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On Kato—Ponce and fractional Leibniz

Dong Li

Abstract. We show that in the Kato-Ponce inequality ||.J°(fg)—fJ°gllp <
10Flloo 175  gllp + 175 £llp l|9lloo, the J*f term on the right-hand side can
be replaced by J*~'9f. This solves a question raised in Kato-Ponce [14].
We propose a new fractional Leibniz rule for D* = (—A)*/? and similar
operators, generalizing the Kenig-Ponce—Vega estimate [15] to all s > 0.
We also prove a family of generalized and refined Kato—Ponce type in-
equalities which include many commutator estimates as special cases. To
showcase the sharpness of the estimates at various endpoint cases, we con-
struct several counterexamples. In particular, we show that in the original
Kato—Ponce inequality, the L°°-norm on the right-hand side cannot be re-
placed by the weaker BMO norm. Some divergence-free counterexamples
are also included.

1. Introduction

Let J¥ = (1 — A)*/2, s € R. In [14], Kato and Ponce proved the following funda-
mental commutator estimate:

(1.1) 17°(£9) = F7*gllp Ssipaa 177 Fllp Iglloo + 10 Flloo 175 g,

where s > 0,1 < p < 00, 0 = (01,...,04) (occasionally we also denote it as V) and
f,g € S(R?). On page 892 of [14] (see Remark 1.1(c) therein), they conjectured
that the J®f term on the right-hand side can be replaced by J*~'df. The first
purpose of this paper is to confirm that this is indeed the case.

Theorem 1.1. Let s >0, 1 < p < co. Then for any f,g € S(RY),

(12)  °(f9) = £l Sspa 17570l lglloe + 10 lloc 1175 gl

Furthermore, for 0 < s <1,

17°(f9) = f 7 9llp Sspa 1777 0 1p llglloo-
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More general results are available. See Theorem 1.9 in the later part of this
introduction.

Denote D* = (—A)*/2. In [15], Kenig, Ponce and Vega (KPV) proved the
fundamental estimate:

(1~3) HDS(fg) — fD%g — gDSpr 55,81,82,p,p1,p2,d ”DSlprl ||D82g||pzv

where s = 51+ 82, 0 < 8,81,82 < 1, 1/p=1/p1 +1/ps and 1 < p,p1,p2 < 0. A
natural question is to investigate what is the natural formulation/generalisation of
the KPV estimate when s > 1. The second purpose of this paper is to solve this
problem. Our theorem below establishes a new fractional Leibniz rule for any D?,
s > 0. It includes various end-point situations.

Theorem 1.2. Case 1: 1 < p < cc.
Let s >0 and 1 < p < co. Then for any s1,s2 > 0 with s1 + s = s, and any
f,9 € S(RY), the following hold:

(1) If 1 < p1,p2 < oo with 1/p=1/p1 + 1/p2, then
S 1 (6% S, 1 S
ID*(F9) = > 0°FD™g = > 599Dl
lo|<s1 B]<s2

(1-4) 58,81,82,1),1)1,1)2,(1 ||Dslf||p1 ||D829sz-
(2) If pP1 =P, P2 =0, then
S 1 (63 S, 1 S
1D*(F9)= D 0°ID™ 9= >, 59°9D*" ]l
la|<s1 [B]<s2
(1.5) Ssosi,sa.md | D fllp [1D* gllBMmo-
(3) If pr = o0, p2 = p, then
(1.6)
1 (03 S, 1 S S S
(fo)->_ A 9> EaﬁgD P fllp Ssisn,s2.m.a 1D flleyo [ D*2g]lp-
la|<s1 [B]<s2

In the above we adopt the usual multi-index notation, namely a« = (aq,...,Qq),
0% =0y = 0g}--- 094, |a] = Z?zl aj and ol = aq!---aq!l. The operator D> is
defined via Fourier transform' as

Dseg(€) = D>2(€)§(), and Du(€) =i~ ag (]

Case 2: 1/2<p<1.
If1/2 < p<1,s >d/p—d ors € 2N, then for any 1 < p1,p2 < oo with
1/p=1/p1+ 1/p2, any s1,s2 > 0 with s1 + s2 = s,

|9 - b "Dy > 500" 1]

5878178271071017102,(1 HDSlprlHDsngPQ'

I The precise form of the Fourier transform does not matter. But see (2.1) for the definition
used in this paper.
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Remark 1.3. As usual, empty summation (such as Zogm <o) 1s defined as zero.
Let 0 < s,81,82 < 11in (1.4); then

1D*(fg) = FD°9 = gD fllp Ss,s1,82,0102.0 [P Fllpi (1079l pz

i.e., we recover the estimate (1.3). Let s =0, s = s, 0 < s < 1 in (1.5); then
we get

1D*(f9) = gD*fllp S If1lp 1D°glBvo S 1 llp 1D%gllee, 1 <p < o0

Similarly, let s; = s, 0 < s <1 in (1.5); then we get

(L.7) 1D*(fg) = fD°g — gD* fllp Ssp.a 1D° flp l9llBMO-
Thus for 0 < s <1, 1 < p < o0,
(1.8) 1D*(fg) = fD°gllp Ssp.a 1D°fllp [|9]loo-

The inequality (1.8) for 0 < s < 1, 1 < p < oo was proved in [15] (see also
Problem 2.7, Problem 2.8 on page 77 of [19]). Let us also point it out that the
estimate (1.7) suggests that, due to the presence of the term gD?f, the L norm
on the right-hand side of (1.8) is sharp and cannot be replaced by the weaker BMO
norm in general. See Corollary 7.4 for more definitive and precise statements.

Remark. If we slightly abuse our notation and denote D*® as a fractional differ-
entiation operator D*~12! (i.e., of order s — |a|), then Theorem 1.2 roughly says
that (suppressing constant coefficients)

D*(fg) ~ fD°g+0fD* g+ -+ 01 f D> Ilg
+gDf +9gD T f 4o 0 gD f 1 O(ID - 1D gl

In yet other words, neglecting error terms, the nonlocal operator D?® can be effec-
tively regarded as a local operator obeying a generalized Leibniz rule.

Theorem 1.2 actually holds for more general differential (and also pseudo-
differential) operators. For example, for s > 0 suppose A° is a differential op-
erator such that its symbol As (€) is a homogeneous function of degree s and
;1\5(5) € C>(S471) (for example: ;1\5(5) =i|¢|*71¢;). Then we have the following
corollary. We shall omit the proof since it will be essentially a repetition of the
proof of Theorem 1.2.

Corollary 1.4. Let1l < p < oc ands > 0. Then for any s1, s2 > 0 with s1+s2 = s,
and any f,g € S(R?), the following hold:

(1) If 1 < p1,p2 < oo with 1/p=1/p1 + 1/p2, then

|4ty = 32 omsareg = 3 Gotgarey]

|| <s1 |B|<s2 ’
(1'9) SAS,Sysl,Sz,p,pl,pmd ||D81f||p1||D829||p2'
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(2) If P1 =P, p2 =, then

S 1 (0% S, 1 S
|ae = 3 orrareg = 30 Z 0%y
laj<si 1Bl<s2 b
(1.10) SA5,5,51,50,p,d HDSlpr | D*?gl|BmoO-

(3) If pP1 =00, p2 =P, then

[avo - X orrareg— 30 Gotgats]

h |B]<s2

Sasssusepd [P fllemo [D* gl

In the above, the operator A®® is defined via the Fourier transform as

Asag(e) =il ag (A3(€)) §(6).

Remark. A further interesting problem is to identify the explicit dependence
on the operators A® in the implied constants. This is useful in some problems
connected with a family of operators rather than a single operator.

Remark. One should note that the error terms on the right-hand side of the above
inequalities involve D® rather than A°. In particular for 0 < s < 1, we have the
following commonly used ones:

14°(f9) = FA*g = gA* fllp S I fllp:1D°gllpe, 1 < p1,p2 <00, 5o+ 50 = 3

14°(f9) = 9A* fllp S [[fllp 1 D%gllBmo, 1 <p < o0
14°(fg) — fA°g — gA° fllp S [ fllBno [ D°gllp, 1 <p < oo

Also for 1 < s < 2,

[A(fg) — fA g — gA*f —=Vg- AV fllp SfllpID%gllps: 1 < p1,p2.p < o0,
1 1 _ 1.
p1 ' p2 P’
|4%(fg) — gA*f = Vg- AV fllp S 1 flp 1 D%gllB7mo, 1 <p < oo
|A%(fg) — fASg — gA°f — Vg - AV fllp, S |IflBmo [ DPgll,, 1 <p<oo,

where A5V (£) = —i V(A3 (€)).

Remark. At this point it is useful to point out the explicit connection with the
classical Leibniz rule and do a sanity check of our formulae. Let v = (v1,...,74) be
a multi-index. Recall that the classic Leibniz formula for a differential operator 97
takes the form

(1.11) o(fg) = ﬁ 9o f 91—y

a<y



ON KATO-PONCE AND FRACTIONAL LEIBNIZ 27
Set s = || and denote A®* = 97. Then easy to check that (in our notation)

Asa () =il ggihlgy)

| |
—jh=lel T _gvma T h-algr—a
= = (3 .
(v —a)! (v —a)!
Thus A5 = (71—'0[), 97—, Clearly (1.9) then takes the form
7! oy 8, 578 H
v _ __r v v
Ha (9) Z a!('y—a)' 1o Z Bl(y — B)! 8 997"
lo<s1 |Bl<s2

(1.12) S D fllpy 1D*gllpo-

Note that (1.12) captures essentially the main terms in (1.11). In this sense the
formula (1.12) provides a “natural” generalization of the classical Leibniz for-
mula (1.11) to the fractional setting.

Remark. One need not worry about the possibility that 0% f 97~%¢g may coincide
with the terms 0%gd7=# f. This is because due to the constraint |a| < sy, |8] < s2,
such two terms possibly coincide only when |a| = s1, |8| = s2 and s1, s2 are both
integers. But in this case 0% f 97~ “g can be easily bounded by || D** f||,, [|D*2g||p,
and thus can be included in the error term on the right-hand side .

Remark. One may wonder what is the origin for the appearance of the operators
D*% and A®“ in the new Leibniz rule. To see this, consider the symbol o(&,n) =
|€ + n|® corresponding to the operator D?®, which on the Fourier side reads

on(f.g) = / o(6,m) F(€) 3() € dg diy.

1
(2m)2d
Our new fractional Leibniz rule amounts to the justification of a Taylor expansion:

(0go)(0,m) ., (970)(£,0)
3 WIETRE eor 3 e

al
[a|<s1 [B|<s2

O’(E’ 77) = nﬂ + UeTT)

where (in the non-endpoint situation 1 < pq,ps < 00)

loer: (£, 9)lp S NP7 fllpy 1D gl -

One may further write

(0g'0)(0,m)E* = i~*(0¢'0)(0,n) - (i)"

and clearly the first factor accords with the D% operator mentioned earlier. In
short summary, our new Leibniz rule is simply a separable Taylor expansion of the
symbol (&, n) up to O(D*' fD*2¢g) in an appropriate sense!

In the following remarks, we discuss a few applications of the new Leibniz rule.
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Remark 1.5. Let m > 1 be an integer and recall 9 = (91, ...,04) on R%. For any
integer n > 1, denote

107" fllp = > 10°Fllp-
|a|=n

The classical Kato—Ponce inequality for the usual differential operator 9™ (without
loss of generality, one may assume m > 3) is

Do 107(F9) = Fgllp Spa 107 Fllp Iglloe + 10 o 10™ gllp, 1< p < co.

[v|=m
The proof of the above inequality, roughly speaking, is a two-step procedure.

Step 1: Leibniz. One writes

v Y, — 497 T\ g gr—a T\ oo fob
D (fg)— fOg=gd"f+ Y (a)a fO g+ > (Q)a f0%.
la|=1 2<|a|<m—1,a+8=y
Step 2: (Gagliardo—Nirenberg) Interpolation. For 2 < |a| < m — 1, by using?

lal—1 m—|a|

m—1 ||af m—1

1Bl Bl
Tm—1

m—1

10% Fll ptm=s < 10" Flp

1%l S 07117

we get

10 f 8% gl < 19% £ll sn-1» 18%9] s S [0 Fllp llglloo + 1101 lloe 10 gl

Thanks to the new Leibniz rule, we can effectively regard the nonlocal opera-
tor D* as the local one and “revive” the above classical proof of Kato—Ponce to
work for the nonlocal case. Indeed consider the case s > 1 and 1 < p < oo; by
using Theorem 1.2 with s; = s, so = 0, we get

S 1 S S
1D*(F9) = > —0°D**g = gD" [, < llgllmao |0 -
lal<s

We then have
ID*(fg) = fD*gllp S 10flloe 1D°gllp + llglloc D fll, + > 0 fD**g]l,.

2<]a|<s

Now observe that if 1 < s < 2, the above summation in « is not present. For
s > 2, by using

Ts—1
oo I

||3(’f||p<a -u S [|D° f

S 01

b\a

||Ds’a9||z;<j_‘—;‘> SID* gl

2See Lemma 2.10 for a general proof of the interpolation inequalities.
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we get the desired inequality:

ID*(f9) = FD*gllp S 10fllo 1D* gllp + llglloo | D° f -

Remark 1.6. In [21], Ye considered the 2D incompressible Bénard equation in
which the main unknowns are the velocity u: R? — R? and the temperature
0: R? — R. Define Ry = (—A)~'/20,,. Ye proved the commutator estimate
(118)  |[Racu- V10l o) S [Vl e 18]l ey, 36V -u =0,

~.

where 1 < p,p1,p2 < oo with 1/p=1/p; + 1/ps.
We now explain how to deduce (1.13) from Corollary 1.4. For j = 1,2, define
A; =R10;. Set s =351 =1, 55 =01n (1.9) and we get

HAj(uje) —uj A0 — Y Oou; A6 — 9141‘“1” Spnps 1D [|py [10]]ps 5

~.
la|=1

p

where
;1?(5) = —ia§(|£|*1 - (i&1) - (i&5)).

It is easy to check that [|A30],, Sp, [10]lp,, and we get

Sooues [1DUpi10llps Spprps [VEllpy (6], -

2
~
_ P

H (Aj(u;0) — ujAj9)H
j=1

The estimate (1.13) then easily follows. Note that one actually does not need to

use the divergence-free condition V - u = 0 since

1(=2)""200, (V- w)0)lp Spopr.pa |Vl 16]p2-

Remark 1.7. In [8], Fefferman, McCormick, Robinson and Rodrigo (FMRR)
considered a class of non-resistive MHD equations and proved a new Kato—Ponce
type inequality:

(L14)  [[D*((u-V)B) = (u- V)(D*B)||2ra) Ss.a IVull ey | Bl 1= ),

where s > d/2, u = (ui,...,uq), B = (B1,...,B4), Vu, B € H*(R?). The
condition s > d/2 is critical for L*°-embedding. For dimension d =2, s = d/2 =1,
they exhibited a pair of divergence-free u € H?(R?), B € H'(R?), such that

O((u-V)B) — (u-V)(0rB) = ((Oku) - V)B ¢ L*(R?).

In this paper, Corollary 1.4 can be used to generalize the FMRR, inequality (1.14)
toall 1 < p < oo, s> d/p. It is also possible to give some refined inequalities
for the borderline case s = d/p and construct divergence-free counterexamples for
the nonlocal operator D%? for all 1 < p < co. See Corollary 5.4, Remark 5.5 and
Remark 5.6 in Section 5 for more details.
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Remark 1.8. In [6], Chae, Constantin, Cérdoba, Gancedo and Wu considered
several generalized surface quasi-geostrophic models with singular velocities. One
of the models considered therein is the following:

00 +v-VO=0, (t)€(0,00) xR

v=D71TVLY = (=D 0,0, D71T70,0), 0<~y<1;

0(0,2) = Op(x).
Note that v scales as D70, which is quite singular for 0 < « < 1, and this renders
the local wellposedness a very nontrivial problem. For 6y € H™(R?) with m > 4
being an integer, they proved local wellposedness by using skew-symmetry of the

operator D~V (to rewrite the nonlinear term in terms of a commutator) and
a commutator estimate of the form (see Proposition 2.1 therein)

vy + [ Flll D =g (n)]

2
D ID%0;(gf) — gD*0;f | 2(r2) Ss IID° 2l Dg(n)] L
j=1

Sse 1D fll2llgll 2 + 1 £ lI2llgllrzeove,

where s € R and ¢ > 0. We now show how to use our new Leibniz rule to obtain
a more refined result, namely sharp local wellposedness in H® for any s > 2 + ~.
Indeed by taking f = DY"'V+0, g=V0,5,=1,80 =51, p=p3 =2, p =
in Theorem 1.2, we get

S 1 (0% S, 1 S 55—
|pra)=30 oespeg= 3 50790 1| < IDflmsio 10" gll> < 1015

la]<1 18l<s—1""

Now consider the contribution of each summand (in either « or ) separately.
e a=0. Obviously fD*g = DY"'V+0.VD*§ and

/ (DV'VvL0 . VD) D dx =0
R2

by using integration by parts.
e |a| = 1. In this case
0% D% g]ls = 0" D70 - D™ V8]
S 02D |oo - 1DV )2 S N0 e - 1052

e 3 =0. Observe that gD*f = VO - DY~V D0, and
/(ve -DYIVEDO)D*0dx = —/DHVL - (D*6VO)D*0 dzx.
We then write (this is the elegant trick used in [6])
/(ve - DYV D9)D*0dx = —% /DS@(DHVL - (D*6V0)

— V6DVt D) dx.
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By Corollary 1.4 with AY = DYVt f = D), g = VO, p = p1 = 2,
p2 = 00, we get

|DYVE - (D*9VE) = VO - DYTIVED||2 < [[D*0]|2| DYV B0 < 1101

~

e 1<|B<s—2.If1<|B] <s—2, then clearly by Sobolev embedding,
1879 D> fll2 < 10V | oo [| D> DYV 0]|2 < (101 F--
Similarly, if |3] = s — 2 (in this case s will be an integer),
1899D> fll2 S 10° O]l D> D1V 0]24 < 101
e s—2<|B] <s—1. We have

1099D° s S 10°V0) (, _siens - | D* D71V

Collecting the above estimates, we get for s > v + 2,

d
2 (16117:) < 116117

which (together with standard mollification/regularisation arguments) easily yields
the desired local wellposedness in H*.

In Theorem 5.1, we state and prove a family of refined Kato—Ponce inequalities
for the operator D* = (—A)%/2. Those inequalities are proved with the help of
Theorem 1.2. On the other hand, for the inhomogeneous operator J*, we have the
following generalised inequalities. Note that in the following inequality, some of
the endpoint cases can be further improved along similar lines as in Theorem 5.1.
For simplicity of presentation (and practical considerations), here we only state
the simplest version.

Theorem 1.9. Let 1 < p < co. Let 1 < p1,pa,p3,pa < 00 satisfy 1/p1 + 1/pa =
1/ps +1/ps = 1/p. Then for any f, g € S(R?), the following hold:

e If0<s<1, then
||Js(f9) - fjngp 5s,p1,p2,p,d ||JSilapr1 ||9sz-
e If s> 1, then

I7°(fg) — fjngp S5,p1,02,08,p4,p,d |‘J8718f||p1 HQsz + Haf“ps HJ87289H104~

There are also many other reformulations and generalisations of the Kato—
Ponce commutator inequalities (cf. [1] and the references therein). One popular

variant is the following fractional Leibniz rule, which holds for any s > 0, and for
f,9 € SRY):

(1.15) 1D*(f9)llr < Cs.aprpasanae = ID° Fllpy [19llar + 11D°Gllp [ flla2)»
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where 1/r = 1/p1 +1/q1 = 1/pa +1/q2, 1 < 7 < 00, 1 < p1,p2,q1,q2 < o0,
and Cs.d.py ps.q1,¢o > 0 is a constant depending only on (s,d,p1,p2,q1,¢2). One
should note that the same inequality also holds for the inhomogeneous opera-
tor J°. Grafakos and Oh [13], and Muscalu and Schlag [19], have extended the
inequality (1.15) to the wider range 1/2 < r < oo under the assumption that
s > max(0,d/r — d) or s € 2N. The end-point case r = oo was conjectured in
Grafakos, Maldonado and Naibo [12] and solved in [2].

The rest of this paper is organized as follows. In Section 2 we collect some
notation used in this paper and also some preliminary lemmas. In Section 3 we
prove an important paraproduct estimate and some auxiliary lemmas. Section 4
is devoted to the proof of Theorem 1.2. In Section 5 we prove several refined
inequalities for the operator D®. In Section 6 we prove refined Kato—Ponce in-
equalities for the operator J®. Section 7 contains several counterexamples for the
operator J®. Section 8 is devoted to the proof of Theorem 1.9. Section 9 contains
further divergence-free counterexamples.

2. Notation and preliminaries

In this section we introduce some notation and collect some preliminaries used in
this paper.
We adopt the following convention for the Fourier transform pair:

FNEO =1 = | fla)e " de

1

ix-&
gy |, feetae

(2.1) f@) =
The inverse Fourier transform is sometimes denoted as F~! so that

fl@) = (FH(F)(@).

For any = € R%, we denote () = (1 + |z|>)*/2. Similarly, for any s € R we
define (V)* via its Fourier transform @(f) = (1 +(¢?)*/2. In this notation,
T = (I - A2 = (V)5

For any real number a € R, we denote by a+ the quantity a + € for sufficiently
small € > 0. The numerical value of € is unimportant and the needed smallness of
€ is usually clear from the context. The notation a— is similarly defined.

We denote by S(R?) the space of Schwartz functions and S’'(R?) the space of
tempered distributions. For any integer k& > 0 and open set U C R?, we shall denote
by CE _(U) the space of k-times continuously differentiable functions in U. For any
functlon f:RY = R, we use || fl|prrey, ||fllLr or sometimes ||f]|, to denote the
usual Lebesgue LP norm for 0 < p < co. For a sequence of real numbers (a;)52
we denote

j=—00>

(> ez la;|P)Y/P, if 0 < p < oo,
sup; |a;l, if j =00

(@) = [l(aj)jezllr = {
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We shall often use mixed-norm notation. For example, for a sequence of functions
fi: R? = R, we will denote (below 0 < g < 00)

1l = | (S 1) |

with obvious modification for ¢ = co.
For any two operators A, B, we shall denote by

[A,B] = AB — BA

LE(R)

the usual commutator.

For any two quantities X and Y, we denote X < Y if X < CY for some
constant C' > 0. Similarly X 2 YV if X > CY for some C > 0. We denote X ~Y
if X <Y and Y < X. The dependence of the constant C' on other parameters
or constants are usually clear from the context and we will often suppress this
dependence. We shall denote X <z, 7, z. Y if X < CY and the constant C
depends on the quantities Z1, ..., Zp.

For any two quantities X and Y, we shall denote X < Y if X < ¢Y for some
sufficiently small constant ¢. The smallness of the constant c is usually clear from
the context. The notation X > Y is similarly defined. Note that our use of <
and > here is different from the usual Vinogradov notation in number theory or
asymptotic analysis.

We will need to use the Littlewood—Paley (LP) frequency projection operators.
To fix the notation, let ¢y be a radial function in CZ°(R") satisfying

0< o0 <1, dol€) =1 for [ <1, $o(€) =0 for ¢ = 7/6.
Let ¢(§) = ¢o(&) — ¢0(2¢), which is supported in 1/2 < |¢] < 7/6. For any
feSR"), j€Z, define
P 7€) = do(279€) £(€).
Pif(6) = 6(277€) f(¢), €eR™

We will denote P~ ; = I —P<; (I is the identity operator). Sometimes for simplicity
of notation (and when there is no obvious confusion) we will write f; = P;f,

f<j = P<;f and fo<.<p = Z?:a f;j. By using the support property of ¢, we
have P;P;; = 0 whenever |j — j/| > 1. This property will be useful in product
decompositions. For example, the Bony paraproduct for a pair of functions f,g

takes the form
f9=> figi+Y fig<ia+ Y gif<ioo,

i€Z i€’ icZ
where g; = gi—1 + gi + git+1-
The fattened operators P; are defined by

na
Pi= %" P,

l=—n1
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where ny > 0, ny > 0 are some finite integers whose values play no role in the
argument.

Note that the Littlewood-Paley projection operators P; defined above depend

on the function ¢. Sometimes it is desirable to use a different function b € S(RY).
In that case, to stress the dependence on ¢, we shall denote

—

Py f(€) = 6(¢/27) f(©).
We recall the Bernstein estimates/inequalities: for 1 < p < ¢ < oo,
ID*Pifllp ~ 27 | fllps s €R;
1P<; fllg + 1P fllg S 2242 £,

In the above, D¥ = (—A)%/2, _
For s € R, 1 < p < oo, the homogeneous Besov B; (semi-)norm is given by

1]

') 278 || P .
;.. = (1P 1)

For any f € L{ _(R%), the BMO norm is given by

loc
1
lu]|BMmo = sup — lu(y) — ugldy,
Q 1QlJo

where ug is the average of u on (), and the supreme is taken over all cubes )
in R%, )
It is well known that the Besov BY, ., norm is weaker than the BMO norm.

The following proposition records this fact. We omit the (standard) proof. For
any A > 0, ro € R%, denote

fA7(y) = f(zo + Ny), y€RL

Proposition 2.1. For any f € L _(R%), we have

loc

/ A (y) = (F1)q, |
R (1 + [yt

Ifllzo, . Sa sup dy Sa || flBmo,

A>0,z0€RY
where Q1 = [—1,1]¢.

We recall the definition of Hardy space H! = {f € L'(R%) : R;f € L', V1 <
j < d} with the norm

[ fllaer = If1l + (R A

where Rf = |[V|7'Vf =: (R1,...,Raf). Let p € S(R?) with [¢ = 1. Define
@i(r) = t~%p(x/t). An equivalent norm on H! is given by (see [10])

£l = || sup e * £1]|,-
t>0
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Similarly, for 0 < p <1,

(2.2) [fll2ee = || sup e x fI]-
t>0

Alternatively one can use the following characterization (cf. [11]):

[l ~ NP ez lp-

We will often use this latter characterisation without explicit mentioning.
We will sometimes use (cf. (3.5) in the proof of Lemma 3.1) the following useful
fact: if f € L] (R?) satisfies || f|lsmo < 0o, g € H'(R?), and

/ |f(2)g(x)| dz < oo,

(23) | [ s@at@)da] < £ lmvio lalhe

then

Of course, without absolute convergence the H!'-BMO pairing is defined through
a careful limiting process.

For any f € L] _(R?), we shall denote by M f: R? — [0, oc] the usual Hardy—
Littlewood maximal function defined as

M) =sup e [ 15l

>0

where B, = B(0,r) is the Euclidean open ball of radius r centered at the origin.
We will often use the following Fefferman—Stein inequality without explicit
mentioning.

Lemma 2.2 ([9]). Let f = (f;)32, be a sequence of locally integrable functions
inRY. Letl1<p<ooandl <r<oo. Then

[(MFi)izllp Srp.a ()i 1,

where M f is the usual Hardy—Littlewood mazimal function.

Proof. See [9]. Note that the inequality therein was stated for 1 < r < co. But for
r = 0o the inequality also holds trivially. O

Lemma 2.3. Suppose u € S'(R?) with supp(a) C {£ : €| < t} for some t > 0.
Then for any 0 < r < o0,

ju(z — )] _ RPN .
o, e Sar (MOu@)s e e R

In the above, M f denotes the usual Hardy—Littlewood mazximal function.
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Remark 2.4. For textbook proofs under slightly stronger conditions, see [20]
r [11]. For example, in [11], the proof therein assumes the growth condition

lu(z)|
2.4 sup ————— < 00.
(24) o (U a7

Here we show that this condition can be removed. The removal of such conditions
is particularly interesting for 0 < r < 1.

Proof of Lemma 2.3. First note that u € C*°(R%) since @ is compactly supported.
By Paley-Wiener (for distributions), the function u grows at most polynomially
at the spatially infinity. More precisely, there exists an integer Ny > 0 and a
constant Ag > 0, such that

(2.5) lu(y)l < Ao lyI™, Yyl > 2.

This estimate will be used below. Note that both constants (4p and Ny) may
depend on u.

By scaling one can assume t = 1. Also by translation it suffices to prove the
case x = 0. Since u = P-ou, we have

u(z) = [ d(z —y)uly)dy,
Rd

where ¢ € S(R?) corresponds to P-o. The convergence of the integral is not an
issue thanks to the estimate (2.5).
Consider first the case r > 1. Clearly

()| Sar [ D SRRy BN O
ly—z|<1+|z \ ly—z|~21(1+|z|)
o MO 1+ 4

Thus this case is OK.
Next consider the case 0 < r < 1. We first assume the growth condition (2.4)
and complete the estimate. We have

) Sar / oz — )] - [u()]" - Juy) [ dy

_ . d(1—r)/r _fu@] N
Sar [ 100 =G+ )07y sup )

Sar (L) M(Jul)(0) -  sup %)“'

The desired inequality then follows.
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Finally we show how to prove (2.4) for the case 0 < r < 1. For any |z| = R > 2,
by using (2.5), it is easy to check that

()] S / (2 — ) 104Ny (y) | dy + / ()| dy
ly—z|>2R y

ly—z|<2R
<ru1+M TO'Rd ~1T.
Define, for R > 2,

Ur =1+ max |u(y)|.
lyl<R

Note that we may assume M (|u|")(0) < co. Otherwise there is nothing to prove.
It follows that, for some positive constant B = B(u, d,r) > 2,

Ur<B-R*-U,p", YR>2.
We inductively assume
Ur < AkR™M, VR >2.
The base case k = 0 certainly holds in view of (2.5). Then
Ur < B AL~ aNe(=n) . pd+(1=)Ny.

Set Njy1 =d+ (1 —r)Ny. Clearly Ny — d/r as k — oo and N, < M (for some
M > 0) for all k. Set

A1 =8B 2M(17T)A]1€_T.

It is easy to check that Aj converges to some constant A = BY/72MU1=r)/7 g

k — oco. Thus (2.4) is proved. O
Lemma 2.5. Suppose (f;)jez is a sequence of functions satisfying
supp(f;) € {€: || < Bi2’}, V3,
where By > 0 is a constant. Then for any 0 < p,q < oo, we have
1P fiizllp S (e llp-
In the above P; can be replaced by P; or P<;.
On the other hand, if 1 < p,q < oo, and (g;)jez s a sequence of functions,

then

(2.6) 1Pyl < N1yl
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Proof of Lemma 2.5. The inequality (2.6) follows easily from the simple fact that
|Pjg;| S Mg,. Therefore we only need to prove the first inequality.
By Lemma 2.3,

[fi(z —y)|

Wdy < MAF @)

(P ) (@) < / 234)45(2y)] - (1 + 2|y])?/" -

Now choose 0 < 7 < min{p, ¢} and use Lemma 2.2. We get

1/r

p/T

1
o=l D

1P £zl S IS o = HCMAS)ore

S [(7loMe

The following lemma is more or less trivial. But it is certainly relieving for
some intermediate computations.

Lemma 2.6. Let L > 2 be an integer. Suppose f; € S(RY), j = —L,—L +
1,...,L—1,L , is a (finite) sequence of functions satisfying

supp(f;) € {€: €] < B2}, V3,

for some constant By > 0. Let ¢ € C°(R?) be such that 1 = 0 in a neighborhood
of the origin. Then for all 1 < p < oo,

L
| 3 225 Sowmia sy
j=—L

and for 0 <p <1,

L
| > s, Spwma el
P HP J

Proof of Lemma 2.6. Assume supp(v)) C {£ : 270 < [¢| < 2™} for some integer
ng > 0. Then clearly for all 0 < p < oo,

L

[(P( X P7)),

S Y MEPFrradels S )il
j=—L la|<no+10

where the last inequality follows from Lemma 2.5. O

Lemma 2.7. Let (a;);jez be a sequence of real numbers. Then for any 0 < § < 1,
0<p<oo, sy # 82, s=0s + (1 —0)sa, we have

; ; 0 ; 1-0
(QJSaj)l§; 5«9717,81,32 |(2351aj)l;?°| . |(2J82aj)l;x>| ;

: : 0 |0 1-0
(2‘750,]')[? 5‘97[7731,82 |(2‘751a‘])l;1| . |(2J52a])lj’°|
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Remark 2.8. The condition s; # s is crucial. For s = s; = so the above

inequalities are obviously false (unless p = 00).

Proof of Lemma 2.7. The case p = oo is trivial. For 0 < p < oo since (2j8aj)fp =
J

(27P%]a;|P);1, it suffices to prove the case p = 1, and we may assume a; > 0. It is
J

clear that the second inequality follows from the first inequality by using the the

fact that ljl = 15°. Consider first the case s1 < so. Let Jy be chosen later. Then

22‘7 4981+ 1— 9)82 Z 2]81 2] 1 0)(82 81 + Z 2]82 , . 27j(17‘9)(82781)
J7<Jo J>Jo
< (2‘7510/])[5’0 . 2]0(170)(82751) + (2']820/])[5’0 . 27]0(179)(82781).

Optimizing in Jy then yields the result. The argument for s; > so is similar. O

Remark 2.9. Other proofs are available. For example (for the second inequality)
ifs>0,s1=5,8=060=1/2 p=1, then

(272%a,) ll S D 22 gy fag,|
J1<j2

S(ag)i= > 2% aj,| S (aj)i (27%a;).
Ja

One should recognise this as the usual “squaring trick” with low to high re-ordering.
See Remark 2.12 below.

Lemma 2.10. Let 1 <r <00, 0 < < 1 and recall D = (—A)'/2. Then for any
f € S(RY), we have

1-6.

ID% £l S D £Ilp - 111, if820,1<P»Q<OO; and 1 = § 4128

1D% Fll S 1Dy 71Ny, i s> 0
(this corresponds to p = oo, ¢ =1(1 —0));
1D £l S D2 F1I% - Hng_Oa , if s >0 (correspondingly p = 160, ¢ = o).

Remark. The second and third inequalities are false for s = 0.

Remark 2.11. By the same proof of lemma 2.10 below, one can show that more
generally for 0 < 6 < 1, s = 510 + s2(1 — 0) with s1 # s92, 1/0 < r < o0,

1D Fll < 1D F1I76 1D £l 55"

provided (of course) that these quantities are well-defined (especially when dealing
with D® operators with s < 0).

Proof of Lemma 2.10. The inequalities are trivial for » = co. Also the first inequal-
ity is trivial if s=0. Thus we may assume s >0 and 1 <r <oo. By Lemma 2.7,
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we have
|1D% £l ~ II(QjGSfj)zj.Hr S ||(2jsfj)% (fj)ll_;;‘gllr
SN felly - NCeelly™ S UDFIG - IFllg ™% if pog < oo

The argument for the second and third inequalities are similar. We omit details.
O

Remark 2.12. By using Remark 2.11 and taking r = 2d/(d — 2), § = (d — 2)/d,
s=0,5 =1, s5=—(d—2)/2, we obtain for d > 3 and f € S(R%):

d—2)/d || ¢12/d
(2.7) 1 ll2asta-2 S UV F1S" NI oo
. 0 S (d—2)/2 .
By the obvious embedding BZd/(d72),oo — Booyoo , we obtain

d—2)/d 2/d
1 a2 S IVAIET2 A1

d/(d—2),00

This refined inequality plays an important role® in the theory of linear profile
decomposition for nonlinear Schrédinger equations (cf. Proposition 4.8 on page 36
of [16]). Note that the proof therein uses a squaring trick and a low to high
ordering of the dyadic sum, in a way that is similar to the idea in Remark 2.9. Our
treatment here seems much simpler.

We shall often use the following simple lemma, sometimes without explicit
mentioning.

Lemma 2.13. The following hold.
e Ifs>0,1<p<oo, then

1277 D*P<; feellp + 1277 D* P fisellp Ss.p.a I £1lp-
o [fs>0, p=o0, then
1279 D*Pe; fis oo S 1l _-
Proof of Lemma 2.13. We have

277°(D*Pg; f)(x)| = 277°

S (D BB @) S 2773 2 MBS ().

k<j k<j

Since s > 0, we have

() QkSM(Pkf)>lg S MBSz -

k<j

31n fact the first inequality (2.7) already provides a quick route to the extraction of “bubbles”
in linear profile decomposition.
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Thus
127D P<; feally S I(MPefezllp S N1Fllp-
Since the sequence I2 norm controls [ norm, the inequality for 15° follows. Finally,
127D P<j iz llose S (2771 D* P flloo )iz
S (2 Y2y, ), S Il - 0
k<j J

The following lemma collects some useful properties of J® and D? operators.
We will often use it without explicit mentioning in later computations.

Lemma 2.14 (Properties of J*, D?® operators). Let s > 0 and recall D* =
(=A)*/2, J° = (1 — A)*/2. Let a be any given real number. Then the follow-
ing inequalities hold for any f € S(RY):

(2.8) 1P>aD* fllp Sapd,s |‘J8718f||p» V1<p<oo,

279 |J5 0 |lp,  ifj<0,1<p<oo
(2.9) IPifllp Sdis § oot raimer o ,
275 O ||, if 5 >0,1<p<o0;
(2.10) | Jof — f”p Spd,s ||JS_1apra V1<p<oo,
(2.11) 177" 0fIBMo Za Il lBMO,
(2.12) 17°PsafllBMO Savas |17°70f |Buo-

Proof of Lemma 2.14. For (2.8), we write
PooD*f = PooD* 2(—=0-0)f = —Ps,D* 27 6"Vg . (J°71a).

It is easy to check that —Ps,D* 2J-(6=19 maps L? to L? for 1 < p < oc.
Thus (2.8) holds.
For (2.9), consider first j < 0. Clearly

I1Pifllp = 1P D720 - J* 7L f |y Sa 277 [ P<aod = - J* 7 Of
Sea 277 [0S |-

For j > 0, one can easily verify that the kernel K; = D=2J17%9P;§ satisfies the
point-wise bound

|Kj(m)| Sd,m,s 2j(78+d) (1 + 2j|l‘|)7m, vm > 1.

Thus the inequality for j > 0 also holds.
For (2.10), we first bound the low frequency piece. By using Lemma 6.1, we
have

1(7° = D) P<1 fllp Sapa D 27 1P f
Jj<1

Ss,p,d ZQj ||JSilapr S |‘J8718f||p>

J<1
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where in the second inequality we have used (2.9). For the high frequency piece,
we first note that

1Po1fllp Ssipa Y 271757101 lp S 1757101 |-

j>1
On the other hand, by writing Po1J*f = —Ps1D~2J0 - J*~10f, it is clear that
[P>1° fllp Ss.poa HJs_laf”pa V1<p<oo.

The inequality (2.11) follows easily from the fact that J 10 is a standard sin-
gular integral operator.
The last inequality (2.12) is similarly proved by writing

J*Psof = =PooD72JO- J*710f. O

3. Paraproduct estimates

Lemma 3.1. Let ¢ € C(RY), ¢ € C=(RY), and 1 =0 in a neighborhood of the
origin. Define

POF(E) = 6(6/27) F(6),
PYf(€) =(&/2) f(€), €eR

Then for any 1 < p < oo, f € LP(R?), g € LL (R?) with ||g||lsmo < oo, the series

loc

¢ P
D PPy
J€z
converges in LP, and satisfies
(31) | 7712 S 11 lgllessor
€L

In particular, for the usual Littlewood—Paley projector Pj, we have
|3 Pest g S 151 lgllmvo.
5 P
If |D71f|l, < 0o and || Dgllsmo < oo, then

(32) |32 P<st - Pigl| Sna D711 Dgllmnio.
J

More generally, if s >0, f € LP, g € LL _(R?) with ||g|lsmo < oo, then

loc

(33) | S 0oPesf - D=*Pig| Spa I llglonio.
J
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Remark 3.2. The estimate (3.1) actually holds under the weaker assumption that
1(0) = 0. But the argument is slightly more involved.

Proof of Lemma 3.1. For simplicity of notation we shall write <$p 4.4, as <.

Step 1: We first show for any integer Ly > 2, Ly > 2,

(3.4) | > Perople| Sl liglsuo.
—L1<j<L> P

=:S

~

write Z—L1<j<L2 simply as Zj and keep in mind that the summation in j is finite.

Note that the summand is well-defined in LP since HP;/’gHoo < llgllBmo- We shall

By a density argument we only need to prove (3.4) for f € C°(R?).
It suffices to prove that, for any h € C2°(R?),

[0S, M S I llp lglleao (7]l

where p’ = p/(p — 1), and (-, -) denotes the usual L? pairing.
Now observe

35) S0 = (9.3 PP < lgllmwo| S PY (0PI D)|

where we used (2.3).
Thus we only need to show

| pr@ees|, < b0l
J

Without loss of generality, we assume Pf = P<j, P;/’ = P; the usual Littlewood—
Paley projectors. The argument can be easily modified for the general case.
By frequency localization,

D Pi(P<jfh) = Pi(P<j 3fPjac<jioh)+ > Pj(Pjac.<;fP<ji3h)
j j j

=) Pi(fejshy) + ) Fi(fih<jss).
J J
Clearly, by Lemma 2.6,

| 3 Pittesshi)|,, S Wimshall S I(F<i-sie (ke S 141 Nally-
J

The other piece is estimated similarly. Thus (3.4) holds.
Step 2: Convergence of the series in LP. First observe that for any M; > L1 > 2,

| > PPYg| SIPriaoflbllgloo = 0, as Ly - oo,
—Mi1<j<—L1 P
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where P _ L,+10 denotes a fattened frequency projection. We only need to show
for any My > Lo > 2,

H Z PffP;bgH — 0, as Ly — 0.
P

Lo<j<Ms

By a density argument we may assume f € C>°(R%). It is easy to check that

[6(0)f = P{ fllp < 277V £l-

Thus
| > @Or-PinpLg| s Y 277 ISl liglsuo = 0, as Ly — o
La<j<Ms P La<j<My

It remains for us to show

(3.6) Hf Z Png — 0, as Ly — oco.
Lo<j<Ms P

Assume supp(f) C B(0, Ro) for some Ry > 2. Let x € C° be such that y(z) =1
for |x| < 2Rp and x(x) = 0 for |z| > 3Ry. Denote the average of g on B(0,1)
as gp,. Then it is not difficult to check that

SR (=X = 98) s

Lo<j<Ms

S D0 1@ Ro) I+ )™ g(y) — gmallLs (re
Lo<j<Ma

S > 27 lgllsyo = 0, as Ly — oo
La<j<Ma>

On the other hand, note that x - (¢ — ¢gp,) € L? for any 1 < g < co. Assuming
supp(®)) C {£: 270 < [¢] < 2™} for some integer ng, then

Hf > PY(xlg—9s)) H
La<j<Ma P
S ll2p 1P>La—no—10(x(9 = 981)) ll2p = 0, as Ly — co.
Thus (3.6) is proved and the series converges in LP.

Step 3: Proof of (3.2). In this case, one just observes that f = —V-(=A)" 1V,
and

d

Y P<fPig=—Y > (2770iP<;-(-A)"'aif) (2’ D~ P, Dy).
J =1y

Note that for each [ one can write 2779, P<; = Pj’l, and 27D1P; = P;p, for some

functions ¢; € S(R?), v € S(R?) with ¢ vanishing near the origin. The desired
inequality then easily follows from (3.1).
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Step 4: Proof of (3.3). This is similar to the argument in Step 1. By duality
and density, it suffices to prove that, for any f,h € C2°(R?),

(D72 P (hD* P f))ezlln S (1f [l 1ol -
One can then split h as h;_2 and /~1j = h[j_2,j+2) and proceed to estimate

I(D=*P;(hD*P<; izl S (hej2fi)iell+ 1 (h;277 D% f<i)iz e S 1 llp Il
O

Remark 3.3. The BMO norm on the right-hand side of (3.1) cannot be replaced
by a weaker norm such as | - || po_ - For a counterexample one can take p = 2,

d=1, g= f, and we shall dzsprove
| S2@|, S 08l 1o,
J
To this end, take ¢y € C2°(R) such that 0 < %(f) < 1 for all &, %(f) =1 for
|€] < 1/10, and ¢o(§) = 0 for |£] > 1/5. Then for some py > 0, we have
|po(x)| 2 1, for all x| < po.

Now take

I= Z aj )\;/2 do(Njz) T =: Z ajfs

j>10 j>10

where a; = j—(/2+9) Aj = j¢, with 1/10 > ¢ > 46 > 0. It is easy to check that

Za?<oo:> I fll2 < oo,
j
1/2
sup |a;|A;"" < oo = |[fll g < oo
; ,

On the other hand, for po/N41 < |z| < po/Ai, we have

DoIPf@)P = lagl Ny goNa)P 2 ) laglP - A

J J j<l
Thus
[(Zimnee) w23 (San) (5 -5)
> Z <§]1 25 e> .llie zzl:lz(efza) . lie .

Finally we should point it out that by considering real and imaginary parts,
one can also make the above counterexample real-valued.
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Remark 3.4. For the periodic domain T = R/27Z, it is much easier to construct
counterexamples to the estimate

H ;wjfﬁ(

L2y S fllz2er) HfHBgo’oo(T)-

Indeed if the above estimate were true, then by Hdélder, one gets for any periodic
function f with mean zero,

1l < 1 lse ey

Now take \; = 47, ¢; = 1/+/j and consider f in the form of a lacunary series,

f= Z cjeNi®,

Jj=1

Clearly
0\ 1/2
1o, Ssuplesl <oo and | zam ~ (Y lesl?) = o,
J

which is an obvious contradiction.

Remark 3.5. The first part of the statements of Lemma 3.1 can also be deduced
from the following proposition due to Coifman—Meyer (see [5], Chapter V. Propo-
sition 2): let o = o(&,n) € C°(R? x R4\ (0,0)) satisfy

(3.7) o (08025 (£,m) Sap (€] + )~ UFIBD o, B,V (&,n) # (0,0),
(3.8) e 0(£,0)=0.

#(D)(f.9)(z) = [ € Da(6n) £(6) an) s dn.
Then for any 1 < p < o0,

(3.9) o (D), 9)llp Sop.a If1lp llgllBMO-

In our setting

o(&m) = 3 62778 p(277n)

J

and it is easy to check that it satisfies the conditions (3.7)-(3.8). See also Theo-
rem 3.11 and Theorem 3.14 for more refined results.



ON KATO-PONCE AND FRACTIONAL LEIBNIZ 47

Remark 3.6. Taking f = ¢ and using the Littlewood-Paley projection P; in
Lemma 3.1, we get

H ;fpr < 11 1 Imnco-

Fix any 0 < pgp < p. Then

% —0
17135 S £l fllento S £l 11£1125 7 11 llEmos,

where 0 € (0, 1) satisfies % = p% + %. This in turn yields

1 2
1 £ll2p S 1111/ CP ||l inms/ 22,

By another interpolation if necessary, one can then get for any g > po,

1—
1Nl S IFIE/2 ) fllmnes ™,

which is the usual BMO refinement of Holder interpolation inequality (albeit with
no explicit constants).
Similarly, by writing

F9=) f<ir29i+ > foir295=Y  f<jragi+ Y fig<j2
J J J J
and applying Lemma 3.1, we get for any 1 < p < oo,

1f9llp < 1£11 lgllBrno + 1lgllp [ fIlBMmo-

These (and more) bilinear BMO type inequalities were derived by Kozono and
Taniuchi [17] and have important applications in Navier—Stokes and Euler equa-
tions.

The idea of duality used in Lemma 3.1 is quite useful. For example the following
well-known commutator estimate can be proved along similar lines as in the proof
of Lemma 3.1.

Proposition 3.7. Let the dimension d > 2 and let R;j = A™10;0;, 1 < i,j <d
be the usual Riesz transform on R®. Then for any 1 < p < 00, a € LIOC(Rd) with
[lallsMmo < oo, we have

I[Rijs alfllp Sp.a lallemo 1 flps ¥ f € S(RY).

Proof. Without loss of generality, we prove the inequality for Ry; = A~'0;. By
duality, it suffices to prove for any g € C>°(R%),

[f R1irg = gRufllaer S S llp gl
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Write
fRig=>Y fejoRugi+ Y fRugeja+ Y R
J J J
(Ruf)g= (Ruf)<j-29;+ Y (Ruf);9<j—2+ Y (Rurf); gs-
J J J

It is easy to check that

|3 fesmeRugs| S IF<s-2Rugiell, < 161 gl
J

| >R i<z + Rusf)es-a 95+ (Rund)y 9<i-2)|, , < 171 lglly-
J

For the diagonal piece, denote A = A~ f;, B = A~'g;, and observe
d
fiR11G; — (Ri1fj)g Z (Oki AD11 B — 011 ADi, B).
k=1

In terms of the frequency variables (n,& — 1) (i.e., A(n), B(¢ —n)), note that

Me(ér—m)? =i (& —me)® = np & — 27 m& — ni & + 207 nk -
Therefore we can write

d
> (Okk A0 B — 011 A0 B) = O(0*(9*A - B))) + O(9(9°A - B)).
k=1

Clearly then

H > (fRu g = Raafi ;) Hw
i
S 222’“ > I1Pf 27 Pgly +22k Y. 27 BifPg

j>k—4 j>k—4
S U@ - Big)ulle S 1 flp gl
The desired inequality then follows. O

Proposition 3.8. Denote by H the usual Hilbert transform on R. Then for any
1 < p < oo, and for any integers I, m > 0, we have

103 [H. @l fllp Stmp 105" allBrto | flp-
Remark 3.9. In [7], Dawson, McGahagan and Ponce proved
105 [H, a0 fllp Stomp 105 allo | flp-

Here Proposition 3.8 gives a slight improvement replacing the L*°-norm by BMO-
norm.
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Proof of Proposition 3.8. Write

(OL[H, a0 f) () = / o(€,m) a(€) F) €0 de .

L
(2m)?
where
a(&m) = HEF ) ™ - (i) - (sen(€ + 1) —sgn(n)).
By a slight abuse of notation, we shall denote
o(a, f) = 9,H, a0} f.

Now note that neglecting the measure zero sets such as £ + 71 = 0 or n = 0, the
factor sgn(§ +mn) —sgn(n) in o(&,n) does not vanish only when £ +n > 0, 7 < 0 or
&4+ n<0,n>0. In either cases easy to check that |n| < |£|. Then clearly

0(a7f) = ZU(Pja/7P<j—2f) + ZU(P]aap_]f)a
J J
where 15j = Pjj_2 j12). For the first piece, write

N o(Pja, Pejaf) = (Zal (P;ad™Pj_of) ) ~ > 0L(Pjad HP<j o f)
J

J

= 1 (Y oD B D) P o))
J

= YA (D P D )0 Py H )
J
= H(o1(D"*™a, f)) + 02(D" ™ a, H),

where the symbols o1, o9 satisfy the conditions (3.7)-(3.8) (with £ and n swapped
therein). Thus

| ZoBia. P2 < 1D almuo 171 < 105 almvio 1]
J

For the second piece, write

N o(Pja, Pf) = (Zal (P;ad™ P, f) ) - Za;(Pjaa;nPij)

J

- (Zal (D= Py D g P f)

Z < > Z al (H—m)Ple-&-ma)a;n-&-l—lkijf)'

It is easy to check that the associated symbols again satisty (3.7)—(3.8), and we
have

| S otPa Bip)| < 12k allmwo 11 0
J
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In [7], Dawson, McGahagan and Ponce also proved the following inequality: let
0<a<1,0<f8<1,0<a+p<1,1<p,q<o0,d>1/q then

||DO([D6) a]Dl_(OH_ﬂ)f”LP(]R) 504,6,;0,(1,6 ”Jéa;ca”LQ(R) ||f||Lp(]R),
where D = (—0,,)"/? and J® = (1 — 9,,)%/?. Note that
Do [DB, a]Dl—((x-‘rﬂ)f — D(x-‘rﬂ(aDl—(a-i-ﬁ)f) _ Da(aDl_af),

The next proposition gives a sharp version of the above estimate. Moreover it
holds on any R?, d > 1.

Proposition 3.10. Forany 0 <a<1,0<8<1—a, 1 <p < oo, we have

|D™ (@D 40) ) D*(aD'=* f) + BVa - D7V fll o

Sa.8.p.d [ DallBmo ”f”LP(]Rd)'
Consequently,

||Da+ﬁ(aD17(a+ﬁ)f) - Da(aDliaf)HLP(]Rd) Sapd IVal oo may | fll Lrray-

Remark. Clearly for dimension d = 1, by using Sobolev embedding W4 —
L>(R) for § > 1/q, we recover the Dawon-McGahagan-Ponce estimate.

Proof of Proposition 3.10. First we denote

o(a, f) = D@D+ ) — D (@D )
with the symbol (by a slight abuse of notation)

(& n) = |&+n| P~ — € 4 pl |l

We then have

o(a, )= olaj, fej2)+ Y olacj-a,fj) + Za(aj»fj)~

J J
For the high-low piece, we observe

ZDa(ale—af<j ) Z Da2 j(1— a)Dl af<] 2)
J J

where by an abuse of notation we use Pj to denote generic smooth frequency
projection operators with frequency |£| ~ 27. Noting that 0 < a < 1, we have

HZP (D)2 0= D' ;)| < (\Dallgy (17l  IDallpyio /]
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Similar estimate holds for the piece corresponding to the operator D7 if a+ 5 < 1.
For a + 8 = 1, one can use the duality argument as in the proof of Lemma 3.1, it
is easy to check that

H ZP i(Da)f<j— 2)H < [ Dallsmo || flp-

Thus
| S otas. £i2)] < 1Dallono 11l
J

The argument for the diagonal piece is similar, and we have
| X ota. )] < 1Dallonio 171
J

Now we focus on the low-high piece where a correction term is needed for the final
estimate. Note that on this piece || < ||, and we shall write

o(&m) = €+ > Pt A — ¢ 4 | p|
(1€ +n|*T2 = o+ P) PO — (1€ + )™ — n|*)|n|*
co2(€,m) —o3(§,m).

We now consider the piece corresponding to os (the estimate for oo will be similar).
Observe

I+ € — ol = a / -4 GE1° 20+ 660 - € — alal®Pn-€+ 3 (€t

1,j=1

where ;;(&,m) is of order |n|*~2 when |¢| < |n|. It is also easy to check that
the m*™™ derivatives of &;; decays as O(|n|*"2=™) when [¢| < |n|. To simplify
notation we shall write 2?3:1 5;;&:&; simply as 6(&,1)€%. Now we can write

203 a<j 27fj ZaVaq 9 - D~ ij +ij,

where
1
by(o) = gz [ € €l T () Filn) € dean
It is not difficult to check that

| b, s le Mm@ ac Ml < loal s, 171
J

On the other hand, observe

| 3 Vaz- 07| < IValsyol £
J

The desired result then easily follows. O
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Theorem 3.11. Let ng = 2d + 2 and 0 = o(&,n) € C°(RY x R?\ (0,0)) satisfy
¢ 0(£0) =0, for any &;
* |0g8go(&n)| Sap.a (1€ + )~ 1D for any (€,1) # (0,0), and for any

laf +[B] < no.
For f,g € S(RY), define

o(D)(J.9)a) = [ ol6.m) F€) gl e €1 dgdn
Then for any 1 < p < oo, we have

o (D), 9)lp Sp.a lloll« [1£1l» lg]lBMo,

where

lol. = sup [(€] + |nD)!* PO a] o) (€ m)].

&,m)#(0,0
la|+]B]<no

Proof of Theorem 3.11. In this proof we shall ignore the dependence on (p,d) and
write <, 4 simply as <. It suffices to show that, for any h € C°(R9),

(@(D)(F9),h) < Mol Fllp llgllBmo [I7]lpr,

where p’ = p/(p —1).
We then only need to show that, for any f € S(R?), h € C°(R9),

[6(D)(fs ) llaer < Mlollellfllp (1Rl
where
HD)(f)w) = [ (e~ —n) F(€) ) €4 de
Now write

= (D) (f<j-2, J)+Z&(D)(fj>hﬁj—2)+Z&(D)(fj>ﬁj)a

J J

where ﬁj = hj_1 + hj + hjy1. We refer to these three summands as low-high,
high-low and diagonal pieces respectively.

Low-high piece. Note that || < |n| and |€ + | ~ |n| ~ 27. Thus

[tz WO zrn g

Now we need a simple lemma.
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Lemma 3.12. Suppose x1,x2 € C°(R?) are such that x1 or X2 is supported on
an annulus. Then

ot () () e e

92jd
S oswp ([ D) H9ga (¢ m)] - 4 : :
|a|+|6]<2d+1 $ (14 Y|z —y[ + D]z — 2[)2¢+!
(&m)#(0,0)
Proof of Lemma 3.12. Without loss of generality, we can assume |z —y| > |z — z|.

If |2 — y| < 277, then the bound is trivial. Now assume |z — y| > 277, then just
integrate by parts in the variable £ up to (2d+1)-times and note that |§| +|&+n| ~
€|+ [n]. More precisely if one denotes & = 277¢ and 7 = 2777, then by the support
assumption on x; and xo, one has [§] 4 |§ + 7| ~ 1. It follows that for [{| < 1,
7] ~1or|¢ ~ 1, 7] <1, we have

o 5b ig 20 (E+ 7
\aIJr\IEI&)L:qulﬂ|a5 a" (& =2 (E+ D))

< 9i(2d+1) &l 18+ AN(O28P ) (2IE. —23 (£ + 7)) < O
SYEHD e (E]+ |+ D05 050) (6 -2 €+ )] S ol

By using Lemma 3.12, it is easy to check that
0 (D)(f<j—2,hj) ()]
S ol -2 | T 'Qﬁ;f(j))LW ay-2 T Qj'ff(f )z||>d+1/2 dz
S llofle - Mf<j—2(x) - Mhj(x).
Therefore,
[(@(D)(f<i—2,hi)ells S llolls - [[(Mf<j—2)izllp - |(Mhg)i]lp
S el 1 llp - 17l

This finishes the estimate of the low-high piece. The estimate for the high-low
piece is similar.

Diagonal-piece. In this case we need to consider the integral
. . £ & e
SN ko)) = [ o6, ~¢ = ma(7) xe(55) HO hyn) €H dgan,

where Y1, Y2 are smooth cut-off functions with support in the annulus {z € R :
27™m0 < |z| < 20} for some integer mg > 0.
We now consider two subcases.

Subcase 1: |€ +n| > 27-m0~10_ Note that in this case | + 1| ~ 27. By using

frequency localization and Lemma 3.12; we have

H Z P jmo—10(6(D)(fj, iLj))HHl ~ H Z Pjmo—10<-<j+mo+100(0 (D) (f5, iLj))H

H

S M5 - Mg ||y S 1 Fllp -
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Subcase 2: [€ +n| < 297m0=10 In yet other words, |¢ + 7| < min{|¢|, [n|}.
Then since o(&,0) = 0 by assumption, we just need to consider

f 2 . )
Jtetai<arma-o (o€ ~€=n) =o€ (55 )x2(55 ) £ by n) 44 g,
where x is a smooth cut-off function. Now we need another simple lemma.

Lemma 3.13. For all 0 <0 <1, we have

‘/X|§+m<21—m0—10(3,70')(5,—e(f+77)) Xl(%) X2(2j) i€ (x=y) gin(v=2) ge qp

S sup (I )P 9ga] o) (€, m)]
ol +|8]<2d +2
(£:m)#(0,0)

C2MA=T (1 4 2| — y| + 2| — 2|) "D,

The proof of Lemma 3.13 is similar to Lemma 3.12 and therefore we omit it.
By Lemma 3.13, we then have

HZ )(fis by ‘ Sy 28 Y 2 M Myl
k

j>k+mo+10

Bl,l
S Y IIMSy - Mg
J
< NMEely - 1Mzl S 1l Il
This concludes the proof of Theorem 3.11. O

Remark. A close inspection shows that the diagonal piece in fact belongs to B?,l
which embeds into H*.

It is possible to refine Theorem 3.11 further. The following only requires 2d + 1
derivatives on the symbol o.

Theorem 3.14. Let ng =2d+1 and 0 = o(&,n) € C2(RY x R\ (0,0)) satisfy
e 0(£,0)=0, for any &;
* |0ga5o (& n)| Sas.a (1€ + )~ 1HED for any (€,1) # (0,0), and for any

laf +[B] < no.
For f,g € S(RY) define

oD}, 9)a) = [ ol6.m) F€) gl ™= €1 dgdn
Then for any 1 < p < oo, we have

1o (D), D lp Sp.a llollllfllp lgllBro,

where

loll. = P (€] + )12 (9205 ) (&, m)).
[l E181<no
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Proof of Theorem 3.14. We shall use the same notation as in the proof of Theo-
rem 3.11 and sketch the needed modifications. It suffices to show

Yo D RGOS )y S UF s 1Al

kE j>k+mo+10

Clearly,
||Pk(& D)(fj’ ))H

S| [x(555) xz e x@n ate, — — e

(3.10) dg dn f;(y) Ej(z> aydz|

where we have slightly abused the notation and denote all smooth cutoff functions
by the same symbol x (whose support is on the annulus {z : |z| ~ 1}). Now set
§=¢+n, n=n. Then

| [x(5) x@ 2 mote,—¢ -y e e g ay

(3.11) —|/ X277~ ) X(27) o (& — 7, ~€) 1€ V0= ¢ |

Case 1: |y —z| > |z —y| or ly—z| > |z —z[. In this case easy to check that
|z — x|+ |y — 2| < |y — z|. Integrating by parts in 7 up to 2d + 1 times, we obtain

(3.11) < (1 + 27|y — 2|)~(2d+D) . gid . okd
S (1 + 2|z —y|)"UWTYD (1 4 2|z — z|)(@HY/2) L 925d  g(k—i)d,

It follows easily that in this case,
(3.10) S 20704 | Mf; M| 11

Summing in k& and j then easily yields the desired inequality.

Case 2: |y — z| < &= min{|z — y|, |z — z|}. In this case |z — y| ~ |z — z|. We
estimate (3.11) in several different ways. First integrating by parts in £ up to d+1
times and then in 7 up to d times, we get

(3.11) S (1 + 250 — y|) =D (1 4 27[y — 2) =7 27720,
Then integrating by parts in € up to d times and then in 7 up to d+1 times, we get
(3:11) S (1 + 24w — yl) ™ (1 + 2]y — 2])~(@+D 274 95,
Interpolating these two estimates gives us

(3.12) (3.11) S (1 + 28| — y|) "2 (1 4 27|y — z[)~(4F1/2) 97d gkd,
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Since o(£,0) = 0 for any &, we have

o =i —§=-¢ /0 (0,0)(€ - 7, ~08) .
It is then not difficult to check that
(3.11) < 2877 (1 4 282 — y|) =4 (1 4 27|y — 2|) 4299 2,
Interpolating this estimate with (3.12) yields
(3.11) < 22D (1 4 28|z — )~/ (1 4 27 |y — z[)~(dH1/4) 2id gkd

We then get
(3.10) < 2~ 9¥(-9) / (14282 — )~V | () (M) (y) dy de

S 26 [1550)| (M) )
Summing in k and j then easily implies the desired result. O

The next two simple lemmas will be needed in Section 5. It is interesting that
one can obtain some BMO (or Besov) refinements of some terms in Kato-Ponce
inequalities.

Lemma 3.15. Let s > 1 be an integer and let 1 < p < co. Let R be the usual
Riesz-type operator. Then for any f,g € S(R?), we have

Hasf ) Rng 58717,(177“1,7“2 HDS}CHBMO HQHP + Haf”n”Ds_lQ”rga

where 1/p = 1/r + 1/ra, and 1 < r1,r9 < o0o. The notation 9° denotes any
differentiation operator 99} - -- 094 with |a| = s. If r1 = oo, ro = p, then

10°f - Rallp Ss.p.a 1D°Fllmnto llgllp + 10F 11 5o, 1" gl
And if ry = p, ro = 00, then

10°F - Rally Set 10" st gl + 1071 10"l 5,
Remark 3.16. The same estimates also hold for ||0°f - g,

Proof of Lemma 3.15. Write

O°f-Rg=2 0 fcjoRg;+ D> 0 f>j2Rg; = Y 0°f<j2Rg; + > 0" [iRg<ja.
J J J J
First note that by Lemma 3.1, we have

| 055 Rocsua] < 10 lmsio [Rall S 1D o gl
J
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Thus we only need to estimate the piece Zj 0°fci—oRyj.
Consider first the case ro < co. Then,

|50 s s, 1012 ol
J

Sl (Q_j(s_l)asf<j—2)lj° (Qj(s_l)jo)lf. Hp

< ||afH7'1HDS_1gHT23 lf rl < OO,
~ Uofllg, NP gllp,  if 1= o0

If ro = oo, then r1 = p and
> 8Sf<jszngP SNEZEV fejma) - @R i
J
<N el 1D gl S 10F1, 1D gl - O

Lemma 3.17. Let s > 1 and 1 < p < o0. Let 1 < p1,pa < 0o satisfy 1/p1+1/p2 =
1/p. Then for any f,g € S(R?), we have

(3.13)  llof - D*720glly S 10flp, 1D gllpes i 1 <p1 <00, 1 <p2< o0,

(3.14)  [|8f - D*28gllp SNID° fllp: llgllps + 10£15 1D° gllBrmo,
if 1<pp <oo,1<ps< oo,

(3.15)  [[0f - D*720glly SI1D*£llp gl go. _ + 10f1lp 1D*~ gllmmo,
(3.16)  [[0f - D*720gll, SID*fllgo. _llglly + 101y 1D*~ gllmao-

Proof of Lemma 3.17. The first inequality is trivial. For (3.14), by using frequency
localization and Lemma 3.1, we have

|0f-D"20gll, S || 3008, - D" 20| +|| 2 0f<sua- D*20g; |
J J

SIE@CVaf)227 D 209 j 0 )iellp+ 10111 |1D* gllmato
SUID* fllpullgllps + 1015 1 0°~ gllBro-

For (3.15), just observe
127D 299 a)i e < lgll o, _-
For (3.16), we have
| Y08 D20g<s5|| | < N@CD08) e 270D 2092l
J

<Dl Nl 0
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4. Proof of Theorem 1.2

In the first subsection, we shall give the proof of Theorem 1.2 for the case 1 <
p < co. In the second subsection, we sketch the needed modification for the case
1/2<p<1

4.1. The case 1 < p < c©

To prove Theorem 1.2 for the case 1 < p < oo, we first prove the following.

Proposition 4.1. Let s >0 and 1 < p < oo. Let s1,82 > 0 and s1+s2 = s. Then
for any f,g € S(R?), we have

HDs(fg)—Z< > éaafgjszs’angf > %aﬂgﬁ*zDSﬂfj)H

i lal<s 1B|<s2

HDSlfH;Dl ! HDszg”pw Zf 1 < p1,p2 < 00, 1/]9 = 1/p1 + 1/}72;
(@) LIPSl ID%glgy . i =, 2= o0
1D fllgg, - 1D*gllp, if pr =00, pa = p.

p

Proof of Proposition 4.1. We write

Fo="Fia+> f<i29i+Y 9<i2f

J€z jez jEz
where g; = g;j—1 + g; + gj+1. We shall analyze each term separately.

1) The diagonal piece. Denote h =3, f;g;. Then

||D8h|\p§|\(2ksth)z§IIp=H(kapk( > fﬂ'gj))

i>k—10 e
SO N@ fepdeelle S Y 270 1@ frdgn)i s S 125 frgn)e llp-
1>-10 I>—10

Now discuss three cases.
If p1 < 0o and py < oo, then

12" i)z o S 15 fiodiz oy - 1252 30)ie lpe S ID* Fllps - D%l ps-

If p1 = p and py = oo, then

125 fegidiz I S 1D Fll- (D% gll g,
Similarly if p; = co and ps = p, then

125 figiiz s < 107 Fllgo_ 1D gl

Thus the diagonal piece is OK.
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2) The low-high piece. For each j, write

(4.2) D*(f<j—295) = [D?, f<j—2lg; + f<j—2D"g;.

We shall simplify further the commutator piece [D*, f<;_2]g;. To write out its
explicit form, we need to use a fattened frequency cut-off P; such that P;P; = P;.
More precisely, let ¢ € C°(R?) be such that

$(&) =1, V&€ supp(9),
where we recall P;dy(¢) = ¢(279¢). Define 15:;0(5) = $(279¢). Clearly
(D*Pjdo)(y) = 2717 (27y)

where 91 (£) = [€*¢(¢). Then
([D?, f<j—2]g;)(2)
(4.3) = 27(d+s) /Rd U1(27y) (f<ja(m —y) = f<j—2(x))g;(z — y) dy.

Denote

hB) = f<j—2(x —0y).

Set mg = [s1]. We then Taylor expand h(f) up to m§" term:

(44)  h(1) = h(0) = K(0) 4+ 2O +/1 a-gm
0

(mo+1)
- h (0)do .

m()!

error

Contribution of the “error” term. We first show that the contribution of the
“error term” in (4.4) to (4.3) can be bounded by ||D** f||,, | D® fllp, (after sum-
mation in j).

It is easy to check that

h(m0+1)(9) — Z Ca((?afgj—ﬂ(m — Gy) . yaa

|a]=mo+1

where C\, are constant coefficients whose value do not matter in our estimates.
By Lemma 2.3, we have

[0 feja) (@ — Oy)| < (1427 |y))* M(Jo™ ! f<; o) ().
Then
2 /Rd [1h1(27y)] - [y|™ - 070 fj o (@ — Oy)| - |g;(x — y)| dy

S 2 M0 ) (a) - (M) (a) - 277,



60 D.

Now discuss two cases.
Case 1: p; < 00, pa < 0o. Then
| foew- [ OO o) (g)ag g, e — )y
0 mo! illp
ST M7 fe o)) - (Mg - 252) 2,
5IIM(SIJ1P g7 Itmet =1 gmat L i o)l - I(M(272g5))i2 s

= U fll 1D gl i1 < 00, p2 < o,
S D fllge - 1D%gly if pr = o0, pa < oc.

Case 2: p1 = p, p2 = co. Then
1
. ) 1 _ 0 mo
H(Qﬂ(‘”s) /%(2]1/) / % Rt (0)do - gj(a — y) dy)2
0 mop: I lip
ST M fe o)) - (Mg - 27 )i I,

< Mmoo gmatt b o)l - D% gl 5y
<D flly - 1D%gll 3o, _-

Thus the contribution of the “error” term to (4.3) is OK for us.

The form of the other terms in (4.4). It is easy to check that

(mo)
RO+ ST 0t )@ (1)l

mo!
0<]a|<mg

Therefore in (4.3), we have

| S M
o (d-+s) /Rd b1 (2y) - (Z h l!(O))gj(I — ) dy

=1
= Y 2“(1*8)/Rdw1(2jy)-ﬁ(wfgj—z)(w)%—l)“"-y“~9j(fc—y)dy
0<|ar|<mo '
= Y D2 F R 0 (/) GHO) (@) - (0 f<s ) (a)
0<|a|<mo
= Y S F RGO @) (0 s 2)@)
0<|a|<mg

1
= > D70 0% f<j2.

0<|a|<mg

L1
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Note that the second term in (4.2) corresponds to a = 0. Thus the low-high
piece can be written as

(3 3 0%fe2Dg) + B,

J 0<]ef<[s1]

where
1D fllpy - 1D%2gllpy,  if 1< p1,p2 < o0
(4.5) | E1llp S S 1D fllp HDSZQHBgoma if p1 = p, p2 = 00;
D% fllsg, - [1D*2gllp, i p1 =00, po = p.

3) The high-low piece. This is similar to the low-high piece. One can get the
results by symmetry.

Collecting all the estimates, we obtain

(4.6) D*(fg) = Z ( Z iaafgj—2Ds’agj + Z %869§j—2Ds76fj) + error,

J [af<s1 [B]<s2
where “error” term satisfies the same bound as in (4.5). O
We are now ready to complete the proof of Theorem 1.2 for the case 1 < p < oc.

Proof of Theorem 1.2, case 1 < p < co. By Proposition 4.1, we just need to sim-
plify the expression in (4.6). For this we have to discuss several cases.

Case 1: 1 < p; < oo and 1 < py < co. Note that
> fejaDigi=fDg =Y fsj2D’gj = fD°g =Y fiD*gcjio
J J J
= fD%g = fiDgjac<jr2— Y fiDg<j 2.
J J
Clearly,
H > ijng,2§.<j+2Hp S @ £)i (@77 Dgjac.<ira)ee |,
J

S D" fllpy - 1D*29llp2;

and by frequency localization,

| 50%0cis] S N fe - @ D2y 2z, S 1D™ Sl 10"l
J

Similarly, for each 0 < |a| < [s1], 0 < |B| < [s2], it holds that

| S0 smapmg)|| =307 0" gcsa]| <UD Dl
J J

| 202 0ssa2 | = | 0% 00" resia]| S UD* Flr - 1Dl
J J
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Thus for 1 < py,p2 < o0, 81 >0, s >0, s1+ 852 = s,

|pra) = 3 Sorepeeg - 2 L0501 <107 fl D%l

|a|<s1 [B]<s2

Case 2: p1 = p, po = oo. If |a| = s1 (in this case s; has to be an integer), then

| S orse-aDgi] <107 1l 1D glmsco
J

If |a| < s1, then rewrite
Z 0% f>j—2D>g; = Z O fi D> g<jyo
J J
= Z 8‘1ij570£9<],_2 + Z 8aij57agj_2§,<j+2~
J J

Clearly then
|5 om0
J

[(0°f; - 211Dy (271l Doeg s gy 4 D%l - 1D gl mMo
|

<
SID* fllp 1Dl gy, + 1D fllp 10> gllB7MO0 S (1D flp 1D gllBMO-

On the other hand, for each |5| = s2, we have
|50 o025], - [0
J J
S 19%gllemo 1D £llp S I1D* fll, - 1D*gllB7mo-
Similarly, for each 0 < |B] < s2, we have
|5
r p
= H Zaﬂngsﬂf<j+2H
5 P
S H Zaﬁngs’ﬂfq—sz + H Zaﬂngs’ij—2§~<j+2Hp
J J

1079, D% fej—2)izllp + 1 D°* flp - [1D*2 gl B0

1252710395 g )pee (27 C2ENIDE £ i) ol + 1D fllp - 1D*2 gl BM0
1D%gll o, D% fllp + [1D* fllp - [ D*gllBMO
|

S
S
S
S ID* fllp - 1D gllBnmo-
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Collecting the estimates, we have the following:
If s1 is not an integer, then

[prta = 3 Sorpg— 3 0% pl 107 A, 1D

laf<[s1] 1BI<[s2] "
If s;1 > 0 is an integer, then
s 1 « s, 1 3 s, s s
|pra) = X2 orspreg— X5 507D g, <UD Sl 1D

‘a|<81 |ﬁ‘§[52]
Then clearly for all s; > 0, we have
1 S 1 S
[prtr9r = 32 omipmeg— 3 0% | 51D 11, 1D glmvio.
lo|<st 1B|<s2

Case 3): p1 = 00, pa = p. This is similar to Case 2 (with f and g swapped).
Clearly,

|- X2 Loy Y

|a|<s1 |B]<s2

1

G290 5| <10 fllowo 1D g1l ©

4.2. Proof of Theorem 1.2, case 1/2 < p <1

Here we shall use the condition s > d/p — d or s € 2N. A close inspection of the
proof for the case 1 < p < oo shows that we only need to modify the estimate
for the diagonal piece || Zj D*(f;g;)|lp- For the low-high and high-low pieces,
the estimate works for the whole range 1/2 < p < 00, s > 0 (note that when
1/2 < p <1 we require 1 < p1,ps < 00). The constraint s > d/p —d or s € 2N for
1/2 < p <1 is only needed for the diagonal piece. To deal with this situation, we
shall use the approach in Grafakos-Oh [13] and write

(D%fjgj))(x):@ﬁ / 299279 (¢ + )| x(2 €)X (279 n) 5 (€)F (m) €+ dedn,

where x is a smooth cut-off function with support in {£ : 27™0 < |¢] < 2™0} for
some integer mo > 1. Let y1 € C°(RY) be such that x1(z) = 1 for |z]| < 2mot!
and x1(z) = 0 for |z| > 2mo+1-5 By using Fourier series, it is easy to check that
for |z| < 2mo+2)

|Z|SX1(Z): Z Crsne%riz-m/L’
meZd
where L = 2™0%2 and C3, = O((1 + |m|)=9%). If s € 2N, then C2, = O((1 +
|m[)~¢) for any C' > 0. We then have

D D(fa:) =Y Ca > 2P PG,
J

meZzZd J
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where P/ f(€) = ¢1(279€) f(€), and ¢1(€) = x(€)e2™™ </ L. Tt follows that

Srual s S e

S Z |Col? (127 P} £3)i2 12 1(27°2 P} G5 )2 | 2 )P

mezd
S (D% fllp, 1D gl )P

Z2J8mejpm§]H

where in the last inequality above, we have used p(d + s) > d (for s € 2N we just
use the fast decay of Cy, ) and the fact that the operator norm of P/™ on L" (R?,12)
(1 <r < o0) is bounded by C, 4 -log(10 + |m|) (Cy 4 depends only on r and d).

5. Refined Kato—Ponce inequalities
Theorem 5.1. Let s >0, 1 < p < 00, 1 < p1,pa2,ps,pa < 00 and 1/p1 + 1/py =
1/ps + 1/ps = 1/p. Then the following hold for any f,g € S(R?):

o If 0 <s <1, then

ID*(fg) — fD°g — gD*f|l, < ”Dsf”m”ngm if 1 < p1,p2 < 00;
P~ s .
1D fllp lgllB7o,  if p1 = p,p2 = o0

1D*(fg) — fDgll, S ID°fllsmo llgllp,  if p1 = o0, p2 = p.
o If s=1, then
ID(fg) — fDg—gDf +0f - D 0gllp S IDfllpullgllpe: i 1< p1,pa < 003

ID(fg) — fDg—gDflp SIDfllpllgllsmo, if pr =p, p2 = o0
ID(fg) — fDg+df - D~ 9gll, < D fllBmo llgllp,  if pr = o0, p2 = p.
o If 1 <s<2, then
|D*(fg) — fD*g — gD*f + s0f - D*29gll, < |D° fllp: |9 s
if 1 < p1,p2 < 00;
|D*(fg) — fD*g — gD*f + s0f - D*"2g|l, < |1D* |, |9l Mo,
if p1 =p, p2 = 0
|D*(fg) — fD*g + sOf - D*"*0gll, < |1D° fllBmo 9],
if p1 = 00, p2 = p.

e [fs>2and1 < p; < oo, then

|D*(fg) — fD°g — gD*f + s0f - D*"29g|, < A+ B,
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where
_ )P fllpullgllpss i 1 < pr,pa < 003
1D fllp llgllBMOs — if P1 = P, P2 = 00;

10fllps - ID* " gllpss i 1 < p3,pa < 00
B =1 0fllgo, 1D gllp, if ps =00, pa=p;
oflp 1D gllgo _, i 3 =p, pa= oo.

e [fs>2 and p; = o0, po = p, then
ID*(fg) = fD*g + sdf - D*"20g]l, < |1D° fllsmo llglly + B,
where B is defined the same as above.

Proof of Theorem 5.1. We have to discuss several cases. The following discussions
are a little bit tedious and duly long.

e The case 0 < s < 1.
Taking s; = s, s = 0 in (1.4), we get
|D*(fg) — fD°9 — gD*fllp S 1D fllpillgllpsr 1 <p1,p2 < oo
Similarly, from (1.5)—(1.6) we get
1D*(fg) — fD°9 — gD*fllp S I1D°fllpllgllemo, if p1 = p, p2 = oo,
1D*(fg) — fD*gllp < [ID° fllBmo llgllp,  if p1 = 00, p2 = p.
e The case 1 < s < 2.

Subcase 1 < p1,p2 < co. Again taking s; = s, so = 0 in the inequalities (1.4),
we get

|p*(r9) = fDg = 3 07 D79 — gD

lee|=1

| 21Dl gl 161 <1, p2 < oo

Note that (recall 9 = (01,...,04))

> 0°fD"g = —s0f - D*"20g.

|a]=1
Thus for 1 <s < 2and 1 < p1,p2 < 00, we get
ID*(fg) = fD°g — gD°f + 50 - D*~23gll, S [|D° fllpy |9l
Subcase p1 = p, pa = oco. Consider first s = 1. By using (1.5), we have

1D*(f9) = D% = gD*fllp S [ID° fllp l9llBro-
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Next if 1 < s < 2, then by (1.5) (note that the terms |a| = 1 are now included),
|D*(fg) = [D>g — gD*f + s0f - D>"23g|l, S | D*fl, 9]l mmo-
Subcase p1 = 00, pa = p. By using (1.6), obviously we have
ID*(fg) = fD*g + sdf - D> 20gll, < 1D° fllsnio [lglp-

e The case s = 2.

In this case since D? = —A, we can directly use the formula

A(fg) — fAg—gAf =20f-0g.
Thus

D*(fg) — fD%g — gD*f + s0f - D*29g =0
and no estimate is needed.
e The case s > 2.

Subcase 1: 1 < p1,p2 < co. By (1.4), we have
ID*(fg) — fD*g — gD* f+s0f - D*~*0g]l,
SID* Fllpllgllps + D 10%F - D*g]l,.

2<]al<s

Then for each 2 < |a| < s, by Lemma 2.10,

il < p3 < oo

s—|a al—1 s—|a

+1.#)—1N % %
P

1Dl o REES) : ol
1 ot Bo if p3 = o0

, if py < o0

101Gl 1 et
P2 S

if py =00
B0 ,oo’

Note that p < (le.M_—ll_i_L . S_l(f‘)_1<oo and p < (p% |<:\:11 +
Clearly,

10° 1l teimt ety SIDIF L lel=t ) 1 smlaly-i)
pr1 s— pP3

s, s—|a
D™l 1 etz o iy 0 S D QH( L laloty g eclal)

If |a| = s, then obviously

> 10%f - D*glly S 1D fllpsllgllp-

la|=s
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Thus
> lovf D],

2<]al<s

[0fllps 1 D> gllps, i 1 < p3,pa < o0;
SND* Flipllgllps + 4 10F 15, D" gllp,  if ps = 00, pa = p;
101 ID* gl _» if ps =p, pa= o0
Subcase 2: p; = oo and py = p. By (1.6),
ID*(fg) = fDg + sdf-D*2dg]|,

SID* fllsmo llgly+ D~ 10%f - D*gll,.

2<Jal<s
For each 2 < |a| < s, by Lemma 2.10,
Jal—1 s— \a
IDIIFll 1 emtony o S 1Dl 5, , i1 <ps < oo;
3 s—
1D fllgo | S UID*fll 50 o if p3 =
lol—1 5= \a\
HDS |a‘gH(1 “" 1+1.L“" ||g ) 1f1<p4<007
s—1
Dl lal=1 s=lal —_—
I Iz o5y S lglle po o ifpa=oa

The second inequality above can be easily proved by splitting into low and high
frequencies.

For |a| = s (in this case s is an integer), by Lemma 3.15, we have

> o f-Dogl,

la|=s

[0flpsllD* gllpss i 1 < p3,pa < 00;
S 1D fllsmollglly + § 10fll 5o, D gllp, if ps = 00, pa = p;
oSl 1D~ gllpo, > if s =p, pa= o0
Thus
> llo°f - D],

2<|a|<s - .
10fllps |1 D> gllpa, i 1 < ps,pa < 00;

S ID* fllemo llglly + { 10f 5o, _I1D* " gllp, if p3 = 00, pa = p;
10£1, 1D* gl 5y, ifps=p, ps =00
Subcase 3: p1 = p, po = co. By (1.5), we have
ID*(fg) — fD*g — gD*f+s0f - D*"2g],
SID flpllgllemo + Y 10°f - D g,

2<]a|<s
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For each 2 < |a < s, by Lemma 2.10,

ol —1 s=lo]

s Tl : i .
Doy ey S S R
HDS ’ 1fp3 =0
\ s—laf \
1D lgll 1 i S gl 1D gllt 1< pa < oo
Py s— ,00
lal=1 s—lal
1Dl | < lgll sy 1D gl . ifpa = oo
Thus
> lovf-Dgl,
2<]a|<s
[0fllps1D° gllps, i 1 < pa,pa < o0

S fllp llglsmo + S 10f 5o, 1D gllp,  if ps = 00, pa = p;
10f 11 1D°Ygll g, _» if ps =p, pa =00

Corollary 5.2. Let s >0 and 1 < p < co. Then for any f,g € S(R?),

(5-1) 1D*(f9) = fD*gllp S 11D Fllp Igllpz + 10 1lps | D gl

where 1 < p1,p2,p3,pa < 00, and 1/p1 +1/p2=1/ps +1/ps = 1/p.
For0<s<1andl < p< oo, the following inequality holds:

1D*(f9) = FD%gllp < 1D° Fllp: 9llp2

where 1/p1 + 1/pa = 1/p, and 1 < p1,p2 < 0.
Fors=1and1 <p< oo,

(5:2) 1D(fg) = fDgllp < N0fllp: gl

where 1/p1 +1/p2 = 1/p, and 1 < p1,p2 < o0.
For p1 =00, p2 =p and 1 < p < 0o, we have the following BMO-refinements:
e If 0 <s <1, then

(5.3) 1D°(fg) — fD?gllp S 11D° fllsmo lgllp-
o [f s> 1, then

(5-4) ID*(f9) = FD*gllp S 1015 1D° gllps + 1D* Fllmo llgllp,

where 1/ps +1/ps=1/p, 1 <p3 <00, 1 < py < 00.
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o Also for s > 1,
(5.5) 1D*(fg) = fD%glly < 10f1lp [I1D°~ gllBro + 11D° fllsmo [19llp-

Proof of Corollary 5.2. We shall follow the same order as in the statement of The-
orem 5.1 and discuss the regimes 0 < s < 1, s =1 and s > 1, respectively.

e The case 0 < s < 1. Clearly by Theorem 5.1,

D% flipillgllpss i1 <p1 <o0,1<ps< oo,

1D*(fg) = fDgllp S :
"D fllsmo llglly, it p1 = o0, p2 = p.
Thus (5.2) and (5.3) hold.

e The case s=1. If 1 < p; < 00, 1 < py < 00, then

ID(fg9) = £Dgllp S UDSflpllgllpe + 10F - D109l S0 llpll9lpe-

If p1 = p, po = oo, then recall

ID(fg) — fDg—gDfllp S NPy llgllBmo-
Thus

I1D(f9) = fDgllp S 10f1p1l9lloo-
So (5.2) holds except the case p; = oo.
If p1 = o0, p2 = p, then
ID(f9) = fDgllp < IDfllemo llgllp + 10.f - D' 0gll,

Clearly if 1 < ps <00, 1 < py < oo with 1/ps + 1/ps = 1/p, then

18f - D™0gllp S N0Flpsl19llps-
Thus (5.4) holds for s = 1, and also (5.2) holds.
On the other hand, if p3 = p, p4 = oo, then
10f - D 0glly S 1D 0f<jra- D 0gsllp + | > 05 - D™ 0g<;jally
J J

S N0fllp lgllemo + 1D fl[smo [[9]lp-

Clearly (5.5) holds for s = 1.

e The case s > 1. Consider first 1 < pj,p2 < oco. By Theorem 5.1 and
Lemma 3.17, we have

1D*(f9) = FD*gllp S ID* flloulgllpe + 110 - D**gllp + 10£ 1|5 | D" gl
S NP Fllp: lgllps + 10 1ps D"~ gllpa

for any 1 < ps,ps < co. Thus (5.1) holds. Similarly, one can easily check that (5.4)
and (5.5) hold. O
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Corollary 5.3. Let 1 < p < oo. Let 1 < p1,p2,p3,p4 < 00 satisfy 1/p1 + 1/p2 =
1/ps +1/ps = 1/p. Then for any f,g € S(R?), the following hold:

e If0<s<1, then
ID*(fg) = fD*gllp S ID*7 0 Iy llgllp.-
e Ifs>1, then
ID*(f9) = FD*gllp S 1D*7 0f llpy I9llpe + 10 llps 1D° " gl -

Proof. This directly follows from Corollary 5.2 and the identity D*f = —D~19 -
D*=19f. The only difference is for the case p; = 0o, pz = p. In that case since we
have BMO-refinements the inequality is obvious. O

For s > 0, let A° be a differential operator such that its symbol ;1\5(5) is a
homogeneous function of degree s and As(¢) € C*°(S9"1). Then the following
corollary can be proved in much the same way as for the operator D*.

Corollary 5.4. Let s > 0 and 1 < p < oo. Then the following hold for any
f,9€ SRY):

o If 0 <s<1, then
14°(fg) = FA*g = gA° fllp Sacspa [ D°fllp lgllBrto-

o If s> 1, then

|A*(fg) — fA*g — gA*f — Of - A%9q|,,
(5.6) Sacsmd ID°Fllp lgllenio + 1071 501D gllp,

where
— 1~
A0() = < 9B (©))
In fact a stronger inequality holds for s > 1:

|A(fg) — FA%g — gAf — Of - 4],
(5.7) Sacopd D7l 95+ 187150 _1D* gl

e For all s > 0,

(5.8)  114°(f9) — FAgllp Sas.spa 1D fllp lglloe + 10 lls 1D gll,-

Proof of Corollary 5.4. All the statements except (5.7) follow by mimicking the
proof for the operator D®. The argument proceeds by using Corollary 1.4 together
with further interpolation inequalities. We omit the details.
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On the other hand, it is possible to give a more “direct” proof of the above
inequalities. We illustrate this by sketching a proof for (5.8) which is most useful
in practice. To this end, we first decompose

F9=Y fej29i+ > fig<iat+ > fids
J J J
Then
1A%, fj-2]gsllp S 12 M(f<j2)27 Mgj)zllp S 11D gllp 10 loos
1A%, g<j2lfillp S (27" M(g<j—2)27 Mz llp S IID* Fllp llgll 5o, -

1A (i) llp S NP Y figiels S 127 £330zl S N1D°fllp gl o, _-
i>k—10

On the other hand,
D fejaAigy=fATG =D iA%< 0,
J J
D g<j 2 Ay = gAf =) g A <o
J J
By Lemma 3.1, we have

|3 #4952 S 1D lesso 147D g1l < 1051l D* gl
J

| 540 s<ssa]], S lolmnao 14° 1l < lgloe 1D
J

Thus the inequality (5.8) follows. A close inspection of the above shows that we
actually proved

14°(fg) = FAg = gA* Fllp Sspa 1D Fllp lgllBmo + [10F ool D~ gllp-

We now show how to prove (5.7). For this we just need to modify the estimate
of the pieces Zj fiA%g<jia, Zj 9;A° f<jt2 and Zj [A%, f<j—2]g; in the preceding
argument. We first explain how to estimate the first two pieces. In the following
computation we shall avoid using Lemma 3.1 since this is where BMO-norm comes
in. Now split

D fiAg<ira =Y [iA g<ja+ Y fiA gjacra
J J J
By frequency localization,
| fia9es| | S M2 92l
J

S I fielle 1277 A%g<j—2)ielloo S ID* fllp l9ll 5, -



72 D. L1

Denote gj = 0gj—2<-<j+2- Then

5~ cs41 skl oo s+1 s—1
69 | s $1@F e aG)el, 1D fly| D gla.
J

For s > 0 and s # 1, we have*

s 1/2 s— 1/2
1D flly S ID°FIS210F1LE and [D* gy < 1D gl 2l
Thus for s > 0 and s # 1,

| 3 sageis| 1D Ttz + 10715y 10" gl
J

On the other hand for the piece Zj 9;A° f<j4+2 we only need to handle the part
Zj g; A% f<j_o since the other part is treated the same way as in (5.9). Now for
s > 1, by using Lemma 2.13,

|05 45| S NosA*sesmall
J

<@gyl 12 A fe o)l S 1D* gl 195150

Next for the commutator piece [A®, f<;_2]g;, we denote

and write

([A f<] 29] (
(5.10) /K )(fejma(z—y) = fejoa(x) = (0f<j—2)(x) - (—¥))g;(x —y) dy

(5.11) 4+ 0f; s /K —y)g;(x — ) dy.
For (5.10), it is easy to check that
| 3 610)| S IM@ fejm0)- 22 Myl S 1D gl 107 15 _
J
On the other hand,

S (a1 =0f A0 -3 0f; - Acjin.

J J

4These interpolation inequalities can be proved in the same way as in Lemma, 2.10.
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Clearly,

| 05 4%0s0|| 1@ 0s;2770 D 4% oally 1D Flpllalzg -
J

The piece »; 0f; - A*9g;_9<.<jio can be estimated in the same way as in (5.9):
| 308 425 0ccia|| SIDfllp gl +19fllsy, 10" gl
J

Thus (5.7) holds. O

Remark 5.5. As was already mentioned in the introduction, Corollary 5.4 can be
used to prove (1.14) and its LP-versions. Indeed set A;'H =D%0;, f=uj, 9= DB,
then

1D*0;(u; B) = u; D*0;Bllp Sspa 1D ullp [|Blloo + 0]l | D*Bll,,
or upon summing in j (and using V - u = 0),
ID*((u- V)B) = (u- V)(D*B)llp Ssp.a 1D ully | Blloo + [|0ull || D Bll,-
Now if s > d/p, we can use Sobolev embedding to get
(5.12) 1D*((u-V)B) = (u-V)D*Bllp Ssp.a [I7°Vullp [|7°Bl|p.

Remark 5.6. One can construct divergence-free counterexamples to the esti-
mate (5.12) for the borderline case s = d/p. The key is to use the estimate (5.6)
(for the operator A;'H = D?0;). It is easy to check that (by using V- u = 0)
HDSaj (UJB) — ujDSc'?jB—i—auj . 8D87268J‘B”p
Sspa [ D ullp [ Bllsyo + 10ull g, _[1D*Bllp-

Upon summing in j and using s = d/p, we get

d
1D*((u - V)B) = (u- D*V)B + 5 ) (9u; - D*"20)9; Bllp Sspa 1D ully | D*Bll,.
j=1

Now to finish the construction it suffices for us to exhibit a pair of divergence-free u,
B with the property

TP, + (TP B, < 1,

such that

H f:(auj : DS*Qa)ajB‘
j=1

> 1.
P

For a construction of such examples, see Remark 1.17 in [2]. Alternatively one can
use the idea in Section 9 of this paper.
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6. Refined Kato—Ponce inequalities for the operator J*

Lemma 6.1. Let s > 0 and J* = J° — I (i.e., J5(&) = (1+£2)¥/2 = 1). For any
¢ € C(R?) with supp(¢) C {£:0 < ¢1 < |€] < ca < o0}, define Pf as

§

Prre) =o(5) fe, ez

Define K; = jst(Fo where &g is the usual Dirac delta function. Then for any
integer m > 1, and any x € RY,

K@) Smgas 2EFD 1+ 2|2)7™, if 5 <0,

|Kj(@)] Smogus 2TV A+2J2))7™, if j > 0.

Proof. Consider first j < 0. Clearly

Ky(o) = gt [ (1P = 1o (5) e e

1

- G 9id /Rd((l 9P — 1) 6(E) 6 dE.

If [272] < 1, then since |(1 4 |27€|?)%/2 — 1| < 2% for |€] ~ 1, j < 0, we get
|K;(z)] < 9id . 92j _— 9j(d+2)

If [27z| > 1, then we can integrate by parts m-times and get
K ()| S 279(2|=) ™™ - 2%

The case for j > 0 is similar. We omit details. O

Theorem 6.2. Let s > 0 and 1 < p < oo. Then the following hold for any
f.9 € SRY):

e If0<s<1, then
17°(fg) = fI°9 = 9(J* f = Pllp Ss.ap 1777 0Fllp l9llmo-
e If s> 1, then

175(fg) — fT5g—g(J°f — f) + sOf - J*"20g,
Sena 17708 o lgll o+ 105150 _[17*20gll

—

Proof. Define J* = J° — I. On the Fourier side, we have J*(¢) = (1 + [¢]?)*/? — 1.

—

Note that for |¢| < 1, J5(€) ~ |€|?. This property will be useful for controlling low
frequencies in later computations.
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Now
J(fg) = fI°g=J(f9)— [T°g
(6.1) = Z T (f<j29y) = f<j—2J°9;)
(6.2) +Z (fi9<j—2) = f31°g<j—2)
(6.3) +Z (J*(f335) — f37°35);
i

- 2
where §; =>0_ , Gjta-

Estimate of (6.1). Let Pj = Zl 10 Pj+i and K; = J*P;dy. Then

js(f<j—29] f<g 2J 9gj
/.K J(fejon( — ) — fejon(@))gs (@ — ) dy

(6.4) = ) Kj(y)(f<j—2(x —y) — f<j2(x) + Of<j—2(x) - y)gj(z —y) dy

(6.5) - | Kj(y)0f<j—2() - ygj(z —y)dy.

Estimate of (6.4). By the fundamental theorem of calculus and Lemma 2.3,
we have

|[fej—2(x —y) — fej2(x)—0f<j2(x) - (—Yy)]
1
< / (0 f <o) (z — 6y)|d6 - [y?
0
< M@ foja)(x) - (L+ 2|y - 1yl

Therefore by Lemma 6.1,
H Z <6~4>H,, S Z 10 <2y - l9slloe S 11757207 I 9l 50, _

HZ (6.4) H < H(2Js/\/1(32f<g 2)-27% 'ng)l_?(j>0)|\p~

7>0
If 0 < s <1, then
(2727275 M(0? f<j—2) )l?(j>0)||p s H(Qj(s_z)|52f<j—2|)l§(j>o)||p

SN Feallp + 1272102 faz<jm2Diz 50y I
ST 0l + 1D foallp S 17°7 0l
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If s > 1, then
(272 M(D fej—s) - 27 'ng)lf(j>0)||p S ||(||C{’f|\3gom : Qj(sfl)ng)l_ﬁ(pO)Hp
< 10F 117201l

Thus
[ 69| < 175720 f gl gy, HO<s<1,
j e~ U 0f I gl o, +10F g - IT°"20gll,,  if s > 1.

Estimate of (6.5). Note that
[ g~y = 7 (5 0B €) 61(9))
Rd

= P (S o+ 6 - b () v (2 866)

= P (S a1+ 1) v(55) a(0)) = 57720,
So
Z (6.5) = —sz:afq;2 - J520g;.

J J
If 0 < s <1, then

H zj:af<j_2-J528ngp

S D 10f<ollp Ig5llos - 27 + [1(10f<j—2] - 17572092 350yl
j<0

<170 I llall g, + 109 <2l - 2 D)ol - gl
<1720l gl e,

If s =1, then by Lemma 3.1,
| S 0sei2 1700 < 1051 lglavo.
J

If s > 1, then we write

N 0fcja- J 209, =0f - J 09— Ofsjoa- J g,

J J

=0f - J*20g = 0f; - T 20g<j42.

J

Note that by using Lemma 3.1, we have
|05 72005515 < 105 1svio - 1920l
J

This bound can be improved as we show below.
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First we deal with the low frequency piece:

| X2 o5 17 20Pcsi00]| <3 V07 plallsg -2 17700 I llalse

§<10 <10

For non-low frequencies, we first decompose g = g<1 + ¢>1 and bound the piece
containing g<i as

| 3 o8- 20Pcuat920)| | S 3 104l lllag

o0, 00
7>10 7>10

<170l Nl _

For the piece containing g~1, we further write

Z dfj-J° 20P<jia(g>1)

j>10

= Zaf] J* 3P<j 2 g>1 Zaf] J* Qan 2<. <]+2(g>1)

7>10 7>10
= Y 0f;- J 0P Peyog+ Y Of; - TR0,
§>10 §>10

Firstly thanks to frequency localization,

| X2 085 1 20P Pejng| S04 12 0PsrPes gz 0
j>10

SIECV0f )10l 1277 T 20Ps 1 Pej_ag)iz=(510) 1o
S 0f M - llgll o,

Then recalling s > 1,

H Zafj Jo 23Pg 2< <J+2(9>1)H

j>10
S

)l2(]>10) ll2p1 (27 jf2<-Sj+2(g>1))l§(j>10) ll2p

S I 1af||,1/2||af|\”2 ) Hgllw e 2ag)y
ST 08y lglzn, . + 1951 5n, 172091l

where in the second inequality above we have used (a version of) Lemma 2.10.
Thus for 0 < s < 1,

|63 <1050, lallss,_
J

for s =1,

| @) <1011l lglleo:

J
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for s > 1,

H( (65)) = s0f - 209 | <177 0f gl g, _ + 10 11720l

Estimate of (6.2). We first estimate the piece Zj fjjsg<j,2.

Clearly by frequency localization,
H ijj39<j—2Hp ST g<j—2)iz -
J

For j <0, by Lemma 6.1,

17°g<j-2lloo S D 2% lgrlloo S 2% Mgl o _
k<j

For j > 0,

1P gcszlloe S 1F0<olle+ 3 25 lgelloe S llgll s _ -2
0<k<j—2 ’

Thus

1o g<i—2)ellp S (15 - 2)eGoyllo + 15 - 2o l) - lgllsg, _
< 1757071l - llgll s, _

Next we estimate the piece ), J*(fjg<j_2). Write

st(fjg<j—2):Z[ yg<j— 2f]+zg<] 2J f]
; ;

=> [J*g<i- 2f1+ng D 952
J

:Z a9<] 2 ZQJJ f<j+2+ngf'
J

J

By Lemma 6.1,
([ °, 9<j—2]f) ()] §/ K (W) - l9<j—2(x =) — g<j—2(2)| - [fi(x — y)l dy
Rd,

S 100<s-all [ 151l = )] dy

2 Mfi(), if j <0,

< . .
< 199<j-zllos {QJ’(S—Uij(:c), if j > 0.
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Thus by frequency localization,
H Z[js’gq—ﬂfij ST g<i—2lfi)e
J

gl zo, _ - (1Y M <olly + 127 MFi)ez 50 l1n)

<
< llolls_ - 1757071

By Lemma 3.1, it is easy to see that for s > 0:

| S 0i7 sssa] S lgllnio 1711l S gllnio 175051
J

However we shall improve this bound below in the case s > 1. Write f<jio =
f<j—2+ fj with fj:= fj_2<.<ji2. Then

| 057 fesal| S MasT* Fesisl
J

S92 <ollp 10 o, _ + 19 2762 sg)llp - 10F 5o,
ST 20glp 10£ 11 0,

For fj, we bound the low frequency piece as

| X 0| < X Naslloo 155l 2% < gl - 17" 0

,00
§<10 <10

For the non-low frequency piece, we have

s 7 Y R cs—1
H S gl fillp Sl )Jsfj)zf(j>10)|\2p (270 )gj)zi(j>1o)||2p
j>10 !
s— 2 1/2 s—
SOl 10s 1 He Nglge 17°"agly?
(6.6) U0l gl g+ Hf?fllz;gm |75=20g]l,.

Estimate of (6.3). Clearly, by Lemma 6.1,

| 7 an|, £ 2910l laslle < 177707 o lollsg

§<0 §<0

Also,

|32 7 Peothian], < 321l lsle 1010 Nl

3>0
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On the other hand,
132 7 Poo(san)|| SIS (Fom10)id))iz

p

§>0 j>k—4
[t |(f>-10)595 D lp S 1275 (f>-10)3G5)2 |l
j>k—4

<@ (for0))elly ol _ S 17207 1 loll s _-

Similarly,
IS5 7 3| S 321l ldslleo S 17708 - gl g,
§<0 P<o ’
Also,

| X577 210" Fscallp lallosio < 17011, lgllssio-
7>0

For the case s > 1, by an estimate similar to (6.6), we have
| S sa|| <1010 gl + 1071517 20gll,
§>0

This ends the estimate of the diagonal piece. O

7. Counterexamples

In the previous section, we have proved several refined Kato—Ponce type inequali-
ties for the operator J®. In particular, we recall that for 1 < p < o0, 0 < s < 1:

17°(fg) = fTglly S NI 0w llglloe S N2 Fllp lglloos
and for s > 1,

175(f9) = F7gllp S N 0 llp llgllee + 10 lloo |20yl

In this section we collect several counterexamples which amounts to showing that
in the above inequalities, the L>-norms on the right-hand side cannot be replaced
by the weaker BMO norm, not even partially. Roughly speaking, Proposition 7.3
shows that for 0 < s <1, one cannot hope any quantitative bound of the form

17°(f9) = £ gl < F(I7° fllp: l9llBmo),

where F' is some function; similarly for 1 < s < 1+ d/p, one cannot have (see
Proposition 7.5)

17°(fg) = fT°gllp < F(I1T° fllp, lgllBro, 10f llso, 17 g5,
or (Proposition 7.7)

17°(f9) = F 7 gllo < F(T* fllp: llglloes 10FlBMmos |75 gllp)-
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For s > 1+ d/p, Proposition 7.8 and Proposition 7.9 show that (note be-
1OW “<77!)
o}

17°(£9) = fT°qllp £ 17° Fllp lgllse + 17° " gllp 110 I Bmo,
17°(f9) = £7°gllp £ 17° Fllp lgllento + 175 gllp 10 ]| o-
In yet other words, L> norms cannot be replaced by BMO norms even partially.

Lemma 7.1. Let s >0 and 1 < p < oo. Then for any ¢ € S(RY) and k > 1,

1% (d(x)e™ ) = (k) P(@)e™™ [lp Sp.a.s k57
|75 0 (p(@)e™™ ) — (k)*~ (ik)p(@)e™ [|p So.a.s k57
1D (¢(@)e™™) = k*¢(@)e™ ||p Sp.a.s k57"

Also
[75(p(z)e™ ) — k5 p(x)e™ ||, Sg.as K5
|77 00 (6()e™ ) — ik D)™ [y Soas b

Moreover, if ¢ is not identically zero, then there is a constant C1=C1 (¢, p,d) >0,
ko = ko(¢,p,d) > 0, such that if k > ko, then

(7.1) () cos(ka1) [, > Cr.

Proof of Lemma 7.1. Denote e; = (1,0,...,0). By definition, we have

s T eik:a:l _ 1 s 3 ke eiE-:c
PO = g [ (00— ke e de
— L ikxy e it
@ [ e+ heny digy e de
= ﬂd et / 9(€) e+ dg
L ikar s (€ + key)® e
+ (Qw)dek (k) /Rd $() (W — l)ef de
= <k;>8¢(x)eik:v1 + ﬁeikm <k;>8 /Rd é(g)(% _ 1) ei§~m d§
Rewrite
7 (€ + key)® itw (€ + key)® e
/Rdd’(f)(W_ 1) et = / o(¢ X\f\«k(T—l)ef de
n <€ + k'€1>s icx
+ /Rd ¢(§)x|g|gk(W - 1) e e,

where x|¢l«k is @ smooth cut-off function localized to the regime |{| < &, and
Xle|zk = 1 — X|¢|<«k- Consider first [z| < 1. In the regime |{| < k, one can use the
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factor ((¢+ke1)®(k)~®—1) to get 1/k decay. In the regime |{| = k, one can use the
decay of ¢(§) to get 1/k decay. For |z| 2 1, one can just do repeated integration
by parts. It is then easy to check that

’/Rd €+ kfl> _ 1) pic dg’ < () 104 gy 1

From this the desired result follows.

Now for the estimates of the operator D®, we denote by P the frequency
projection to the block {£ : ck < |¢| < 1k} where ¢ > 0 is a small constant. It is
easy to check that

[D*((Pejor®) - €™ )lp S k| Pejardlly S1 and  [[k*(Pejrd)e™ ™ ||, S 1.

Thus one only needs to consider the regime || < k and [¢| > k for which the
factor |€ 4 kei|® will cause no trouble when integrating by parts in £. This part
of the argument is then similar to the J* case. The estimate for J*~19; is also
similar. Thus we omit details.

We now prove (7.1). Note that if p = 2, then

1 2k
o) costn [} = [ ot 52

dzx.
It is easy to check that for any integer m > 1,
‘/ 2 cos(2kxy) dx‘ m (K2 4+1)™™
Rd

Thus, if k is sufficiently large, we have
l¢() cos(kz1)ll3 2 1.
Next, if 1 < p < 2, then
¢(x) cos k1|2 S [|6(x) cos ka [[5/2 | ¢() cos ka1 || /2
SISI572 ll¢(x) cos ka |15/,
Thus
() cos Kzl 2 1.
Similarly, the inequality also holds for 2 < p < 0. O

Lemma 7.2. Assume 1 < p < co. For any M > 0, there exists g € S(RY) such
that

[(V)¥?g)l, <1, lgllBmo < 1,
but
l9lloc > M.

Proof of Lemma 7.2. Since |gllsymo Sp.a |[|V|¥Pgll,, we only need to show the
existence of g € S(R?), such that ||(V)¥/Pgl, < 1, and ||g| > 1.
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To thls end, let ¢ € S(R?) be such that supp(¢) € {€:1/2 < || < 2}, and
»(0) = (27r)d Jga #(§)d€ # 0. Define

u|>—l

Clearly
l9lloe = 19(0)| > O(log N)|(0) > M,

if N is taken sufficiently large.
On the other hand, if 1 < p <2, then

1)l 5 || (527 o20e)) |, 5| Ger o)

12(j:1<5<N) llp

1
< (= . < <1
(7 oiicsem 10l 16l S

If 2 < p < o0, then
H( de/p¢ 97 ))

12(j: 1<j<N) Hp

(G127 61,

12(5: 1<_]<N)H 12(j: 1<G<N)

1
< (= < <1
S (5 ngresen 19l S 101 3

Thus multiplying g by a small constant if necessary, we can easily achieve
(V) Pgllp < 1 with lglle > M. O

Proposition 7.3. Assume 0 < s <1 and1 <p <oo. For any M > 0, there exist
f,g € S(RY) such that

17 fllp + llgllBmo < 1,
but

I7°(fg) = fT°gll, > M.

Proof of Proposition 7.3. By Theorem 6.2, and noting || J*~10f|, < |5 fllp, we
only need to choose f,g € S(R?) such that

172 fllp + llgllBmo < 1,
but
lg(J°f = P)llp > M.

By Lemma 7.2, we can choose g € S(R?), such that
1
lgllsmo < 3

and for some zy € R%, §p > 0,
lg(x)] > N> 1, Y|z — 20| < 0.
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Then we choose ¢ € C2°(B(xg,00/2)), such that ||¢||, = 1. Define

flz) = % o(x) cos(kxq).
By Lemma 7.1, it is easy to check that
[T f — () coskwy|lp Sopas BF
On the other hand, by Lemma 7.1,
lg(z)p(x) cos kz1[lp 2 Nl¢(x) cos kaall, 2 N

Clearly we then have

1
S _ > _ _ _ _
lgr*f = Hlls 2N =0(5) = 0(3) > M.
if N and k are sufficiently large. O

The same construction used in Proposition 7.3 can be used to obtain the fol-
lowing corollary. In particular, it shows that the estimate

1D*(fg) = fD*gllp Ss.p.a 1D fllp l9loc,
for 0 <s<1,1<p< o0 is sharp.

Corollary 7.4. Assume 1 < p < oo and 0 < s < 1. Then for any M > 0, there
ezist f,g € S(R?) such that

Il7° fllp + llgllBmo < 1,
but
ID*(fg) — fD°gll, > M.

Proposition 7.5. Assume 1 <p < oo and1 < s <1+d/p. Then for any M > 0,
there exist f,g € S(R?) such that

17° fllp + llgllemo + 10 lse + 17°gllp < 1,
but
I J°(fg) = fT°gllp, > M.

Proof of Proposition 7.5. By Theorem 6.2, we only need to choose f,g € S(R?)
such that

17° Fllp + llgllBrto + 10 flloc + 1175 gll, < 1,
but
lg- (J°f = llp > M.
By Lemma 7.2, we can find g € S(R?) such that
|J4Pg]l, <1, but [lgllee > N > 1.
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Note that ||g||smo < [|J9Pgl, <1, and for 1 < s <1+ d/p,
17 gl < 17/7g]l, < 1.
Since ||g|loo > N > 1, we may assume for some B(xg,dp),
lg(z)| > N, for all z € B(xg,do).
We then choose ¢ € C2°(B(xo,d0/2)) with ||¢||, = 1, and define

flx) = % o(x) coskxy.

< k=670 <« 1if k is large. Also by

~

Since s > 1, it is easy to check that ||0f]
Lemma 7.1,

17°F = ¢() cos kaallp + | fllp S k7
lg(x)¢(x) cos k|, > Ni|¢(x) cos k|, Z N.

Clearly we get

1
lg(*f = Plls > N =0(5) > M,
if NV and k are taken sufficiently large. 0

Lemma 7.6. Assume 1 < p < co. For any M > 0, there exists f € S(RY) such
that

(V)P f|, <1,
but
10f]]oc > M.

Proof of Lemma 7.6. This is similar to the proof of Lemma 7.2. Let ¢ € S(R?) be
such that supp(¢) C {€:1/2 < |€] < 2} and

&
¢(£) |§TQ d§ > 0.
Define
o L
= (A1) (20x) - 27
Jj=1 J
Then
1(81/)(0 (Z =) (A7 91016)(0)] = O(log N) > M,

if N is taken sufficiently large. The rest of the argument now is similar to that in
Lemma 7.2. We omit details. O
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Proposition 7.7. Assume 1 <p < oo and1 < s <1+d/p. Then for any M > 0,
there exist f,g € S(RY), such that

17° fllp + lglloe + 1175 gllp + 110 [IBMO < 1,
but

I7°(fg) = fT°gll, > M.

Proof of Proposition 7.7. Thanks to Theorem 6.2, we only need to choose f,g €
S(RY) such that

17°Fllp + llgllsc + 117° " gllp + 10fl[Br0 < 1,
but
10f - T*~20g], > M.
Now by Lemma 7.6, we can choose f € S(RY), such that
17°fll, <1, but [01f]lec >N > 1.
Thus for some B(z, ),
[(O1f)(x)] > N> 1, forall x € B(xg,do).

Now choose ¢ € C2°(B(x,00/2)) such that ||¢||, = 1. Define

g(x) = ks{l () sin(kx).

By Lemma 7.1, we have (note s — 1 > 0 so the hypothesis of Lemma 7.1 is valid
for §=s—1)

d
J*7201g — ¢(x) coskxy|, <k~ and J 20,9, S k7L
P i9llp

~

j=2
From these we get
0f - J*~20glly 2 [(¢(z) cos kx1)dr fll, — O(k™) 2 N = O(k™) > M,
if N and k are sufficiently large. O

Proposition 7.8. Assume 1 < p < oo and s > 1+ d/p. Then for any M > 0,
there exist f,g € S(R?), such that

17°(fg) = £ gllp > M (I Fllp llglloo + 7 glp 10 [Bn0)-

Proof of Proposition 7.8. By Theorem 6.2, we only need to find f and g such that

(7.2) |0 - 7*720glly > M (I £llp llgllee + 1175 gl 10f[lmm0).-
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To this end, we first choose f € S(RY) such that
10flBmo <1,
but
10f|loe > M? > 1.
Without loss of generality we may assume that, for some B(xq, do),
[(O1f)(@)] > M2, ¥ € B(wo,do).-
Let ¢ € C°(B(z0,00/2)) be such that ||¢[/, = 1, and define

g(x) = ksl—_l () sin(kx).

Then by Lemma 7.1, we have

d
|7°72019 = 9(x) cos karllp Soasp k" and DI 2011l Soap k-
j=2

Thus
10f - J*~2glly Z |¢(x) cos ka1 - f(2)|l, — O(k™) Z M* = O(k™1).
On the other hand,

s 1
17 Fllp 191l < =g 19ll0 17° f o,
1
sl < 2
17 gllp |0f]BMo S 1+ O(k)

Clearly, if k is sufficiently large, (7.2) follows. O

Proposition 7.9. Assume 1 < p < oo and s > 1+ d/p. Then for any M > 0,
there exist f,g € S(RY), such that

17°(f9) = [T gllp > M1 f Iy lgllBymo + 17° gllp 101 ]lsc)-

Proof of Proposition 7.9. Again by Theorem 6.2, we only need to find f, g € S(R?)
such that

(7:3) lg(T*f = Dllp > M7 fllp llglemo + 175 gllp [0 F1]s0)-
Choose g € S(R?) such that
lgllBmo <1,
and for some zg € R, §y > 0,

lg(@)| > M?,  V|a — w0l < do.
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Let ¢ € C°(B(z0,00/2)) be such that ||¢[/, = 1. Define

f() = = 6(z) coslhan).
Then by Lemma 7.1,
17°f = f = ¢(x) coska]lp Soasp b
Then
lg(7*f = Pllp 2 lg(@)é(x) cos kx|l — O(k™") Z M? — Ok ™).
On the other hand,
17° fllp lgllBvo S 1+ Ok,
175 gllp 10 f oo < 115 gl - %(Hqﬁllw +110¢]0)-

Thus (7.3) follows easily. O

8. Proof of Theorem 1.9

Denote J° = J5 — I and write
JS fg ZJ f<] 29] +ZJ g<j 2f] +ZJ fjg]

- 2
where §; =27 5 gjta-

The diagonal piece. By Lemma 6.1, we have

HE js(fj@j)H S 220535l SN 0F o Nlgllps-
, p 4 P10
7<0 7<0

Next,
| 32 7 Peottia|| | < 3 155l < 1501 sy, _ e
Jj>0 j>0
Then
Sl N E o,
i>0 j>k—4
1@ 58 aeo|, S 1@ fi8)565-10)l1-
j>k—4

Now consider two cases.
If p1 < 0o and py < oo, then

127 £333)i2 5> 10y 1o S 1@ f)iz g5 10) I lgllpe S 17° 7 0f I, llg e
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If p1 = o0, p2 = p, then
127° £335)i2 > —10y o S 127 f)ize (55 —10) oo 1@7)i2llp S NI O 150 Nlglp-
J J J 00,00

Collecting the estimates, we get

H ZJS f' H ||JS_1apr1Hg||p2> lfpl < o035
79 17720f 5y _llglps i p1 = oo,

The low-high piece. We first write

J*(fejo2gi) = [J%, f<jo2]g; + f<j—2]"g;.

Clearly,

|30, p<i2las]| < D210 <ollpullgllpe S 1175705 Iy gl
<0 Pj<o

Let P = Zl Pj4; and denote K; = = Js P 6o Then, in the same way
n (6.4)— (6 5), we have
T*(f<j-295) = f<j2T"9;
(8.1) = /. Ki(y)(f<j—2(z —y) = f<j—2(x) + 0f<j—2(z) - y)gj(z — y) dy
(82) — | Kj(y)0f<j—2(x)-yg;(z —y)dy.

Rd

Estimate of (8.1). First,

89

as

[fejma(@ —y) = fejoa(@) + Of cjma(m) - y| S M(D* fj2)(@) - (L +2[y])? |yl

So

1> @D H S - 277 - M(9° fejmz) - M)z 5o -

7>0

If0<s<1,p < oo, and py < 00, then

(27672 M(02fej2) - Mgz >0 llp
< @2 M9 fej-2))z50) oy - 1 (Mg5)ize I,
SN0 Mlpa 19l ps-

If0<s<1, pi =00, ps =p, then

(27672 M(0* fejo) - Mg;)iz >0 llp
SIEE2 M@ faj—2)iz g0l - [(Mgj)ez
S50 Moo N9l
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If s > 1, p3 < o0 and py < 0o, we first note

0% fejal S > 2KPL(0)] S 27 M(Df).

k<j—2
Then

12772 M9 fejmz) - Mgz 50y lp S MO lps - 127V )iz (150l
SN0 llpsll7*~20g]lp, -

If s > 1, p3 = p and py = oo, then
(27672 M(02 feja) - Mg;j)iz >0 llp

SIETM@ f<j2))izsollp - 12757V Mgs)ise (550) oo
SNoflp 17°20g]lso-

Thus (8.1) is OK for us.

Estimate of (8.2). In the same way as in (6.5), we have

D (82)=—5Y Ofcjo-J g,

§>0 §>0
If 0 < s <1, then
[(0f<j—2- JS_Qagj)z;%(po) llp
<00 <ollor - 107209, )2 g0y s + 1@oc.s-2 - 720,z 50y -

If po < oo, then

10f<0llpu (T*2095)i2(j50) lpe S NT°7 0 llpa l19lpes
and also
10 foc-<j—2 - T*720g5)i2 350 llp
S0 foccjm2)ise I, (274 T°728g5)i2 (j5.0) lpe S 119°70F I 19l
If po = oo, then p; = p, and
10 <ol (720, 50y e < 177201y g loc
and also

1(0fo<.<j—2- Js*z@ﬂj)l?(a‘w)”p
S H(2j(871)3f0<~<j72)z§||p|\(Qj(lfs)Jsfzagj)l?(»O)||oo SN0 f Nl llglloo-
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Next consider s = 1.
If po = oo, then by Lemma 3.1,

| S 0r<ims- 0700, < 10715 17 Dgllmio < 1071 llallpvio.
j>0

If ps < o0, then
H > 0f<ja J_langp S@f<j—2- T~ 0g))i2llp
7>0

SN0 fllou 1772 0gllps < 10F 1l llgllpe-

Next consider s > 1.
If p4y = 0o, then again by Lemma 3.1,

| S 0rcsae 7204 <1011+ 17 20 esso.
7>0

If py < oo, then clearly

| S 0ses-27200;] <1011 172001,
>0

This ends the estimate of (8.2). We have finished the estimate of the commu-
tator piece [js, f<j—2]g;.

To finish the estimate of the low-high piece, we still need to estimate the con-
tribution of the piece Zj f<j_2jsgj. Write

qu 200 = fTg — Zf>; 2 J0g; = fTg — ZfJJ9<J+2

Clearly,
| 3 i 7g<isal| S D2 16l - 22 Ngllps S 1770l g
J<10 J<10
On the other hand,
SN tiTg<ire =Y fi9<i0+ > 110G
j>10 §>10 §>10
where §; = gj_2<.<jt2.
By frequency localization, for p; < 0o, ps < 0o, we have
| S fidtgesms] S 121 27 gi2ior
j>10
S ||(2jsfj)l§(j>1o)||p1 ||(2_js=]sg<j72)l;°(j>1o)||pz
SN0 Nl lgllpa-
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If p1 = o0, p2 = p, then

H Z fid*g<i- 2H S H(stfj)l;x’(j>10)||Oo|’(27jsjsg<jf2)l?(j>10)Hp
j>10

<08 50l

For the piece Y 510 fjjsgj, if p1 < 0o and py < 00, then

H Z fJJSQJH S H 27° fJ 2 g>10)||le(2 is Je 9])12 g>10)||
7>10

5 ”JSilaprl”gHPQ'

If p1 = p, pa = o0, then by Lemma 3.1,

| 3 5a|| < 10" ool D= Fgsollnio < 177701 lglimaro-

j>10
Similarly if p; = oo, p2 = p, then
| X 5dva| <17 oo gl
j>10

The high-low piece. First,
| X 71| < 2 lglls Usllps < 17707
Jj<0

7<0
If p1 < oo, then
| 7 aes2h)|, S 1@ fr9<s-2rgs0, < 1770 gl
7>0

If p1 = oo, then po = p. In this case we write

J* (9<] 2fj) [ y9<j— Q]f] +9<j— 2J f]

We first estimate the commutator as

HZ “oclf| S 1@ M@g<s-2) - 27 MEDagaol,

SN Mz g0l 27 M@g<j-2))zi50 |,

<1750l _llaly-

Finally, by Lemma 3.1,

Hzgq 2T 65| S 1 Foollmago 9l < 177707 o gl

This concludes the proof of Theorem 1.9.

. LI
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9. Further counterexamples

In this section we collect further counterexamples for the operator J* on divergence-
free velocity fields which are deeply connected with the investigation of norm es-
timates of incompressible Euler equations in Sobolev spaces (see [3], [4], [18] and
the references therein). In typical energy-type estimates for Euler equations, we
have for s > 0, 1 < p < oo, and divergence free u,

[7°((u - V)u) = (u- V)T ullp Ss,p,a [|0ulloo [|T7ul]p-

A natural question® is whether ||0u|~ can be replaced by [|Ou|pmo. If this is
the case, it would yield single exponential in time growth of Sobolev norms of
two-dimensional Euler thanks to conservation of vorticity. Proposition 9.3 and
Proposition 9.4 disprove any such possibility. In particular, we show that for
1<p<oo,s>1+d/pand any Schwartz v with V - u = 0, one cannot hope any
quantitative bound of the form

1°((w- V)u) = (u- V)(J*u)ll, < F(|0ullBmo) - [|/ul|p,
and also for 0 < s < 1+ d/p, one cannot have
17°((u - V)u) = (u- V)(J*u)|lp < F(||Jullp, [[Oul[smo)-

An enlightening feature of our construction is the incorporation of the divergence-
free constraint.

Theorem 9.1. Let s >0 and 1 < p < co. Fiz an integer ! € {1,...,d}. Then the
following holds for any f,g € S(R?):
1T°0u(fg) = fI*Ong = gJ*0uf — Of - I — g - IO [l
Sspd |7 fllp [19gllBro + 10 [[Bymo |79 ]lp
where

T29(¢) = J0(€)3(€) and  JO(€) = —ide(((&)° — 1) - i&).

Proof of Theorem 9.1. We shall only sketch the proof since it is similar to the proof
of Theorem 6.2. Define B = (J° — 1)0;. Then

(9.1) B(fg) — fBg = Z( (f<j—29;) — f<j—2By;)
(9:2) +Z (fig<i—2) — fiBg<j—2)
(9.3) + Z (£;3;) — 1iBa),

- 2
where §; =>"_ , Gjta-

5We thank Zhuan Ye for raising this question.
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Estimate of (9.3). Clearly,
| S Ba| S S22 U5l Nailleo S 1571 19911,
N p X >
7<0 71<0

|3 PeoBthian] <3 150 sl < 19° £l 1901155, -

3>0 i>0

H > P.oB(f3)) ) i~ H(Qk Hs)p’“( Z fjgj))zg(loo) P
j>k—4

3>0

< 1@ £ 6510 lo S 177 19l 50 _

Similarly,
| > s3] <1719l
i<0 Y ’

and by Lemma 3.1,
H ijBéij = H D 27 PD fo 02 Py (T - 1)31D_Sg>—4)H
>0 J

P
SID* fllp 1D73(J* = 1)0g>—allBmo < 17 flp 199 Bao-
Thus (9.3) is OK for us.
Estimate of (9.1). Let K Za——lO BPj;400. Then
f<j 29]) f<j—2Bg;

/ K () (fesa(w — ) — fegalz) — Df i a(z) - (—9))g; (x — v) dy

©05)  + [ KW0fs-a@) - (o)l - ) dy.
Estimate of (9.4). By using
|f<i—2(@ —y) = f<j—2()=0f<j—2(2) - (=)
S M@ fejo2)(@) - L+ 2[y))? - [yl
we get
27, ifj <o,

(04)] S M@ j-2)(@) - (Mg;) @) {%D i

Therefore by frequency localization,

|Z 0],

< ||(M(82f<j72)ng2j)l?(j§0)||p + ||(M(32f<j—2)/\/19j2j(8_1))z;(j>0)Hp

<1015 179l

L1
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Estimate of (9.5). Tt is easy to check that

[ K0 =y = 17 0URO5) = g,
where we recall

TOE) = 2 06(B(€)) = ~idk(((6)° ~ 1)i€y).
Then
D95 =) 0fcjo-J%;=0% 0f = J%9<s42-0f;.
J J

J

Clearly, by Lemma 3.1,

| 729<sea 08 <197l 105 msio S 17511 91 o
J

Thus
> (9.5) =% - 0f + OK,

J
where

10K |, < 1771l 10g]lBMmo0 + 11779l 10 lBMO-

Estimate of (9.2). First note that by swapping f and g, and using the previous
estimates, we have

Z(B(fj9<j—2) —g<j2Bf;) =J%f- 09+ OK.
J
On the other hand,

> 9<j-2Bfj =gBf =Y g;Bf<ji2,
J J

| S 0iBr<sea| <302 aloe 1710 S 1°Flp 19015,
J<0

Jj=<0

| S 0iB1<s2] < 10glmrio 171

7>0

Also similarly,

| 3 £iBoci|| < 19llmo 17l
J

Thus
(9.2) = Jf - g + gBf + OK.
The desired estimates then follow from the simple identity that
B(fg) — fBg—gBf =J°0(fg) — [JOg — gJ O f. O



96 D. L1

An immediate corollary of Theorem 9.1 is the following estimate.

Corollary 9.2. Let s >0 and 1 < p < co. Then for any u € S(RY) with V-u = 0,
we have

17°((w - V)u) = (u- V) J?ullp Ssp.a [|0u]loo | 77wl
Proof. Obvious. O

Proposition 9.3. Let 1 < p < oo and s > 1+ d/p. Then for any M > 0, there
ezists u € S(RY) with V - u = 0, such that

[Oullsmo <1,
but
17°((w - V)u) = (u- V)(J*u)llp > M| ull.
Proof of Proposition 9.3. We shall choose u in the form
u = (uy,us,0,...,0).

Then we only need to show®
2 2
H S0 (wus) — Zulaljsqu > M| J5ul,.
P
1=1 =1

By Theorem 9.1, we have

2

2 2 2
H S" IO wus) — 3w dus — S (Tduuz =3 dug - ((JF = 1)) u
=1 =1

=1 =1
2
=D = 12 - ous | 1l 9l

where

F(((I* = 1)a)?)(6) = —ide(((6)° - 1)i&)
S<§>s_2§§l + (<£>9 - 1)ela € = (07 .- 'aoa 170 o 50))
——

(J*5 = 1)9))? = —sJ*7200, 4 e)(J* —1).
Clearly by using V - u = 0, we get

2
> 0w - ((J° = 1)0)%uy = —sZaul J*200us,
2 2
> (T = 1)) %ur - Bug = ((J° = 1)w)dyus.
=1 =1

6Here we choose us for convenience only. One can of course choose u; as well.
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Thus it suffices to show

H Zaul I 2aalu2—Zalu2 I —1)ulH > M| J5ul,.

=1 =1

For convenience of notation, for f = (f1, f2), g = (¢1, g2), denote

B(f —szaﬁ Jo 286192—28”“2 "= 1Dg.

=1 =1

Now choose ¢ € S(R?), such that supp( p) C {€:2/3 < |¢] <1}, and
[ G660

The last condition is to ensure that |(812¢)(0)| # 0. Now define

~ 71
¢(23l )2_6l : 77

'MS

¢(x) =

=1

where m is chosen sufficiently large such that y/logm > M. It is easy to check
that

d d
[(0120)(0)| ~logm and > [0:9;6lemo < Y IDY20:0;6]l2 < 1

ij=1 i,j=1
Set u® = (ug,u$,0,...,0), and
uy = =0, u3 =01

Note that (01u$)(0) = —(02u$)(0) = —(012¢)(0) ~ logm. Now discuss two cases.

Case 1: [|B(u®,u®)|p, > ylogm|J*u®||,. In this case we set u = u°® and no
work is needed.

Case 2: ||B(u®,u®)|l, < vlogm]J°u®||,. In this case we shall do a further
perturbation argument.
First by continuity, we can find dg > 0 such that

1
|(0120)(2)] > 51(012¢)(0)] ~ logm,  ¥[a] < do.
Now choose b € C°(B(0,d0/2)) such that

1ollp = 755 1770 lp-

100
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For k > 1, define
" = JRE (sin ka1 )b(x),

u" = (_a2¢n7 al¢n707 cee 70)7

u=u’+u".

Then by taking k large, it is easy to check that ||J*u"|, < || J°ul|,, and

1
1B u")lp Sbdsp 3oy <1,

p

2 2
IB(u™, u®)|, = HSZ uy - J*200ms — 3 - (J° — Lyug
=1

=1
1
Sb,ds,p,é T <L
2 2
B(u®,u") = sy ouf - J*200uy — Y os - (J* = Duf!
=1

=1
= s@lufJ8728181u§ — OugJ ul + error,

where

| error(l, <540, 1

On the other hand,

1

1727201 01ug — (=1) cos(k)b(@)lp Spasp 7
1

175 = cos(kz1)b(@)lp Stdsp 7-

Thus
[ B(u?,u")|lp Zd,s.p (s — 1) logml[bllp,
and it follows easily that

[1B(u, u)llp Zd,s,p (s = 1)logm — v/logm)|[J*u?l|, > M| J>ul|,.

. LI

O

Proposition 9.4. Let 1 < p < oo and 0 < s < 1+d/p. Then for any M > 0,

there exists u € S(RY) with V - u = 0 such that
[7ullp + [[0ullBvo <1,
but

[7°((u - V)u) = (u- V)(J*u)llp > M.
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Proof of Proposition 9.4. We only need to alter slightly the construction in the
proof of Proposition 9.3. We use the same notation as therein and define

mo_ 1
QS(.’E) = Z ¢(23lx) 276l : 77 u’ = (U?»Ug»oa B 70)7 U? = _82¢7 ’U,g = 81¢

=1

~

It is easy to check that ||J'T4/Pue|, < 1.
Case 1: ||B(u®,u)||, > vlogm. No work is needed and we can take u = u°.

Case 2: | B(u®, u®)|l, < vlogm. In this case we just choose b € C2°(B(0,d/2))
such that [|b|l, = 1. The rest of the argument is then similar to that in the proof
of Proposition 9.3. We omit details. O
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