t) as t — oo.

Thus F) must change its sign at some ty > 0. The estimate ty > 0.625 is the same as
in the proof of Proposition 4.2. 0O

5. After the first positive zero

Proposition 5.1. Consider

" o__ L _ 2 .
G" = (g —3Q°(t+10))G, t>0; (5.1)
G(0) =0, G'(0) = 1.
Assume to > 0.625. Then G(t) > 0 and G'(t) > 0 for all t > 0, and
G(t) > ct, t>25, (5.2)

where ¢ > 0, cg > 0 are constants.

Proof. By Lemma 2.3, for ty > 1.2, we have ﬁ —3Q%(t +tg) >0forallt>0.In
this case the solution obviously grows in time. Thus it is enough to consider the case
to € [0.625,1.2].
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By Lemma 2.3, we have & — 3Q?(t) > —6.04 for t € [0.625, 1.2]. We compare G with

2
o= sin(v/6.04t) '

NG which solves

H" = —6.04H, t> 0;
H(0) =0, H'(0) = 1.

Note that 0.625+0.575 = 1.2 and v/6.04-0.575 < 5. Thus G(t) > H(t) > 0and G'(t) > 0
for ¢ € [0,0.575]. Since ¢ + ¢y > 1.2 for ¢ > 0.575, we have —3Q%(t +ty) > 0 for
all t > 0.575. Thus G and G’ stay positive for all ¢ > 0.

Next we show the asymptotic behavior of G.

By (2.18), we have

2
(t+t0)?

2
(t + to)z

1 0.39
—3Q%(t+1ty) > > . Yt>25. 5.3
@(t+t0) 2 (t+1t0)2 ~ (t+to)? = (5:3)

Consider the auxiliary system

G = 039 -G1, t>2.5;
(t+t0)> 1 (5.4)
G1(2.5)=G(2.5) >0, G1(2.5)=G'(2.5) > 0.
We decompose G as G; = G2 + G3, where
G = 989.Ga, 1> 25
G2(2.5) = G(2.5) — G3(2.5), G4H(2.5) = G'(2.5) — G5(2.5);
G// — (t-‘rt )2 Gz, t>2.5; (5.5)
G3(25) =61 (25 +t)'3, G4(2.5) =61 -0.3- (2.5 + )3

Here 6; = 0.1 - min{G(2. ) "(2.5)} - (2.5 + to)~13. Apparently Ga(t) > 0, G4H(t) > 0
for all t > 2.5, and G3(t) = 61 - (t + to)'? for t > 2.5. The desired growth of G(t) easily
follows. O
6. The case I = O for the eigenvalue case of L

We consider the equation

<f(8tt+%8t)+17A73Q2(t))f:0. (6.1)

Denote F.(t) =tf(t) and e =1 — X € [0, 1]. It suffices to study the equation

{Fg'—( —3Q2)F., t>0; 62)

F.(0) =0, F/(0) = —1.



20 D. Li, K. Yang / Advances in Mathematics 492 (2026) 11090/

We chose the normalization F)(0) = —1 since F, will change sign at least once. This
is proved in the following lemma.

Lemma 6.1. Let € € [0,1]. Then F. must change its sign at least once. The first positive
zero te of F. satisfies

te > to > 0, (63)
where ty is the first positive zero of Fy.

Remark 6.2. Interestingly, there exists a natural correspondence between our linearized
equation and the usual Bessel equation, at least near ¢ = oo. To see this consider the
equation

2

d
d R+ (@7~ R =0 (6.4)

Near t = oo one can regard Q(t) ~ t~le~!. Dropping the ¢~2 factor, we arrive at the
model

d2

mh= (€ — k?e *F. (6.5)

Make a change of variable x = e~t. Clearly

d
%F =—u' et (here we write F(t) = u(z) = u(e™")), (6.6)
d2
@F =u'e ™ /et = 2%’ + 2. (6.7)

Thus we obtain
22 4z’ = (2 — k2a?)u. (6.8)

By another change of variable, we arrive at the usual Bessel equation:

22+ au’ = (€2 — 2?)u. (6.9)

Proof of Lemma 6.1. We first show that F. must change its sign. Assume that F. is
negative for all 0 < ¢ < oco. Denote G, = —F,. Consider

{G” = (1+7v-3Q%G, (6.10)

G(0) =0, G'(0) = 1.
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Here —v < 0 corresponds to the negative eigenvalue of Ly and G is the corresponding
eigenfunction which is positive on (0, 00). Observe that

G = (e — 3Q?)G.
¢ =(e—3Q7%) (6.11)
G.(0)=0,G.(0)=1
Since we assume G, > 0 on (0, 00), it follows by using comparison that
0 < Ge(t) < G(), V0 <t < oo. (6.12)

Note that G(t) decays as e V1Tt as t — 00.9 This clearly contradicts the decay of G..
Thus we arrive at a contradiction. It follows that F. must change sign at least once on
(0, 00).

The proof of t. > tg follows from comparing F, with Fy. O

We now consider

F!'= (e —3Q*(t+t))F., t>0;
Y= (= 3Q2(t+ 1) 013
F.(0) =0, F/(0) =1.
Note that
€ = 3Q(t + L) = —3Q*(t + o). (6.14)
We only need to examine the e-independent system
=-3Q*(t+t t>0;
{ @ 0)d (6.15)
(0)=0, ¢(0) =1.

Theorem 6.3. We have q(t) > 0 for all 0 < t < co. Furthermore ming>q %q(t) >c >0
for some constant cy.

Proof. This follows from Proposition C.1 in the appendix. O
7. L_ has no eigenvalues in (0, 1]

The proof for L_ is similar. Thus we only sketch the needed modifications. It suffices
to examine the equation

8 This can be achieved via the contraction argument provided in Proposition A.1 and Lemma A.3. Alter-
natively, one may apply a standard WKB-type estimate (cf. [9]).
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(020, + "D 1 @m =0 (7.1)

We first consider the case I = 0. Note that for A = 0, Ro(r) = Q(r) is a solution to
the above equation. Denote t = r, H(t) = tRy(t) and e = 1 — X € [0,1). It suffices to
study the equation

" __ N2 .
{HE =(e—Q*H., t>0; (72)

H.(0) =0, H'(0) = —1.

Lemma 7.1. Let € € [0,1). Then H. must change its sign at least once. The first positive
zero T of He satisfies

Te > 19 > 0, (7.3)
where T( is the first positive zero of Hy.

Proof. The proof is similar to Lemma 6.1. One can use the comparison function H; (t) =
const - tQ(t) to deduce that F, for € € [0,1) must change sign. O

Remark 7.2. For € = 1, the system for H; apparently has a unique solution which is

o)

Similar to the argument in Section 6, we only need to examine the system

{p" =—Q*(t+m)p, t>0; (7.4)
p(0

) =0, p'(0) = 1.

Theorem 7.3. We have p(t) > 0 for all 0 < t < co. Furthermore min;>q p(t) >c; >0 for
some constant cq.

Proof. This follows from Proposition D.1 in the appendix. O

Consequently, (7.1) does not admit any L? solution when [ = 0.
In the case [ > 1, we consider the equation

( (O + at)+1—)\+l<l+1)

QM) f =0,

where A € (0,1]. For [ > 1, from Lemma 2.3, we have the pointwise bound

(1+1)

3 >Q*t), VYt>O0. (7.5)

It follows that the above system cannot admit any nontrivial L? solution.
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Appendix A. Some auxiliary estimates
Consider the ODE:
/! 2
F' = (t—2 +V(#)F, t>0. (A1)
Proposition A.1. Assume V : [0,1] — R is C3 continuous and V'(0) = 0. Then any

real-valued solution F € C*((0,1)) can be written as a linear combination of two special
solutions, namely

F(t) = c1(t +m() + e2(t™ +ma(1)), (A.2)

where c1,ca € R, n1,m2 € C2([0,1]) with n1(t) = O(t*), na(t) = O(t) ast — 0F.
In particular if F € C%((0,1)) and is bounded on [0,1], then

F(t) = e (t® + m(t)), (A.3)

for some constant ¢, € R. If furthermore lim;_,o+ ‘Ft(zt)l =0, then F(t) =0.

Proof. We first construct n; and 72 on the interval [0, €] where g > 0 will be taken
sufficiently small.
We write 11 = t2¢;. The equation for ¢, reads as

T2+ At = V(O (1 + ¢1). (A.4)

We seek ¢ as a solution to the integral equation

T

$1(t) = /7_4/Vs4(1+¢1)dsd7'. (A.5)
0 0

Clearly the above integral equation has a unique solution in C([0, €]) for ¢ > 0 suffi-
ciently small. Furthermore it is clear that

|1 ()] < 22, ast— 0. (A.6)

The construction of 72 requires some more care. Firstly we write 7o = —0.5V(0)t +
ct® 4+ t2¢9 and observe that

(t7r = 0.5V (0)t +ct® +t2¢2)" = (2t 2+ V(1) (¢t~ = 0.5V (0)t + ct® + t2¢2). (A7)

Simplifying a bit, we obtain
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(t2¢o)" =t (V(t) = V(0)) — 0.5V (0)V (t)t — 4ct + V()2 +(2t72 + V)t%hy.  (A.8)

:ZFl

Taking ¢ = (0.5V”(0) — 0.5V (0)?), we see that Fy(t) = O(t?) as t — 0T. Clearly
(t'¢5) = Fut® + V', (A.9)

Thus we seek ¢2 solving the integral equation

T

t
do(t) = [ 77 [ (8*Fy + s*Vho)dsdr. (A.10)
[~

0

Clearly we can find a unique solution to the above equation in C([0,¢]) for ¢y > 0
sufficiently small. Furthermore, it is not difficult to check that |¢o(t)] = O(t?) ast — 0F.

It is not difficult to check that the constructed functions 71,12 € C?([0,€o]). Fur-
thermore, we can extend 7; and 72 to be in C?([0,1]) since the coefficient of the ODE
is regular away from ¢ = 0. By checking the Wronskian of 2 + n;(¢) and ¢t~ + (1),
we see that these two solutions are linearly independent. The desired conclusion easily
follows. O

Proposition A.2. Consider the ODE
{=(01-X-3Q?
u/\ ( Q )uAv (All)
ux(0) =0, u4(0) =1.

There exists —y < 0 such that the following hold.

(1) If A < =, then ux(t) > 0 for allt > 0, and ux(t) — co ast — oco.

(2) If A = —, then ux(t) > 0 for all t > 0, and ux(t) — 0 as t — co. Furthermore the
decay s exponential.

(3) If —y < A <1, then ux(t) change its sign exactly once, and ux(t) = —oo as t — co.
Furthermore |ux(t)| Z t* for some o > 0 as t — cc.

Proof of Proposition A.2. We proceed in three steps.
Step 1. Define

—y =sup{A: ux(t) >0 for all 0 < ¢t < oo}. (A.12)

Observe that for A < 1—3Q(0)?, we have uy(t) > 0 for all 0 < t < co. Also by Lemma 6.1
and Proposition C.1, for A € [0, 1] we clearly have uy(t) change its sign exactly once and
ux(t) — —oo as t — oo. By using comparison, we can thus rule out any positive solution
ux(t) for A > 0 (otherwise uy—o(t) won’t be sign-changing).
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It follows that 1 — 3Q(0)? < —v < 0. By using the definition of the supreme, we can
find A; — —v such that uy,(t) > 0 for all 0 < ¢ < oo. It follows from the continuous
dependence of the ODE on the parameter A that u_,(t) > 0 for all 0 < ¢ < co. Note that
u_(t) > 0 for t > 0 sufficiently small. If ¢ is the first positive zero of u_~, then we must
have u’ (to) < 0 which is apparently impossible. Thus u_,(t) > 0 for all 0 < ¢ < oc.
Consequently we must have —y < 0.

Step 2. We now claim that u_.,(t) — 0 as t — oo and the decay is exponential.
Indeed if this is not the case, then u_. () must grow exponentially to co as t — oco. In
particular, one can find 7' > 0 sufficiently large such that u_-(7T") > 0, ' (T') > 0 and
1+ 7 —3Q?*(T) > 1. By using perturbation, we can then find §y > 0 sufficiently small,
such that u_~4,(t) > 0 forall 0 < ¢ < T and 14+~ — &y — 3Q*(t) > 0.5 for all t > T
It follows that u_~s,(t) > 0 for all 0 < ¢ < co which is an obvious contradiction to the
definition of —v. Thus u_-(t) must tend to zero exponentially in time as t — oo.

By using comparison with u_,(t), it is clear that ux(t) > 0 for all 0 < ¢t < oo when
A < —v. We claim that wuy(¢) must grow exponentially to infinity as ¢ — co. Suppose this
is not the case. Then uy(t) decays as O(eV1I=>M) as t — co. But since uy (t) > U_~(t)
and u_.(t) decays as O(e~VIT7) this clearly gives a contradiction. Thus wu(t) must
grow exponentially to infinity as ¢ — oo.

Step 3. We now consider the case A € (—v,0). By the definition of —v, we see that
ux(t) must change its sign at some finite ¢y > 0. By using comparison with uy—1(t),
we see that ¢\ > to where tg is the first positive zero of uy—;. By an argument similar
to the proof of Theorem 6.3, we conclude uy(t) — —oo as ¢ — oo. The lower estimate
lux(t)] 2 t* follows from a simple asymptotic analysis. O

A.1. Absence of embedded eigenvalues

Lemma A.3. Let A > 0 and k > 0. Suppose F' is a smooth function solving the linear
equation

F”+w2—g+ﬁQ%wﬂhza t>1. (A.13)
Then for some constants c1, ca we have
F(t) = ci(sin(kt) + n1(t)) + ca(cos(kt) + n2(t)), (A.14)
where n;(t) are smooth functions satisfying

sup ([t ()] + [t%n2(2)]) < o0 (A.15)
1<t<oco

forany 0 < a < 1.

Proof. It suffices to exhibit two independent solutions. We consider 77 solving the inte-
gral equation
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wl»—‘

/sm s—1t)) é —3Q%(s))(sin(ks) + n1(s))ds, t>T. (A.16)

By taking 77 sufficiently large, one can obtain a contraction in the norm

1£“N1 (E) || L= ((71,00) for any 0 < a < 1. Clearly, the unique solution 7; is not 0, and

sin(et) + n1(t) solves the original ODE on (T3, 00). Solving it backward in time and

noting that F' is a linear equation, we obtain a smooth solution defined on [1, c0).
Similarly, we can find 7y solving

/ (s —1)) é —3Q%(s))(cos(ks) + n2(s))ds, t>T.

NI'—‘

We can also obtain a solution cos(kt) 4+ n2(¢) on [1, 00).
Since the Wronskian of sin(kt) 4+ n1(t) and cos(kt) + n2(t) is clearly nonzero for large
t, those two solutions are independent. O

Remark. In the case A =0 for (A.13), we can improve (A.15) to

sup (Je'nu(t)] + |e"nz(t)]) < co.
1<t<oco

Proposition A.4. Ly has no eigenvalues in the essential spectrum. Any X\ > 1 is a reso-
nance of L.

Proof. We first focus on L. A = 1 is not an eigenvalue or resonance of L, has been
proved earlier. For any A > 1, we shall try to find a nontrivial solution to the equation
L, f = Af. Passing to spherical harmonics, it suffices to consider

2 —3Q*R

(_87'7“ - gar + l(l Jg 1) -
r r

where R; are functions of r only and A — 1 = €. Denote F} = rR;, we get

z<z+ 1)

F/' + (e — +3Q*F, = 0. (A.17)

From Lemma A.3, there exists 7, , 7, such that

Fi(r) = ex(sin(er) + m, (1) + ca(cos(er) +mi, (1),

where 7, has O(r~'*) decay as r — oo. Since n;, and n;, has 7~ decay for any 0 <
a < 1, Fi(r) € L*([0,00),dr) if and only if ¢; = c2 = 0. For any fixed [, taking ¢; and
co properly, we can always find a solution F; which is regular near 0. Clearly then any
A > 11is a resonance of L.

The case for L_ is similar. O
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Appendix B. The approximate ground state é

27

As was already mentioned in the introduction, Costin, Huang and Schlag constructed
in [2] a remarkably accurate approximate ground state ). We recall in this section a few

important properties of ) needed in our analysis.
Denote for ¢ > 0:

(t) = — 28t1! 127¢1°  604¢° 293t8  113t7 2025 3¢5 + 54169t*
@1\l) = ~94431 T 76892 ~ 151861 | 59051 _ 80657 | 73305 44981 ' 401949

8 + 127023t2 4 21539,
8885055 185578 93423

ot 10 5t 2t 17t” 3025t° 5162t° 31027t
a2(t) = 1183575 120831 86563 | 74523 36388 | 287391 320873 | 204823
1415¢> 295367t 21¢ 18176 .
— 123249 T “a2s350 — 5850 T 78783’
1 _
fi(t) = ge &
9 9 9 9 9
t) = qa(t o (=)= (=)t — =);
Pa(t) = a2(t) + a1 (35) — a2(5p) + (ai(5g) — da())(t = 1)

x

g(t) =t7' (2¢"Ei(—4t) — e 'Ei(-21)), (for z < 0, Ei(x) := / %eudu.)

—00

Define

1 : 9.
@) 1ft§E,

Qs()=QW) =9 my» 15 <t< 3
1(Are™" + Batg(t) ),

Z

Q

: 5
lftzi,

where

Throughout this work we reserve the notation

1
no(t) =7-107° T te_t, t>0.

The function 79(t) controls the relative error between @ and Q

(B.3)

(B.4)

The following proposition summarizes a few properties of @ established in [2]. Denote

by C’g the space of piecewise C? functions.
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Proposition B.1 (Properties of @, [2]). The approzimate ground state @ defined above
satisfies the following properties:

(1) The function Q € C([0,00) N C2([0,00)), and is decreasing fort € [0, 5.
(2) We have

187 ot 30

- >
6o 7 QW< Jorrz

DN | Ot

(B.5)
(3) It holds that

Q) — Q)| < mo(t), Q' (1) = Q' (1) <5mo(t), V=0 (B.6)

Proof. The first two properties are proved in Lemma 2.4 of [2]. The pointwise bound (3)
is derived in Lemma 3.6 of [2]. O

Appendix C. Analysis of the equation u”’ = —3Q?*u

Consider

v’ = —3Q%u,
u(0) =0, u/(0)=-1.

We shall prove the following.

Proposition C.1. There exists t,. € (0.491,0.493) such that u(t) < 0 for 0 <t < t., and
u(t) > 0 for all t > t.. Furthermore

lim ult) _ lim o' (t) = cy, (C.2)

t—oo ¢ t—00

where ¢, > 0 is a finite constant.

Proof of Proposition C.1. This follows from Proposition C.2 and Proposition C.3. In
Proposition C.2, we examine f(t) = —u(t) by using an explicit approximate solution on
the interval [0,0.493]. In Proposition C.3, we compare u(t) for ¢ > to with a suitable

lower solution which grows linearly in t as ¢t — oco. O
Define

_ 9 | 1885,8  5686,7 _ 861646 , 688,5 40644 _ 905.3 1642 .
fapp(t)—_logt + 1ot - 100t - 100t +1_0t —mt _Wt - 100075 +t

Fapp(t) = fapp(t) + 3Q()* fapp (t)- (C.3)
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Let
{{”(t) = —3Q(t)* (1), (C4)
foy=0. f'o =1

Proposition C.2. The following hold.

(1) fapp(t) > 7.5-107* for any 0.01 < ¢ < 0.491. Furthermore f],(t) > 0.996 for any
t €0,0.01], and f;,,(t) < —0.6 for any t € [0.49,0.5].

(2) fapp(0.491) > 751074, fapp(0.493) < —7.2-107%.

(3) [) [Fapp(t)]dt < 0.00299.

(4) maxo<i<o.5 () — flop(t)] < 0.00299 and maxo<i<o.s | f(t) = fapp(t)] < 7.1-1074,

(5) The first positive zero of f occurs at some t, € (0.491,0.493).

Proof. Item (1) and item (2) can be easily verified by using the explicit form of fupp.

For item (3), we first denote

Fy= £, +3Q% fapps  Fo = fapp 3 (2Q +mo)mo = 421077 L oo™t 3£, 5,

where 19 = 7-1075/(1 + t)e~*. Note that |Fapp ()| < |F1(t)| + |F2(t)], it suffices to show

0.5

/ |Fy ()]t < 000291, (C.5)
0

0.5

/ |Fo(t)|dt <8-107°. (C.6)
0

Estimate of (C.5). Recall that Q = 1/¢; > 0 on [0, 0.5], we have

FHat)?] 5
/ _ 1 e
021205 IF (0] = 021205 | qi(t)® <3 (C.7)
Indeed, this follows from
5 3 / 3 5 3 ' 3 1
qu(t) — F{(H)q1(t)° > 0, §q1(t) + Fi{(t)q:1(t)° > 0, ¥Vt € [0, 5],

where both left-hand sides are polynomials in ¢.

We take N = 10 and discretize [0,0.5] into N equal subintervals with At = 5%

Denote t; = iAt with 0 < i < N — 1. Clearly, the mean value theorem and (C.7) yield”

7 We stress that the Riemann sum computed here is fully rigorous, as it amounts to adding up a finite
collection of rational numbers.
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0.5 N1 bit1
[1mnde =Y [ 1RO 15 @)+ R
0 i=0 7
N—1 it
=3 [ 1Bt + Z TGN
=0 t;
N-1
< max | FY(t) t;)|At
0<t<0.5
=0
< 0.00291. (C.8)
Estimate of (C.6). It is not difficult to check that
139 Faop 45
< 27 STL): S .
0520.5 [ fapp (#)] = 1000’ 05120.5 a(t)(1+¢)|~ 100’ (C-9)

where the second inequality follows from the argument in (C.7). This clearly implies

0.5

/\Fﬂd <

0

421077 - | he s le™ 4 3| fapp - (T-107°)2dt <8-107°.  (C.10)

o\

For item (4), we note that 6 = fap, — f solves

0" = —3Q%0 + Fupp;
Q0+ Fap (C.11)
0(0) =0, 6'(0) =
Clearly
1 02\’ 6>
(5(9’)2 + 3Q2§> = 3(Q2)’§ + Fappt'. (C.12)

Using Q'(t) < 0 for t > 0, we deduce® from item (3) that

s)|ds < 0.00299. (C.13)

max |0’ (¢

0<t<0.5 Fapp

O\o

Also

8 To avoid issues of differentiability, one can define 6. = 1/(68")2 + 3Q262 + € and observe 0" < |Fapp| =
maxg<:<o.5 || < f[;)"r’ |Fapp(s)|ds. Sending € — 0% then yields the bound.
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.002
max_[0(8)] < 2029 _ 7y qp-a, (C.14)
0<t<0.5 V3Q(0.5)

For item (5), clearly f'(t) > 0.9 for 0 < ¢ < 0.01 by item (1) and item (4). Thus f(t) >
0 for t € (0,0.01]. Since fapp(t) > 7.5- 1074 for t € [0.01,0.491] and maxo<s<o.5 |f(t) —
fapp(t)] < 7.1-107%, it is clear that f(t) > 0 for ¢ € [0.01,0.491]. Note that f(0.493) <0
by item (2) and item (4). Thus the first positive zero t, € (0.491,0.493). O

We shall take tg = 0.491 and consider the “time-shifted” problem:

{f” = =3(Q(t + 1. — to)) fi >t {f” = -3Q2f, > to;
f( ) 0, f/( ) f(tO):07 fl(tO):l'
(C.15)
Note that f(t) = ,(t yu u(t +t, — to) (clearly u/(t,) > 0). Also note
Qt +t« —tg) <Q(1), Vit > to. (C.16)

By comparing ]?With f, we can deduce that f grows linearly in ¢ to oo as t — oo.
This is shown in the following proposition.

Proposition C.3. We have f(t) > 0 for all t > tg, and lim;—, o & =cy > 0, where cy
f()

s a positive constant. Consequently, f( ) >0 for all t > tgy, and hmt_>Oo o =cp > 0,

where cy s a positive constant.
To prove Proposition C.3, we first need to establish some auxiliary integral estimates.

Lemma C.4. For ty = 0.491, we have

2.2
/3Q(t)2f(t)dt < 0.9794. (C.17)
to
Also
0 < f/(2.2) < 0.0641, 0 < f(2.2) < 0.542. (C.18)

Proof. Define

469t 2221¢° 11598 4387 | 6779t  1737t° 7209t 829¢3 977>
g(t) = 25000 10000 T 1000 125- T 1000 200 T 1000 250 T 50000 T b

(C.19)
G(t) = g"(t) + 3Q(t + t0)*g(t). (C.20)
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Note that

{g”(t) +3Q(t +t0)?g(t) = G(t); (C.21)

g(0) =0, ¢'(0) = 1.

We regard ¢(t) as an approximation of f(¢ + tg).
Thanks to the explicit form of g, it is not difficult to check that (see Remark C.6)

2.2

/3Q(t)29(t —tg) dt < 0.955. (C.22)

to

Next we need to estimate the difference g(t) — f(t + to). Note that (see Remark C.6)

2.2—t, 2.2

/ |G(t)|dt = / |G(t — to)|dt < 0.02453, (C.23)

0 to

2.2—tg 2.2
(2.2 — 1) / G|t = (2.2 — 1) / Gt — to)|dt < 0.04193.
0 to
By a similar estimate as in (C.13), we obtain
/ !/

— - — — <0. . .

ax ) lg"(t —to) — f'(t)] <0.02453, o ax lg(t —to) — f(t)] <0.04193. (C.24)

From the explicit form of g, triangle’s inequality yields
0 < f'(2.2) < 0.0641, 0 < f(2.2) < 0.542. (C.25)

Similar to (C.24), we have the following refined estimate on [tg, 1.2]:

1.2—tg
max |g(t —to) — f(£)] < (1.2 — to) / G(#)|dt < 0.00183. (C.26)
0

to<t<1.2

This together with (C.24) yield

2.2

/ 3Q(1)?1g(t — to) — f(t)|dt

to

2.2

1.2
<0.00183 / 3Q(t)%dt + 0.04193 / 3Q(t)%dt
to

1.

<0.0244. (C.27)
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The desired result follows. O

The next lemma gives a “tail estimate” of f. Note that by the preceding lemma we
have 0 < f(2.2) < 0.542 and 0 < f/(2.2) < 0.0641.

Lemma C.5. We have

/3Q(t)2f(t) dt < /3Q(t)2 -(0.542 4+ 0.0641(t — 2.2)) dt < 0.02. (C.28)

Proof. From Proposition B.1, @( t) < %ET for t > 2.5, we have

/3Q(t)2 -(0.542 + 0.0641(t — 2.2)) dt

5
2

oo

2
350 ¢ * —t 5 e " 542 641 22 1
S/3 (1 +7-107 1+°) (1000 + 10000 (t — 15)) 4t < 155- (C.29)

wjot

On the other hand, thanks to the explicit form? of Q, it is not difficult to check that

2.5
3Q(t)? - (0.542 + 0.0641(t — 2.2)) dt
2.2
< 3G B 70+ - B <. (Ca0)

The desired result follows easily. O
We are now ready to complete the proof of Proposition C.3.

Proof of Proposition C.3. Firstly we show that f stays positive on the whole interval
[to, 00). To prove this we argue by contradiction. Let ¢; > to be the first possible zero of
f on the interval [¢g, 00). Clearly we have f(t) > 0 for all ty < t < ¢; and f’(¢1) < 0. Note
that the case f’(¢t1) = 0 is ruled out since it will imply f(¢) = 0 on the whole interval
[to, 0). Since —f” = 3Q*f, we have

9 In particular, note that for 0.9 < t < 2.5, @ is a simple rational function.
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t1

/3Q2fdt = f'(to) — f'(t1) > 1. (C.31)

to
On the other hand, by Lemmas C.4 and C.5, we have

t1
/3Q2fdt < 0.9794 + 0.02 = 0.9994. (C.32)

to

This is clearly a contradiction. Thus we must have f(¢) > 0 for all ¢ > t,.
Now by Lemmas C.4 and C.5, we clearly have

/3Q2fdt < 0.9794 + 0.02 = 0.9994. (C.33)
to
Thus as T — oo,
T
f(T)=1- /3Q2fdt — ¢, (C.34)
to

where 0 < ¢; < 1. The desired conclusion for f clearly follows from L’Hopital’s rule. By
a simple comparison, we deduce the desired conclusion for f. O

Remark C.6. In this remark we sketch the proof of (C.22), (C.23), (C.27). Below, the
Riemann sum computation is fully rigorous as it sums finitely many rational numbers.
Justification of (C.22): Denote

h(t) = 3(Q(t) + n(t)* g(t — to) > 3Q(t)*g(t — to),
where

k
5 Do F-

Similar to (C.7), we have

W (O(L4)q1 (1)
Groam? | <20,

R (((+0)pa (1)) ‘<20

max, <t<0.9 |1/ (t)| = maxs,<i<0.9

(C.35)

maxg.g<i<2.2 [P ()] = maxg.g<i<2.2 (tDpa ()7

We take N = 17090 and discretize [tg,2.2] into N equal subintervals with At = 10~%.
Denote t; = to + At with 0 < ¢ < N — 1. Similar to (C.8), the mean value theorem and
(C.35) yield
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.2

\w

2.2
3Q(12g(t — to) di < / I (t))dt
to to
N-—1

< max |h'(t)] -
to<t<2.2

(At 2 N—1
5+ > |h(t:)| At < 0.955. (C.36)
1=0

Il
=)

%

Justification of (C.23): We denote

Gy = g"(t —to) +3Q(t)%g(t — to),

Ga = 3(2Q + no)mog(t — to) = 42 - 1077 - LAt o=t 4 354 — ) 2.

Clearly, |G(t — to)| < |G1(t)| + |G2(t)|. It suffices to show

2.2
/ G (#)]dt < 0.02448, (C.37)
2.2
/ |G (t)|dt < 5-107°. (C.38)
Similar to (C.7), we have
’ _ Gi®)a(H)® 1 _ Gi()p2(t)®
s [GLO] = e [SURREE| <4 e [610)] = e [ | < 4

(C.39)

We discretize [to,2.2] into N = 42725 equal subintervals with At = & 104 Similar to
(C.8), the mean value theorem and (C.39) yield

(to + iAt)| At < 0.02448.  (C.40)

1 (At)?
/\Gl Idt<Z max [G1(0)] - =

It is not difficult to check that

Q(t)g(t — to)

i+n | =

1
max |g(t — to)| < < (C.41)

to<t<2.2

ax
to<t<2.2

l\.')l»—~

where the second inequality follows from the argument in (C.7). This clearly implies

. 2.2
1 1
/ |Goldt < /42 21075 ge*t +3-5 (T 107°)2dt < 5-1075. (C.42)

to
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Justification of (C.27): Note that 3Q(£)2 < 3(Q(t) 4+ n(t))?, where

10 (=t)*
1) i=T7-10752=k=0 K> p(4), Vi€ [t 2.2].
77() 1+t _770()7 6[03 }

We discretize [tg, 1.2] into N3 = 1418 equal subintervals and [1.2,2.2] into No = 2000

equal subintervals with At = 5-107%. Since 3(Q(t) +n(t))? is decreasing in t on [tg, 2.2,
we have

/3(@(t) Fe)?de < Y 3(Qlto -+ i) +lto +iA)? At < 3%,

/3(é(t) ()2 dt < ) 3(Q( + KAL) + (12 + kAL))2 At < 22T
1.2 k=0

Thus (C.27) follows.

Appendix D. Analysis of the equation v/ = —Q?v

Consider the ODE
(D.1)

Proposition D.1. There exists t.. > 0 such that v(t) < 0 for 0 <t < t., and v(t) > 0 for
all t > t,. Furthermore
v(t)

lim —= = lim v'(t) = ¢y, (D.2)

t—oo t— o0

where ¢, > 0 is a finite constant.

Proof of Proposition D.1. This follows from Lemma D.2 and Lemma D.3. In particu-
lar Lemma D.2 gives the control of v for ¢ € [0,1.2]. By using a suitable comparison,
Lemma D.3 establishes the desired asymptotic behavior of v for ¢ > 1.2. O

Lemma D.2. For some tg > 1.2, the following hold.
We have v(t) < 0 for all 0 <t <ty and v(tg) =0, v'(to) > 0.

Proof. We only need to show that the first positive zero of v occurs at some ty with
to > 1.2. We define the following polynomial ansatz

10 9 8
’U)(t) __ 321t _ 4649t + 144t

1229¢7 | 4887t% _ 1200¢° | 359¢* | 2713 | 72
— 7250 500 5 + + oo T +

25 100 ~ 50 100 200
(D.3)




D. Li, K. Yang / Advances in Mathematics 492 (2026) 110904 37

Let F(t) = w"(t) + Q?(t)w(t), we shall first prove that

1.2
/ |F(t)|dt < 0.0358. (D.4)
0

We denote

F=uw" 4+ 3Q%w, Fy=w(2Q+mn)no =14-10"2. %e*t +wng,

where 79 = 7-1075/(1 + t)et. Note that |F(t)| < |Fy(t)| + |Fa(¢)], it suffices to show

1.2
/ |Fy(t)|dt < 0.03573, (D.5)
1.2
/ |Fo(t)|dt <7-107°. (D.6)

Similar to (C.7), we have

— Fl(Ha®)® / _ Fl(t)p2(t)®

03K, fl= 02ig0.9| w(®’ ) <3 gL IR0OI= max [ Thar ) <3
(D.7)
We discretize [0,1.2] into N = 4800 equal subintervals with At = 3% . Similar to (C.8),

the mean value theorem and (D.7) yield
|F Ydt < Z RO (At)* )|At < 0.03573 (D.8)
It is not difficult to check that
266 QWw(t)| 5

< 2 ANk LN .

022}1(‘2 ()] < 1000’ o<t<t.2| 1+t |~ 8’ (D-9)

where the second inequality follows from the argument in (C.7). This clearly implies

1.2 1.2

/|F2|dt§ /14 1075 |Q<§)+“;§”| et |w(t)| - (7-107°)2dt <7-1075.  (D.10)

0 0



38 D. Li, K. Yang / Advances in Mathematics 492 (2026) 11090/

By a similar analysis as in (C.13), we obtain
1.2
max |v'(t / t)|dt < 0.0358. (D.11)
0<t<1.2
0

In addition, the Fundamental Theorem of Calculus yields that

< ! .043.
omax ) |v(t) —w(D)] IQOggg)fQIv() w'(t)] < 0.043

On the other hand, it is not difficult to check that

max  w(t) < —0.049, max _w'(t) < —0.9. (D.12)
0.05<t<1.2 0<t<0.05

Recall that v(0) = w(0) = 0 and v'(0) = w’(0) = —1. Clearly these imply that v(¢) <0
for any 0 < ¢ < 1.2. Thus the first positive zero of v must occur at some tg > 1.2. O

Lemma D.3. Let 7 > 1.2. Consider the ODE

")+ Q(t + 1)%y(t) = 0, t > 0;
{y )+ Q-+ 7)) D13
y(0)=0, y'(0)=1.
We have y(t) > 0 for all t > 0, and
.yt 1 Ty
Jim Y=t /) =0 D)
where by > 0 is a constant.
Proof. Firstly it is not difficult to check that for any t > 0, 7 > 1.2, we have
Q(t+7)% < (QUt+1.2) + mo(t +1.2))% < e7060+12), (D.15)
Then we only need to examine the lower solution w solving
w' = _6—0,6(75-5—1.2)107 t>0;
(D.16)
w(0) =0, w'(0)=1.

The solution w has an explicit representation in terms of Bessel functions, namely

T Ve ¥
/2 (YO (369/25) Jo (1(:)3@6/255> Jo (359/25) Yo (1(;@98/255 ))
(D.17)

J1 (369/25) Yo (369/25) Jo (3@9/25) Y (3e9/25)

w(t) =
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Clearly

10 10 10 10 2 1
3 (g ) s (o) = (g ) s (o) = 2 >0 o

It is not difficult to check that

10 10s 10 10s
Yy <369/25> Jo (369/25> —Jo (369/25> Yo (369/25) > 0, Vo<s<1 (D.19)

Furthermore Yy (s)/logs — 2 as s — 07. Thus w(t) > 0 forallt > 0 and lim;_, @ =c

for some positive constant ¢ > 0. By using comparison it is not difficult to check that

the desired conclusion holds for the solution y. O
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