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Abstract

We consider the Euler—Poincaré equation on R?, d > 2. For a large class of
smooth initial data we prove that the corresponding solution blows up in finite time.
This settles an open problem raised by Chae and Liu (Commun Math Phys 314:671—
687, 2012). Our analysis exhibits some new concentration mechanisms and hidden
monotonicity formulas associated with the Euler—Poincaré flow. In particular we
show an abundance of blowups emanating from smooth initial data with certain
sign properties. No size restrictions are imposed on the data. We also showcase a
class of initial data for which the corresponding solution exists globally in time.

1. Introduction
We consider the following Euler—Poincaré equation on R?, d > 2:

am~+ u-Vim+ Vu)'m+ divym =0, >0, x € R?;
m=(1—aA)u; (1.1)
u(0,x) = up(x), x eR?,

Here, u = (uy,...,ug) : R? — R? represents the velocity and m =
(my,...,mg) : RY — R? denotes the momentum. The parameter « > 0 in
the second equation of (1.1) corresponds to the square of the length scale; it is
sometimes called the dispersion parameter in the literature. The notation (Vu)T
denotes the transpose of the matrix Vu. To avoid any confusion it is useful to recast
equation (1.1) in the component-wise form as

B,m,-—i—ujajm,-+(8,-uj)mj+(8juj)ml- =0. (1.2)
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Here and throughout the rest of this paper we shall use the Einstein summation
convention. By using tensor notation, one can combine the second and the last term
in (1.2) and write it more compactly as

dm—+V-mu)+ (Vu)'m = 0. (1.3)

The last term in (1.3) is not in conservative form. Following Chae and Liu [1] (see
formula (1)—(4) on page 673 therein), one can introduce a stress-tensor 7;;

Tij =miuj + %Biﬂulz —adiu - dju + %aS,-j|Vu|2
and rewrite (1.3) as
dymi +9;T;; = 0. (1.4)
By the second equation in (1.1), we have

miuj = ujuj — o(Opklt;)uj

=ujuj — g ((Ou;i)u;) + o (Opu; Ok j).
Therefore, the tensor 7;; can be rewritten as
Tij = ujuj — ol ((Opui)uj) + o (Ogu;Opue ;)
1 2 1 2
+§8,-j|u| —aaiu-aju+§a8,-j|Vu| . (1.5)
Roughly speaking, the above expressions show that the tensor 7 is of the form
T = O(jul* + |9ul* + 3 (udu)).

Such a decomposition is very useful in deriving low frequency L? estimates later
(see Proposition 1.1). For smooth solutions with enough spatial decay, there are
two natural conservation laws,

d dx =0

dr Rdm =

d 2 2

— (Jul” + «|Vu|*)dx = 0. (1.6)
dt JRra

We shall need only the second one for later constructions.

The Euler—Poincaré equations were first introduced by Holm, Marsden, and
Ratiu in [4,5]. In one dimension (d = 1) the Euler—Poincaré equations reduce to
the Camassa—Holm equations of the form

om +uoym 4 20,um =0, m = (1 — adyy)u.

The well-posedness of local and global weak solutions of Camassa-Holm equations
have been intensively studied (see [8] and references therein). In two dimensions,
the Euler—Poincaré equation is known as the averaged template matching equation
in the computer vision literature [2,3,6]. For the applications of Euler—Poincaré
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equations in computational anatomy, see [7,9]. The rigorous analysis of the Euler—
Poincaré equations was initiated by Chae and Liu [1] who established a fairly
complete wellposedness theory for both weak and strong solutions. We summa-
rize some of their main results (relevant to our context) as follows [here « is the
dispersion parameter in the second equation of (1.1)]:

o Letw > 0 and ug € HNR?) with k > % + 3.1 Then, there exist T =
T (lluollgx) > 0 and a unique classical solution u = u(x,t) to (1.1) in the
space C([0, T), H*(R?)).

e Let 0 < T* £ +o00 be the maximal lifespan corresponding to the solution

u e C?Hk. If T* < oo, then

T*
lim sup [|u(?) || yxr = 00 <:>/ IS@llg dt =occ. (1.7)
0 00,00

t—>T*

Here, S = (S;;) is the deformation tensor of u with §;; = %(a,-uj +0ju;). See
(1.17) for the definition of the homogeneous Besov norm || - || 50

o Leta = 0. Letug € H* (Rd), k > % + 2, and let it have reflection symmetry
with respect to the origin, that is,

up(x) = —up(—x), Vxe RY.

If divup(0) < O, then the corresponding classical solution blows up in finite
time.

Note that the Chae—Liu blowup result stated above is valid only for « = 0, in
which case the Euler—Poincaré equation reduces to a version of a high-dimensional
Burgers system. The main idea of Chae—Liu is to consider the evolution of divu at
the origin. Namely, by using reflection symmetry and (1.2), one obtains

d 2

%(divu(o, 1) =—2 ijzzzl(aiu, +0u;) | — (divu(0, 1))?
< —(divu(0, 1))?,

and blowup follows from the assumption divuo(0) < 0. Unfortunately, this elegant
argument does not work for the non-degenerate case « > 0 due to some extra high
order terms which do not enjoy any monotonicity properties. Thus Chae and Liu
raised the following

Problem. For the Euler—Poincaré system (1.1) (o« > 0), do there exist finite time
blowups from smooth initial data?

I Fora = 0 one only needs k > % + 1, since the corresponding system is a symmetric
hyperbolic system of conservation laws with a convex entropy, see Theorem 1 in [1] for
more details.
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The main purpose of this paper is to settle the above problem in the affirmative.
Since we are mainly interested in the case o > 0, the actual value of o will play no
role in our analysis, so we shall simply set « = 1 throughout the rest of this paper.
We start by considering a special class of radial flows invariant under the Euler—
Poincaré dynamics. More precisely, let m = V¢ where ¢ is a radial scalar-valued
function.? By (1.2), and noting that djm; = d;m; for any i, j, we have

—oim; = miajuj + Mjajm,' + 8,~ujmj
:miBjuj +uj8,~mj +al'ujmj
=m;(V-u)+0;(m-u). (1.8)

Therefore, the radial function ¢ satisfies

—0,9'(r, 1) = —p(r, NP (r, 1) + @' (r, 1)((1 — A) ' p)(r, 1)
n ((1—A)*‘v¢-v¢)/, r=lx| >0, (1.9)

with initial data ¢ (r, 0) = ¢o(r). Here and throughout the rest of this paper, we
will slightly abuse the notation and denote any radial function f on R as f(x) =
f(|x]) = f(r) whenever there is no confusion. We also use the notation f/ = f’(r)
to denote the radial derivative. Assuming ¢ (and its derivatives) decays sufficiently
fast at infinity, we may integrate (1.9) on the slab [r, oo) and obtain

1 o0
4o (r,0) = 200, n* + / @' (s, (1 — A)'p)(s, 1) ds
- ((1 —A) e v¢) (r, 1). (1.10)

At the cost of a nonlocal integration, equation (1.10) greatly simplifies the analysis
and will be our main object of study in this paper. We begin with a simple proposition
that in some sense justifies the validity of the equation (1.10). To allow some
generality, we also include the result for dimension d = 1 which is needed for
some results in Section 2 (see Theorem 2.1).

Proposition 1.1. Let the dimension d = 1. Assume initially my = Vg, where ¢
is a radial function on R? and ¢o € H* for some k > % +2.Ifd = 1,2, we also
assume that ¢o € B?’OO(R‘{). Then for any t > 0, the solution m(t) = (1 — A)u(z)
can be written as m(t) = V¢ (), where ¢ (t) is radial® and ¢ (t) € H*(R?) for
d =3, ¢(t) e HH®RHNB) (RY) ford = 1,2. Each ¢(t, r) solves (1.10) in the
classical sense. Moreover;, we have the growth estimate

2 By using the derivation below, it is not difficult to check that if initially my = V¢ and
¢o is a smooth radial function, then for any + > 0 we can write m(t) = V¢(t) with ¢ (1)
being radial and smooth, as well. The radial assumption here is essential. In the general case
one cannot expect that irrotational flows are preserved in time.

3 Ford =1, ¢ is radial means that ¢ is an even function on R.
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166, I 2gpay < Bo- (1 +03, V1 >0, ifd =1, (1.11)
16, )l p2ay < Bi-(1+102, Vi 20, ifd =2, (1.12)
16 (2, Ml oay S B2 - (1+1), Vi 20, ifd 2 3. (1.13)

Here, By > 0, By > 0, By > 0 are some constants depending only on the initial
data ¢o.

With Proposition 1.1 in hand, we can control the low frequency part of the
solution and express the blowup/continuation (1.7) in terms of the scalar function
¢ alone. Thus

Lemma 1.2. Let ¢ be radial. If d = 3, we assume that ¢ € H k(R4 for some
k > %+2. Ifd = 2, we assume that ¢y € HF (R2)ﬂB?’OO(R2)forsomek > 4. Letu
be the maximal lifespan solution corresponding to initial datauy = (1—A)"'mg =
(1 — A)~'Vey. If the maximal lifespan T* < oo, then

T
limS}lp lu (@) g = o0 <=>/0 (O oo ey dt = 0.
t—>T*

We shall omit the proof of Lemma 1.2 since it follows directly from (1.7),
(1.12)(1.13), and the embedding L>® < BY, .

We now state our main results. Apart from regularity assumptions, the first
result says that if initially ¢o(0) = 0, then the corresponding solution blows up in
finite time. It is a bit surprising in that such a local condition dictates the whole
nonlocal Euler—Poincaré dynamics.

Theorem 1.3. Let the dimension d 2 2. Let ¢ be a radial real-valued function on
RY such that ¢o € H* (Rd)for some k > ‘% + 2. For d = 2 we also assume that
¢o € B ((R?). Let the initial velocity ug = (1 — A)"'mg = (1 — A) "'V If
¢0(0) = 0 and ¢ is not identically zero, then the corresponding solution blows up
in finite time.

The next result deals with the opposite scenario, ¢o(0) < 0. Under the assump-
tion that ¢ (r) is monotonically increasing, we show that the corresponding solution
exists globally in time. In some sense it reveals the nonlinear depletion mechanism
hidden in the Euler—Poincaré dynamics.

Theorem 1.4. (Global regularity for a class of non-positive monotone data) Let
the dimension d 2 2. Let ¢ be a radial real-valued function on R? such that
¢o € Hk(Rd)for some k > %—1—2. Ford = 2 we also assume that ¢y € B?‘OO(RZ).
If ¢0(0) = 0 and ¢ is monotonically increasing on [0, 00) (that is, ¢, (r) = 0 for
any 0 £ r < 00), then the corresponding solution u(t) = (1 — A)_1V¢(I) exists
globally in time. Moreover, for any t > 0, ¢(t, -) is monotonically increasing on
[0, o0).

We have the following corollary, which computes the asymptotics of ¢ (0, ¢)
ast — oo. To allow some generality we state it as a conditional result in that we
assume that the corresponding solution exists globally in time.
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Corollary 1.5. (Asymptotics of ¢ (0, 1)) Let the dimensiond 2 2. Let ¢ be a radial
real-valued function on R4 such that ¢o € H* (Rd)for some k > % +2. Ford =2
we also assume that ¢ € B?’OO(RZ). Assume that ¢ (0) < 0, ug = (1—A)"'Vey
and the corresponding solution u(t) = (1 — A)~! V¢ (t) exists globally on [0, 00).
Then ¢ (0, t) is strictly monotonically increasing in t and j—t¢(0, t) > 0 for any
t 2 0. There are some constants C1 > 0, Cp > 0 such that ford = 3

Ci
0<—¢(,1 —, Vit>0; 1.14
< —9( )<1+[ > (1.14)
and ford =2

0<—¢(0,1) < t > 0. (1.15)

C
log(10 +1)°
In particular, lim; . ¢ (0, t) = 0.

Remark 1.6. The decay rates in (1.14)—(1.15) are probably not optimal. It is an
interesting question to study the long time behavior of global solutions to such
systems with no damping or dissipation.

It is very tempting to conjecture that the single condition ¢¢(0) < 0 may yield
global wellposedness. Our last result rules out this possibility. We exhibit a family
of smooth negative initial data for which the corresponding solution blows up in
finite time. In particular, the initial data ¢9 will satisfy ¢o(0) < O.

Theorem 1.7. There exists a family A of smooth initial data such that the following
hold:

o For each ¢o € A, we have ¢o(x) < 0 for any x € R4,

e The corresponding solution u(t) = (1 — A)~'V¢(t) blows up in finite time.
Moreover, ¢ (0, t) is a monotonically increasing function of t for each t within
the lifespan of the solution.

We conclude the introduction by setting up some

Notations. For any two quantities X and Y, we shall write X < Y if X < CY for
some harmless constant C > 0. Similarly, we define X > Y. We write X ~ Y if
both X < Y and X 2 Y hold.

We will need to use the Littlewood—Paley frequency projection operators. Let
@(&) be a smooth bump function supported in the ball |§| < 2 and equal to one on
the ball |&| < 1. For each dyadic number N € 2%, we define the Littlewood—Paley
operators

Poy [ (&) 1= p(&/N) (&),
Pon (€)== [1— @(E/N)1f (&),
PN &) = [pE/N) — 9QE/N)IF(E). (1.16)
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Similarly, we can define Py, P>y, and Py, _ <y := P<y — P<;;, whenever M
and N are dyadic numbers. - a - -
We recall the following standard Bernstein inequality: forany 1 < p < g < oo,

d(L-1
1PN fllaray S N G q)”PNf”LP(Rd)'

Here, Py can be replaced by Py or P<y.

For any 1 £ p < oo, the homogeneous Besov norm Bg’ oo 18 defined as

£z = sup 1Py fllpocea: (1.17)
P Me2Z

We need the following interpolation inequalities on R and R?:

1

2 1
1712 S0y e IV sy (1.18)

1 1
£ 12y S 0G0 oy 19 s (1.19)

The proof of (1.18)—(1.19) is a standard exercise in Littlewood—Paley calculus.
We sketch the proof of the second inequality (1.19) here for the sake of complete-
ness. The first one is proved similarly.

Proof of (1.19). Let Ny > 0 be a dyadic number whose value will be chosen later.
Then by Bernstein, we have

1F12 22y S N2 Py FI21 2y + N2 VPN FII% 2 e
L2(R2?) L1 (R2) L?(R?)
N<Ny NZ=No

SNGI G0 g2y + No IV £ 2a,.

Choosing Ny ~

!Cvf 2 then yields the result. O

111 5o
Bl,oo

2. Proof of Proposition 1.1 and Some Intermediate Results

In this section we first give the proof of Proposition 1.1. After that, we shall
deduce several weak blowup results, some of which have certain concentration
and/or size restrictions on the initial data. However, the proofs of these results are
somewhat simpler and they serve to illustrate the main difficulties in proving the
sharp result Theorem 1.3.

Proof of Proposition 1.1. Sincem = (1—A)u = V¢, wehaveu = (1—A)" V.
By using (1.6), we obtain

d
11— A"Vl + Z 11— A)_13i3j¢(t)||2 <1, vez0. (220
i, j=1



962 DoNG L1, XINWEI YU & ZHICHUN ZHAI

From (2.20), we have
P>l <1, Vi=0.

By using the local theory worked out in [1], we have control of |[u(?) | ;«. Since
u = (1 — A)~'V¢, by Bernstein we have | P> éll2 < I Vull2. Then we only need
to estimate || P<1¢ () |]2. By (1.4), we have

d t
mi(t) = m; (0) — Z/O (8;Tij)(r) dr.
j=I

Therefore, by (1.5) and Bernstein,

P12 S NIP<1AT'V -m(D)]l2

d t

SOz + > / 1Py A™19;0;T;;(0) ]2 dT
. 0
j=1

t
SO+ [ (@I + 19uIE) dr
S ez + Ciz, Vi 20, (2.21)

where C1 > 0 depends on |lug|| 1, and we have used the conservation law (1.6).
Note that the derivation here is valid for all dimensions d = 1. Hence, the estimate
(1.13) follows.

Similarly, by using the fact that

-1
sup [[PNAT0;0;llp1p1 < 00,
Ne2Z

we obtain in the case d = 1, 2,
||P<l¢(t)||B?oo(Rd) é Cy(1+1), Vit 2 0,

where C; > 0depends only on ¢g. The growth estimates (1.11)—(1.12) then follows
from the above estimate, the conservation law ||[VP-1¢|2 < [[P<1(1 — A)ullr <
llull2 < 1, and the interpolation inequalities (1.18)—(1.19) (applied to f = P-1¢).

Finally, we need to justify (1.10). In particular, we need to show that the integral
froo (@) (s, )(1=A)"1p)(s, ) ds converges. Indeed, this follows from the estimate

o0 _ -1
/ 1 10— )16l ds <H|v¢| 1-0M"1¢

| |d—1

LY(R4)
SNVGlloo - 11=A)1plleo+ VN2 - (1=A) "Ll

< OQ.

Since ¢ € H, ¢ is a smooth function. Since the above integral converges, it
follows that (1.10) holds in the classical sense. 0O
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We now formulate a simple blowup result, which requires three rather restrictive
conditions on the initial ¢g: positivity, monotonicity and sufficient concentration at
the spatial origin. Due to these simplifying assumptions, the proof is much simpler
compared to that of our main theorem 1.3 in later sections. Note that the case
dimension d = 1 is covered here which cannot be handled by Theorem 1.3.

Theorem 2.1. Let the dimension d > 1. Assume that ¢y is a radial* real-valued
function on R and ¢o € H*(R?) for some k > % + 2. Assume that ¢\(r) < 0 for
any r > 0 and ¢ is not identically zero. There exists a constant C > 0 such that if

$0(0) = Cligoll L2 ra)

andthe initial velocityug = (1— A" my = (1-A) -1 Vo, then the corresponding
solution blows up in finite time.

Proof of Theorem 2.1. Note that by assumption we have that ¢ attains its global
maximum at » = 0 and ¢o(0) > 0. We first show that for any + > 0 within the
lifespan of the solution, we have ¢’ (r, t) < 0 for any r > 0. Indeed, by (1.9), we
have

—3:9'(r, 1) = —p(r, )P (r, 1) + @' (r, (1 — A) L p)(r, 1)
+(-a9) ).

Set g(r, 1) = ¢'(r, 1), then by using the above equation and grouping the coef-
ficients, we see that

dg(r, 1) +ai(r,0)g(r, 1) + ax(r, 1)d,g(r, 1) =0, Vr =20,

where ay, ay are some smooth functions. Since g(r,0) = ¢((r) < 0, a simple
method of characteristics argument then yields immediately that g(r, £) <0, Vr 0.
Hence ¢'(r, t) < 0, for any r = 0.

Now set = 0 in (1.10), we obtain

(;1—t¢(0, t) = %q&(O, 1)? —i—/o ¢ (s, 0)((1 — A" g)(s, 1) ds. (2.22)

By using an argument similar to the derivation of (2.21) (here we are treating
all dimensions d = 1), we have for all t = 0,

IOl 2wy S NP<1@ @l L2Ray + 1P>1$ ()l 12Ray
S Ioll z2ray + Nuoll g1 eyt + 1ol g1 ey
S ol 2wy (14 1), (2.23)

where we have used the relation ug = (1 — A)~!Vey.

4 In one dimension, we simply require that ¢ be an even function.
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Since ¢'(r, t) < 0 for any r = 0, we have ||¢(£)]l0o = ¢(0, 1). Therefore, by
(2.23), we have

1
— AL —
(1 =A)"dlloc = Clip()2 + Too 16Dl

1
= Cligoll2 + Too? 0). (2.24)

Plugging (2.24) into (2.22) and using the fact that (1 — A)~1¢ >0, ¢’ < 0,
we have

d - )
5¢(0, 2 Z¢>(0, 1) = Cligoll2(1 + 1) - (0, 7). (2.25)

Clearly, for ¢9(0) > O sufficiently large (compared to ||¢||2), ¢ (0, ¢) will blow
up in finite time. O

Our next result refines Theorem 2.1 in that it removes the size assumption on
¢o. For some technical reasons (see Lemma 2.5), it treats only dimensions d = 3.

Theorem 2.2. Let the dimension d = 3. Assume that ¢ is a radial real-valued
function on R? and ¢y € HF(R?) for some k > ‘% + 2. Assume that ¢6(r) <0
for any r > 0 and that ¢o is not identically zero. If the initial velocity ug =
(1—A)"Vmg = (1 — A"V, then the corresponding solution blows up in finite
time.

The proof of Theorem 2.2 relies on the following lemma, which can be regarded
as a type of Poincaré inequality.

Lemma 2.3. Let the dimension d 2 1. For any C; > 0, 1 £ p < oo, there is

a constant gy > 0 depending only on C1, p and the dimension d such that the

following holds:
Suppose f : R? — R is a function (not necessarily radial) such that

0= f(x) £ £(0), VxeR:
If||f||L§ S Cilf(0)] < oo, then

A
mf O)| = ol f(O)]. (2.26)
Proof of Lemma 2.3. Without loss of generality, we may assume that f(0) = 1.

Denote the Bessel potential K (x) = F “1((14]€)» 1 (x). Note that K isa positive
radial function on R? and that K € L}C NLYforany 1 < g < dde (ford =2 we

have K € L1 N L{ forany ¢ < 0o, and for d = 1 we have K € L1 N L), Then,
2 1) O = £0) - O
1-A B 1-A

=/ K (f(0) = f(y)dy.
Rd
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Assume the bound (2.26) is not true. Then there exists a sequence of nonnegative
functions f; such that f,(0) = 1, || fullLee S LA LY < Cyand

/Rd K1 = fu(y))dy — 0. (2.27)

Now take a number r > p sufficiently large such that K € L. Obviously,
I fullLr < (€ < oo for some constant C; > 0 independent of n. By passing to a
subsequence in n, if necessary, we have f, — g weakly in L’ for some g € L’.

Furthermore, we have [ g|| o < 1. By (2.27) and the fact that K € L;j, we then
obtain

/ K(y)(1 —g(y)dy =0,
Rd

which implies g(y) = 1 for almost everywhere y € R¥. This clearly contradicts
the fact that g € L'.. The lemma is proved. O

Remark 2.4. It is also possible to give a constructive proof of Lemma 2.3. For

example, in the three-dimensional case, we have K (x) = F~ (14 |£]>)"H(x) =

% e‘;llx‘ .Letp' = % be the usual Holder conjugate of p. Let R > 0 be a number

whose value will be chosen later. Then we have

/R KOy = /| KO0y / K f()dy

lyI>R

R , 1/p'
< ||f||Lo<>/O re”"dr + (/II RKP d)’) (NAIF
yI>

< (1= R+ D) 171
1 X 1/p'
* (W /R e " dr) Iflr - (228)
To estimate (2.28), we compute (note that p’ > 1, and assume that R > 1)

oy 1—p =R [ =
e PP dr SR TPeVTP e "rdr
R R

= RV U=PIR(R 4 1)e R

< CR> Ve PR,

Plugging the above estimate into (2.28), we have
/R KO0y £ (1= R+ De™R) £l + CREPPe R ),

Since p’ > 1, we have (2 — p’)/p’ < 1. If there is a constant C; such that
| fllzr < CillfllL holds, then we can always choose R big enough to obtain

/R3 KOS dy € (1 —e0) | fll -

This then leads to (2.26).
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For the proof of Theorem 2.2, we need a slightly modified version of Lemma 2.3.
Note the dimension restriction d = 3 and see also Remark 2.6 below.

Lemma 2.5. Let the dimension d = 3. For any C1 > 0, 1 < p < oo, there is
a constant gy > 0 depending only on Cy, p and the dimension d such that the
following holds:

Suppose f : RY — R satisfies

0 f(x) £ £(0), YxeRe

If f € L2(RY) and

Hif S Cilf(0)] < o0
LHIVIT e — '
then
A 0)| = 0 2.29
‘(mf)()‘:%”( ). (2.29)

Remark 2.6. We stress that the dimension restriction d = 3 is necessary in
Lemma 2.5. In dimensions d = 1, 2, there exist counterexamples which are made
of approximating sequences of the constant functions. To see this, let 1 > 0 and
define

fi(x) = eft‘xlz, x e RY.
Then obviously f;(0) = 1 and

. d g2
fi(§) =const-17 e, &eRe

When d = 1, 2, it is not difficult to check that

V|
fr(x)

2
1+1V| L2
2 2
l£]
S/ 1 St dE
Rd 1+ |§]
<t1_% <1, ast— 0.

~

A 0
Kl_Aﬁ)<ﬂ

2 2
5/ e g
R 1+ (]

§t2—>0, ast — 0.

Similarly, we have

Obviously, (2.29) cannot hold in this case.
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Proof of Lemma 2.5. Again we will argue by contradiction. Assume (2.29) does
not hold. Then we can find a sequence of nonnegative functions f,, € L)% (R?) with
[ falloo = fn(0) = 1 such that

V] <
H—l n |V|fn p < Cy, (2.30)
and
/ Ky —= fu(y)dy — 0, as n— oo. (2.31)
Rd

By (2.30) and by passing to a subsequence in n if necessary, we canfind g € L)% RY)
such that

M
I+ V|

fn — g, weakin L%(Rd), asn — oQ.

Now, for any ¢ € S (R?), observe that

1+ V|
V]

/f¢dx=/ Vi f-1+|vl¢dx
Ra " g 1+ V7" |V

1 v
_)/ . + | |¢>dx
Rd V|

=: T(¢), asn — oo. (2.32)

d
¢ € Li(R ), ford = 3.

Therefore,

Since 0 < f,, < 1and
T(¢) = lim / S dx,
n— oo Rd

it follows that for ¢ = 0, we have T (¢) = 0. Therefore, by the Riesz representation
theorem, we have

T($) =/ ¢ du,
Rd

for some non-negative Borel measure d . Now since

'/Rd fut dx

‘/Rdfpdll‘ < ||¢||L1,(Rd)a Vo e S@®RY).

< 161121 -

we get
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Therefore, in a standard way, we can extend du € (L}C)* = L$°. Hence, for
some foo € L(RY) with 0 < f,,(x) < 1, a.e. x € RY, we have

T(¢) =/ 6 (6) foo () dx.
Rd

By a density argument, we obtain

lim f,,¢dx = /d fobdx, V¢ e LL(R?).
R

n—oo

In particular,
lim / Kx) fp(x)dx = / K (x) foo(x)dx.
n—oo Rd Rd
Therefore, by (2.31)
/ K () (1 = foo(x))dx =0,
Rd

and obviously foo(x) =1l ae. x € RY.
Plugging this back into (2.32), we obtain for any ¢ € S(R?),

1+ 1|V|
/]Rd o o /"mx

+ €] »
/ g)- TW«‘E) d& = $(0).
From this and the fact that ¢ € L2, it follows easily that g(§) = 0 a.e. £ € R?.
This is obviously a contradiction. 0O

or on the Fourier side,

We are now ready to complete the

Proof of Theorem 2.2. Denote g = (1 — A)~'¢. Set r = 0 in (1.10), which we
then rewrite as

d o
d_¢(0’ 1) =/ ((1—A)g) Agdr
t 0
= /00 g Agdr — /oo(Ag)/Ag dr
0 0
o ’ " d—1 1 1 2
=/ gl +——¢') dr+ = ((Ag)(0,1))". (2.33)
0 r 2

Note that g is a radial function, so g’(0, 1) = 0, so we have

o0
/ g'¢’dr =0.
0
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Therefore, we obtain from (2.33) the following inequality

d 1 2
300,02 5 (220, 1)

—1 —A 0 ’ 2.34
_5((1_A¢)(,t)). (2.34)

By using the energy conservation (1.6) and the relation u = (1 — A)~ V¢, we
have

<C3<OO,

v
H1+|V|¢( )

where C3 is some constant independent of 7.
Note that ¢ (0, 1) = ¢(0,0) > 0. Since we assume the dimension d = 3, by

Lemma 2.5, we have
2 $)0,1)
1—-A ’

where g9 > 0 is independent of 7.
Plugging this estimate into (3.35), we obtain

Z e0$(0,1),

d 1
— > 2 2
d[<b(0, r 2 280¢(0, 7,

which clearly implies that ¢ (0, #) must blow up in finite time. 0O

3. Proof of Main Theorems

3.1. Proof of Theorem 1.3

o
/ g'¢"dr =0,
0

we obtain the following identity,

> (g")?

By (2.33) and the fact

1
—¢(0 H=(d- 1)/ 5 ((Ag)(0, 0)?

3 °°(g>2 1 A ?
—amn [ ((ae) 00)

00 "2 1
=(d- 1)/ (s) r+ = (0, 1) — g(0,0)%. (3.35)
0 r 2

Since ¢p(0) = 0 and ¢y is not identically zero, we have that, for all = 1g,
#(0,1) = Ay, (3.36)

where 7o > 0 is any fixed time and A is a constant depending on ¢ and #.
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Now let R > 1 be a parameter whose value will be specified later. Note that by
the Fundamental Theorem of Calculus, we have

R
18(0,7) — g(R, 1)] é/ lg'ldr

0
1
R N2 2
< (/ (&) dr)2 “R. (3.37)
0 r
Then clearly, for dimensions d = 2,
l 2
> NN 3.38
(3.35) =2 T00R2 ¢ (0, 1) — g(0, t)l-l-R(/O . r) (3.38)
> _ _ 2
Z 100R2 (l¢0,1) — g(0, )| +1g(0, 1) — g(R, 1)]) (3.39)
_ 2
2 T00R2 (@0,1) — g(R,1)". (3.40)

Now we discuss two cases. Consider first the case of dimension d = 3. By
radial Sobolev embedding and energy conservation (1.6), we have

_d=2
Ig(R.D| = CqllVgl2-R™ 2

d=2

< Cyllugllyr - R™ 2, (3.41)

where Cy is constant depending only on the dimension d, and ug = (1 — A) "'V
is the initial velocity. By (3.41), we can choose R sufficiently large such that

1
R, S —Ay, 3.42
l8(R, DI = 15541 (3.42)

where A| was defined in (3.36). Therefore, by (3.40), (3.41), and (3.42), we get for
all t > 1,

1
¢(0,1) — g(R. 1) §5¢(0, 1.

Plugging this estimate into (3.40), we obtain for # > £y, and some constant
go > 0,

d 1 )
E(P(O, 1= 580¢(0, n*,

which together with (3.36) clearly implies that ¢ (0, #) must blow up in finite time.
This finishes the case d = 3. Now we turn to the case of dimension d = 2.

We shall choose for each g(¢) the time-dependent parameter R(¢) = Ro(1 + t)%,
where R( will be taken sufficiently large. By (1.12) and radial Sobolev embedding,
we have

1
Ig(R(®). D] = C - llp®)ll; (R())2
1

<C-B-R,”.



Euler—Poincaré Equations 971

Choosing Ry sufficiently large gives us (3.42) and, consequently,

L6002 C-——p(0.1)?
A B A
Integrating the above ODE on the interval [7g, T) with T > #(, we get

- + ! > const - log(1 + 1)
$0,7) ' $0.10) — £ '

This implies that ¢>((1_T> becomes negative in finite time which obviously con-
tradicts (3.36).

3.2. Proof of Theorem 1.4

By repeating an argument similar to the beginning part of the proof of Theo-
rem 2.1, we have ¢'(r,t) = 0 for any r > 0. Set ¢ = —1. Then by (2.22), we
have

¥ (0,1)?
2

d o0
d—W(O, 1) =— —/ W', (1 = A ) (1) dre.
t 0

By a derivation similar to (2.23), we then have for any ¢ > 0,

1 Ol 2@y = 16Dl 2@ay < C - (1 +1),

where C > 0 depends only on ¢y.
Therefore, in place of (2.25), we get
d 0,1)°
dr 4
Since v (0, 0) = 0, this clearly shows that ¥ (0, ¢) is bounded for all 7 > 0. By

using the blowup criteria Lemma 1.2, we conclude that the corresponding classical
solution exists for all time ¢ > 0.

3.3. Proof of Corollary 1.5

The monotonicity of ¢ (0, t) follows directly from the proof of Theorem 1.3
[see (3.35)]. In particular, we know that ¢ (0, ) < O for any r = 0 (otherwise the
corresponding solution will blow up). It remains to establish the estimates (1.14)-
(1.15). By using the same argument as in the proof of Theorem 1.3, we obtain the
inequality

d

90,0 2 208 O, n?, ifd =3,

d &1 2 .
—¢(0,1) 2 ——¢(0,1)~, ifd =2,
A S et JUD I

where g9 > 0, €1 > 0 are some constants. Integrating the above inequality in time
gives us the desired results.
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3.4. Proof of Theorem 1.7
Let ¥o € H*®(R?) be a smooth radial function such that y(0) = 0 and

Vo) =0, x| =,
Yox) >0, x| > ca, (3.43)
Yo(x) <0, ¢1/2 < |x| < 2c.

Here, 0 < c1 < ¢2 < oo are arbitrary constants.
By local wellposedness theory, there exists 7p > 0 and a smooth solution
Y =Y(x, 1) to (1.1) (m = V) in the space C([—To, To], H*) for any k = 0.
We make the following

Claim. There exists fp > 0 sufficiently small, such that ¥ (x, —ty) < O for any
x e R4,

We now assume the claim is true and complete the proof of the theorem. Take
¢o(x) 1= ¥ (x, —to) for x € RY. We shall show that ¢y is the desired initial data
leading to blowups. Denote the solution corresponding to the data ¢g as ¢ = ¢ (x, t).
It is obvious that ¢ (x, ) = ¥ (x,t — t9) for any r = 0. In particular, we have
¢ (0, to) = 0. By using Theorem 1.3, it follows easily that ¢ must blow up at some
t > to. Therefore, ¢ is the desired initial data.

It remains for us to prove the claim. Write ¥ = v (r,t) = ¥ (x,t), where
r = |x|. Note that v € C*([0, c0)) as a function of r. We can perform an even
extension and regard ¥ € C*°(R).

By (1.9), we have

oy = (—vf +a-my+ (- A>—11/f)") RN
=:wc(r, ) +b(r, 1) -y,

Here, ¢ = c(r,t), b = b(r, t) are both C>°-smooth functions for =Ty <t < Ty
and r € R. Note that ¢ is an even function and b is an odd function. Also, for some
constant B > 0,

sup (16(t, oo + 18,b(2, )loc) = B < 0. (3.44)
[t1=To

Denote f(r,t) = /' (r, t); then f(r, t) satisfies the transport equation
orf +bo-f+cf =0. (3.45)
Introduce the characteristic lines

%z(t,a) =b(z(t, @), 1),
7200, 0) = € R.
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For each —Tp < t < Ty, the map @« — z(f, @) is a smooth diffeomorphism.
Furthermore, we have the obvious estimate

|z(t, @) — | = 1B, (3.46)

where B > 0 is the same constant as in (3.44). By integrating (3.45) along the
characteristic line, we have

!

ft, o), 1) = f(x, 0)exp (—/ c(z(a, 5),s) ds) , YaeR, te[-Ty, Tyl
0

(3.47)

Now, take #; sufficiently small such that (see (3.43) for the definition of the
constant c¢1)
5 1)
8B’

By (3.46), if |¢| < t; and |z(t, )| < %, then obviously |a| < ¢1. By (3.47),
(3.43), we conclude that

H/\

)= fr S0, Vil Sa, r< (3.48)
2
By using a similar argument, we also obtain
¥ t) >0, V|t|<H, r=2c, (3.49)

By (3.35) and the fact that ¥((0) = 0, we obtain (0,¢) < O for all ¢ €
[—To, 0). It follows from (3.48) that

W(r 1) <0, V—ﬁ§t<Qr§%n (3.50)
Similarly, using the fact that ¥ (co, t) = 0 and (3.49), we obtain
Yr,t) <0, V-1 =1t<0, r=2c. (3.51)

By (3.43) and smoothness of the local solution, there exists some #, > 0 suffi-
ciently small such that

Y1) <0, Y[t|<n, —=r

II/\

(&
a 205,
2 @

Now, obviously, the claim follows if we take fo = min{¢{, 2}.
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