GLOBAL WELL-POSEDNESS OF HEDGEHOG
SOLUTIONS FOR THE (3 + 1) SKYRME MODEL

DONG LI

Abstract

We consider hedgehog solutions in the (3 + 1)-dimensional Skyrme model, which
is an energy-supercritical problem. We introduce a new strategy to prove global
well-posedness for arbitrarily large initial data.

1. Introduction

In this article, we consider the (3 4 1)-dimensional Skyrme model in quantum field
theory. This nonlinear sigma model was first proposed by Skyrme [24]-[26] to incor-
porate baryons as stable field configurations in the description of low energy interac-
tion of pions. Let U : R3T1 — SU(2) be a map into the isospin group with signature
(+ — ——). Define the su(2)-valued connection 1-form A by (below UT denotes the
Hermitian adjoint)

A=UTdU = A, dx",

where x° =1, (x/)1< j<3=Xx€ R3. The Lagrangian density of the classical Skyrme
model is given by

€= —%f,f Tr(A,A") + %ez Tr([Ay, Av][A", A%]), (1.1)

where fn2 is the pion decay constant and € > 0 is a coupling parameter. The actual
value of fn2 does not play much of a role in our mathematical analysis and we will
conveniently set it to be 2. Here [-, -] is the usual Lie bracket on su(2) and Tr(-) denotes
the matrix trace.

The Euler—Lagrange equation of (1.1) takes the form

(A" —€*[A,,[4", A%]]) = 0. (1.2)
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Let I, be the identity matrix, and let 0, 1 < j < 3 be the Pauli spin matrices.
Introducing the angular variable @ = w(f, x) and the spin vector n = (n;) € S?, we
write the group element U € SU(2) as

w(t, x)

U(t, x) —exp( o;n;(t, x))

a)(t,x)
2

= I, cos —i(ojn;(t,x))sin (1.3)

w(t,x)
B

We will be mainly concerned with a special family of solutions known as hedge-
hog solutions. Under the hedgehog ansatz, we setr = |x|,nj(x) = ==, and w(t, x) =
2f(r,t), where f is the unknown radial function. We then obtain from (1.2)—~(1.3),

(1 + ezzsin;f)(an - %ar)f

_ 4sm f o f — 2Sln(2f) (@1)? = (0, )?)
~ singf) 28’ f -riin(2f). (1.4)

Introduce the notation
d—1
Ad = 8rr + —ar
r
and
d—1

r

|:’a’zatt_AdZatt_arr_ 0r.

For radial functions on RY, Ay and [y are simply the usual Laplacian and

d’ Alembertian in polar coordinates. In our work, it will be useful to lift the function

£(r) to a radial function in R for some convenient choices of the dimension d.
Using the above notation, we write (1.4) compactly as

(1+ 251;1 f)D3f 4s1n f o f — 2sm(Zf)((8 f)2 (arf)z)
B sin(2f) _stin f-sin(2f)

2 pr (1.5)
The boundary conditions for f are
lim f(t,r) = Ny, lim f(t,r) =0, (1.6)
r—0 r—>00

where N; > 0 is an integer.
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The main result of this paper, roughly speaking, is that for smooth and arbitrarily
large initial data the corresponding solution to (1.5)—(1.6) exists globally in time. The
precise formulation of the results will be given in Section 2. The basic conservation
law associated with (1.5) is given by the Skyrme energy

72

® gin? f ,sin® £\ ,
—1—[0 — (l—i—e N )r dr (L.7)

r

=3 [ (142 L) @02 + o) ar

=FEqy, Vt>0.

With respect to the Skyrme energy conservation, the main difficulty associated
with the analysis of (1.5) is that it is energy-supercritical and no useful theory is
readily available for such problems. We will introduce a new (and special) strategy to
overcome this difficulty and prove global well-posedness for arbitrarily large initial
data. As far as we know, this is the first unconditional result on a physical energy-
supercritical problem.

We summarize below the main points of the proof.

Main steps of the proof

In our analysis, the value of € does not play much of a role and we will henceforth set
€ = 1 in (1.5) for convenience.

Step 1. Local (in time) analysis and lifting to dimension 5.

The first step is to obtain a good local theory. Observe that the nonlinearity on
the right-hand side of (1.5) has strong singularities near r = 0 which can only be
balanced out by a good local asymptotics of f as r — 0. To kill this singularity, we
introduce g = g(r,t) by the relation

fr.t)=¢(r.1) +rg(r.0), (1.8)

where ¢ is a smooth cutoff function such that ¢ (r) = Nyx for r < 1. We then regard
g as a radial function on R> and obtain from (1.4) and (1.8) an equation for g of the
form

Dsg:N(rvgaatg9vg)9

where N is a smooth nonlinearity and no longer contains any singularities near r = 0.
Local well-posedness in Hr’;d (R>) then follows from energy estimates. From the local
analysis, to continue the solution to all time, we only need to control the quantity

G = [ ()20 | ooy + |6 (00l + 198D ooy (19)
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We will achieve this in several steps.
Step 2. A nonlocal transformation and derivation of the ®-equation.

The blowup/continuation criterion (1.9) is supercritical with respect to the
Skyrme energy (1.7). To nail down global well-posedness, we analyze in a deeper
way the structure of (1.5). For this purpose, we introduce a nonlocal transformation
(see Section 3 for more details) of the form

(r,t) s 2 1
o= (1 4 28 (ry2+¢(r)))2 dy + 13¢>51(r), (1.10)
0 r r

where ¢>; is a smooth cutoff function localized to the regime r 2 1. Regard ® as a
radial function on R>. For ® we then obtain from (1.5) and (1.10) a nonlocal equation

of the form
1 3 1o 5,
Os®=—¢>; — P+ = (3B2 + B2 — B 2)dy, (L.11)
7'3 ~ 2 2 0
where
L 250y £ 9()

72

The remarkable feature of this new system is that—at the cost of nonlocality—all
derivative terms on the right-hand side of (1.4) have been eliminated.
Step 3. Control of the H!-norm of ® and a nonblowup argument.

This includes the estimates of [|®| ;2 gs), [|0: Pl ;2 g5y, and || V]| 2 s). This
is an important first step to beat energy supercriticality. Due to the particular structure
in (1.10), it is not difficult to check that the Skyrme energy (1.7) is insufficient to give
any control of ||[V®|| 12 (rs) Which is a manifestation of energy supercriticality at the
lowest level. A heuristic analysis (see the beginning of Section 4) shows that in the
worst case scenario the linear part of (1.11) could take the form

3 3
Osd=—=0+ =,
5 > + )

which is a wave operator with negative inverse square potential. Since d = 5 and
3> @, we cannot use Strichartz (cf. [4]). To solve this problem, we resort to
a nonlinear approach which exploits the fine structure of the equation. Let 7" be the
first possible blowup time. By performing estimates directly on (1.10) and (1.11), we
obtain

/RS(%WQ(MZ — perg () - H(r,t)) dx <C(T), Y0<t<T, (1.12)

where 0 < C(T) < oo is a constant depending on T, rg < % is a small constant, ¢,
is a smooth cutoff function localized to r < rg, and
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3 ey 2sin?(rw)\ 3
=3[ B

‘ (/w (1 n 25in2(ry)>% ‘ 2sin?(ry)
0

2 72

dy) dw.

By a detailed analysis on H, we show that H admits the sharp bound

9 1 |®(r,1)?
H(rt) <= ——"—.
A
From this and (1.12), we obtain
9 |®(1)|?
05/ (|Vd>(t)|2——-u>dx§C(T), Vo<t <T, (1.13)
RS 4 7'2

where the positivity of the integral follows from Hardy’s inequality (see Lemma 4.3)
on R>. The estimate (1.13) is the sharpest available and yet it is not coercive enough
to give control of the H!'-norm of ®. The main reason is that there could exist a
sequence

H (1)

“V@(’n)“L,%(RS) — +00, p

L3 (RS)

but

2
/ (|V<I>(tn)|2 - 2 : @) )dx —Cq, ast,—T,
RS 4 r2

where C; > 0 is a finite constant. To rule out this blowup scenario, we will analyze
in detail the special structure of @ and perform a delicate limiting and contradiction
argument (see in particular (4.21)—(4.27) in the proof of Proposition 4.4). The techni-
cal details are contained in the proof of Proposition 4.4 and as a result we can control
the H'-norm of ®.

Step 4. Nonlinear energy bootstrap and higher-order estimates.

In this final step, we upgrade the H !-estimate of ® to H*-estimates which are
sufficient to give an a priori bound of the quantity G(¢) defined in (1.9) (and yielding
global well-posedness). The main task is to interweave the Sobolev estimates of g
and ® back and forth a number of times using in an essential way the structure of the
nonlocal system (1.10)—(1.11). The estimates are organized in such a way that we first
obtain temporal regularity and then use the structure of the equation to trade temporal
regularity for spatial regularity. The technical details are given in Section 5.

The above four steps complete our proof of global well-posedness. To put things
into perspective, we briefly review below some results connected with the Skyrme
model.
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Connection with other works.

(1) Prior to this work, progress has been slow on understanding the global dynam-
ics of the Skyrme model. In [32], Wong gave a detailed analysis of the dom-
inant energy condition and the breakdown of hyberbolicity for the Skyrme
model (see also Gibbons [15], Crutchfield and Bell [8]). In particular, it fol-
lows that a small perturbation of a static skyrmion configuration yields local
well-posedness. After our work was completed, the author learned that Geba,
Nakanishi, and Rajeev [12] proved a small data global well-posedness and
scattering result for the Skyrme wave map for initial data in critical Besov-
type space.

2) In [13] and [14], Geba and Rajeev considered a semilinear Skyrme model
introduced by Adkins and Nappi [1]. The equivariant solutions satisfy

atzf—arrf—%arf-i- sin(if) n (f—sinfcos{)(l—cos2f) _o
r r r
and have conserved energy
E(f(®)
% 1 (2 e 2
= [T (Gl@rr @y T USRI 2,

They proved that near the first possible blowup time, the energy does not con-
centrate. But the issue of global well-posedness is still open.

(3) Ife=0in(1.5), then we recover the equivariant wave map from R3*! to 3
which is also an energy-supercritical problem. Generally, smooth solutions
will blow up in finite time. Indeed, Shatah [22] constructed finite-time blowup
solutions which are self-similar and have finite energy. This was extended to
other target manifolds in [23] and higher dimensions d > 4 in [5]. In [2],
Bizon constructed a countable family of spherically symmetric self-similar
wave maps from the (3 + 1) Minkowski space-time into the 3-sphere. These
constructions all rely on the existence of a nontrivial harmonic map.

4) The (2 + 1)-dimensional analogue of the Skyrme model is known as a baby
Skyrme model. The technique developed here can also be used to prove global
well-posedness of corresponding hedgehog solutions. The details will be given
in a future publication. In contrast, the ¢ = 0 limit of the baby Skyrme model
gives rise to the (2 + 1)-dimensional energy-critical equivariant wave map

o, f  k%sin(2f) _

il A}
r + 2r2

attf - arrf -

where k > 1 is an integer giving the homotopy index. It is known that (cf.
[6], [23], [30]) for smooth initial data with energy E < E(Q), where Q(r) =
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2arctan(r¥), the corresponding solution is global. Also, by an argument of
Struwe, there is no blowup of self-similar type. The existence (and dynamics)
of finite-time blowup solutions was obtained in [21] (k > 4) and [20] (k =
1) using different techniques and giving different blowup rates. For results
and some recent developments on energy-critical wave maps from (2 + 1)
Minkowski space-time to general target manifolds, we refer to [3], [16]-[19],
[271, [28], [31] and references therein.

(5)  The technique introduced in this paper has been recently generalized and
extended to many other important physical models. In [10], Geba and Grillakis
improved and streamlined the result of this paper to Sobolev HS, s > 7/2.
Creek [7] and Geba—Grillakis [1 1] obtained large data global regularity for the
(2 + 1)-dimensional equivariant Faddeev model. We refer to the monograph
[9] for an extensive overview of more recent developments.

2. Reformulation and main results
As was already mentioned, the value of € will not play much of a role in our analysis
as long as € > 0. In the rest of this article, we will set e = 1 in (1.5).

Denote
)
A1:1+2sm2f'
r
Then
1 4sin® f 1 sin(2f)
B == S g T (@ =6 )
1 sin2f) 1 sin? f-sin(2f)
_A_l. 3 _A_l'r—“
=N, f. f). (2.1)

with boundary condition (1.6).
Let ¢ be a smooth cutoff function such that ¢(r) = Nz forr <1land ¢(r) =0
for r > 2. Define g(r,t) by

f(r.t)=¢(r) +rg(r.1). (2.2)
No boundary condition is needed for g at » = 0. Note that
O3 f =—A3¢ +Us(rg)

2
=—A3¢+rD5g—;g. 2.3)

'"We will regard g as a radial function on R> and construct a classical solution g € H k(R?). By radial Sobolev
embedding, |g (r,¢)| < r~2 as r — oco. Hence the boundary condition f(c0,#) = 0 causes no trouble either.
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By (2.1), (2.2), and (2.3), the equation for g then takes the form
2 1 1 ,
Usg = 28 + ;Aatﬁ + ;¢<1 “N(r.rg.(rg)’)

1
+ ;¢>1 “N(r.¢g +rg.(p+rg)). (2.4)

where ¢~1 = 1 — ¢<1, and ¢ is a smooth cutoff function such that ¢ (r) = 1 for
r< % and ¢<1(r) =0 for » > 1. In more detail,

<1
1+ Fo(rg)g?
— F3(rg) - g ((9:8)* — (3-8)°)
+ Fa(rg)-g*-rd,g)

Osg = (Fi(rg)g’ + Fa(rg)g’

2 1
+ ¢>1 58 + —A3¢
r r

1
+;¢>1-N(r,¢+rg,(¢+rg)/), (2.5)

where

) =25

Fi(x) = 32 3 singx)’
F>(x) = sm(2x) sin? xxsin(zx)’
F3(x) = Slnfx),

Fa(x) = _4Sin2x N 25in(2x).

x4 x3

It is not difficult to check that F,- (x), 0 <i < 4 are well defined for all x € R with
the help of power series expansion. Observe that the functions F; can all be written
as

Fi(x)=F;(x?, i=0,....4,

where the F;’s are smooth functions satisfying

Hd kF(x)H ~SCe VEZO, (2.6)

where Cj are constants depending only on k.
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The reason that we write F;(rg) = F;(r2g?) is that we will regard F; (r2g2) =
F;(]x|?g?) for x € R which is smooth in x. This will help local energy estimates in
the local theory.

Now we lift g to be a radial function on R?; clearly then,

5
r8rg=Zx,~ 0y, g =x-Vg.

i=1
Thus we rewrite (2.5) as

¢<1
1+ Fo(r?g?)g?

— F3(r*g%) - g - ((3:8)* — (Vg)?)
+ F4(r’g?)-g* - (x-Vyg))

Osg = (F1(r*g*)g> + Fa(r’g?)g’

2 1
+ @1 -8 + —As¢
r r
1
+ ;¢>1 “N(r.¢p +rg.(p+rg)). 2.7

For any integer k, we will denote by Hr’;d (R%) the usual H* Sobolev space restricted
to radial functions on R>.

PROPOSITION 2.1 (Local well-posedness and continuation criterion)
Let k > % + 1 be an integer. Assume that

(g.9:8)]i=0 = (g0, &1) € HE(R®) x HET1(RY).

Then there exist T > 0 and a local solution g € C([0,T), HX,(R%)) n C'([0,T),

ra

HXTY(R)) 1o (2.7). Furthermore, the solution can be continued past any Ty > T as

rad
long as

sup G(1) < oo, (2.8)
0<t<T)
where
G(t) = [ (x)g )] oo sy + [ ()(1808] + V&N | oo sy 2.9)

The proof of Proposition 2.1 uses standard energy estimates and will be omitted
here. Our main result is the following.
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THEOREM 2.2 (Global well-posedness for large data)
Let k > 4 be an integer, and assume that

(8- 8:8)li=0 = (80.81) € Higg(R®) x H7! (RY).
Then the corresponding solution in Proposition 2.1 is global.
By Proposition 2.1, the proof of Theorem 2.2 reduces to showing that (2.8) holds

for any 7" > 0. We will achieve this by devising a new nonlinear energy bootstrap
method.

3. Nonlinear energy bootstrap: Preliminary transformations
Recall that (2.1) has the basic energy conservation

0o in2
=5 [0+ 2 ) @+ o)t ar

72
® gin? f sin? £\
+/(; p (1+ 22 )r dr
= Ey, Vt>0. (3.1)

The continuation criterion (2.8) is supercritical with respect to this basic energy
conservation. To prove global well-posedness of (2.1), one certainly needs a new strat-
egy. In this section, we explain the setup of our nonlinear energy bootstrap argument.

Define ®; : (0, 00) x R — R by

- z 2sin? y\ 3
q>1(p,z)=/ (1+=2) . (3.2)
Nl 4 p
The definition of ®; takes into consideration the boundary condition (1.6), especially
when Np # 0.
Define
®y(r,1) = Dy (r, f(r.1)). (3.3)

Then

Us®y = (azz(i)l)(r’ f(r,t))((&,f)z - (arf)z) + (az&)l)(rv f(r’[))lj3f
— (A3,D1)(r, f(r.1)) =280, P1) (1, f(r.1))0, f. (3.4)

Here A3, is the 3-dimensional radial Laplacian in the p variable, that is,

(8a81)(0.2) = @01)(p.2) + 2 0,0)(p.2)
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Recall that

2sin? f
rz

A1 =1 +
It is easy to check that

0,

@22 D1)(r, f(r.0) + (3:D1)(r, f(r.1)) - (—Ail) : Singf) =

(8Zél)(rv f(r’[)) . 4Sin2f =0

—2(3,0: 1) (r. f(r.1)) — A 3

Therefore, by (3.4), (2.1), and (3.5), we obtain

-4 sin(2f) -4 sin® f -sin(2f)

O3®; = —A, > A2 — (A3, @0)(r, f(r,1)).
Denote
25sin?
Bi=1+22%
r

By a simple computation,

1 1 1 _3
A3,r(Blz) = r_z(Bl * _Bl 2)
Hence
N 1 rfeD _3
(A3, @) (r, f(r,1)) = —2/ (B, —B, *)dy.
r Nin
By a tedious calculation, we have
~1 sin(2f) 1 /fW) 1
A7 =— dy (B, * -sin(2y))d
1 2 2y y(By * +sin(2y)) dy
1 pfeD 3
== B, ?(2—r*(Bf —1))dy.
r Nim
Similarly,
_1 sin? f -sin(2 1 Sy _3 _1
Alz,w:_z./ @B~ B B a4y
r r Niw

1 fr) 3
+§/N B, 2(=3B} + 5B — By — 1) dy.
1T

1387

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Plugging (3.8), (3.9), and (3.10) into (3.6), we obtain
2 e 5 11 3
03Py =——d + —/ (3B —3B{ + B, * — B, ?)dy. 3.11)
V2 2 Nim

Equation (3.11) is still not very satisfactory since it contains terms of inverse square
potential type. To remove such terms, one more transformation is needed.
Define &, (r,t) by

Dy (r,t) =rd,(r,1). (3.12)
Then

O3 =z (rd,)

2
=rD5<I>2——ZCI>1. (313)
r

By (3.13), equation (3.11) expressed in the ®, variable now takes the form

3 1 f(r.t) 3 B
O50, =—= — 3B B
5Pr > 2+ 2 Jvin (3Bf + B,

Nl—

_3
— B, %)dy. (3.14)

Although formally the right-hand side of (3.14) still contains 1/r terms which may be
singular when r — 0, it actually causes no trouble in our energy bootstrap estimates
later. To see this, we bring back the g-function used in the local analysis.

Recall that

f(r.t)=¢(r) +rgr.0), (3.15)
where ¢(r) = Nym forr <1 and ¢p(r) = 0 for r > 2. Define
2sin?
By=14 20 (3.16)
r

Observe that B» is a smooth function (see the discussion preceding the estimate (2.6)).
Let ¢p<; be a smooth cutoff function such that ¢1(r) = 1 for r < % and
¢<1(r) =0forr > 1. By (3.15) and (3.16), we have

1 fr 3 _1 _3
;¢<1(") (3312+B12_B1 *)dy
Ninm
1 Nim+rg(r,t) 3 1 3
= 2—¢<1(r) (BB + B> —B; *)dy
r N
1 grt) 3 _1 _3
=30 [ end 4 mt - By @17
0
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In the second equality above, we have performed a change of variable y —
Ny 4 ry. Clearly, (3.17) is smooth as long as g is smooth since it has no singu-
lar terms in r.

By using (3.17), we rewrite (3.14) as

g(rt) 3

3 1 3 _1 _3
Os®y = —§<D2+§¢<1/ (3B; +B,*—B,%)dy
0
1 f(r,e) 3 1 3
+ —¢>1/ (3312 + B, 2 — B, 2)dy, (3.18)
2r Ninm

where ¢~1 = 1 — ¢<; is localized to r 2 1.

Equation (3.18) is almost good for us since it no longer contains any derivative
terms or singularities in ». However, there is one more problem.

By (3.2), (3.3), and (3.12), we have

1 /0 2sin? yy 3
Dy (r 1) = ;[N (1 + 3 y)2 dy. (3.19)
1T

By (3.18), it is not difficult to check that &, has no singularity near r ~ 0. How-
ever, for r > 2, by using energy conservation (3.1) and radial Sobolev embedding, we
obtain | f(r,1)| < r~ L. If Ny > 0, then (3.19) asserts that

Const
Dy (r, 1) ~ , asr — oo.
r

In particular, ®, ¢ L2(R®) when we regard ®, as a radial function on R®. We there-
fore need to introduce one more transformation to kill this divergence.
To this end, we define

1 1 fMim 3 _1 _3
O(r,t) = Dy(r.t) + §¢>1 : ;/0 (3B2 + B, > — B] 2)dy (3.20)
1 fry)
- _¢<1/ B? dy (3.21)
r Nim
1 feo
+ ;¢>1/ By dy (3.22)
0
Ly [ (g3 gLyt L3
+;¢>1/(; (31 — B +§Bl _gBl )dy. (3.23)

Since ¢(r) = Nz for r < 1, by (3.15), we have

(3.21>=¢<1/
0

(r,t) 22 1
f (1 4 2sin(ry HW)))Z dy. (3.24)

72
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For (3.22), we have

(rt) 2 1
(322)= ¢, /Og (1 N 2sin"(ry + ¢(f”)))2 dy

r2

1 é(r) 1
%.;¢>{/ B dy. (3.25)
0

Note that ¢ (r) = 0 for r > 2. Therefore, we can write

1 é(r) 1
;¢>1 f Bl dy = ¢1(r), (3.26)
0

where ¢..1 is a smooth cutoff function localized to r ~ 1.
For (3.23), observe that by (3.7)

and similarly

Therefore, we will write

1
(3.23) = r—3¢21(r), (3.27)

where ¢>1(r) is a smooth cutoff function localized to r 2, 1 and can vary from place
to place.
By using (3.21)-(3.27), we obtain

g(rt) - 2 1
O(r, 1) =/0 (1+ 2sin (rf2+¢(r)))2 dy + ¢y + rquSZl(r).

We can further include ¢~ (r) into ¢>;(r) and simply write

1 1
$~1(r) + r—3¢21(7) = r—3¢21(r)-

Then

g(rt) s 02 1
o(r,1) =/0 (1 4 2sin (rf;r W)))z dy + %3¢21(r). (3.28)

On the other hand, by (3.20) and a simple computation, we have

O(1) = ®2(0) + 21 (). (3.29)
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Plugging (3.29) into (3.18) and using (3.20), we obtain

1 3 1 gty 5 _1 _3
D5®=r—3~¢21—§q>+5¢<1/ (3B; +B,* — B, *)dy
0
1 1 S0 3 1 _3
+5.¢>1-;/0 (3B2 + B2 — B} 2)dy. (3.30)

By using an argument similar to the derivation of (3.28), we further simplify
(3.30) as

1 3 | S S
Us®=—¢>1 — =P+ = (3B2 + B™2— B 2)dy, (3.31)
r3 ~ 2 2 0
where
2sin?
By sy 2+¢(r)). (3.32)
r
Formula (3.28) then takes the form
g(rst) 1 1
O(r,1) = / B2dy + r—3¢21(r). (3.33)
0

We analyze (3.31)—(3.33) in the next section.

4. Nonblowup of the H !-norm of ®
The first step in our analysis is to control the H '-norm of ®. This includes || || L2(RS):
”ath”L)%(RS)’ and ||V<I>||L§(R5). By (3.33) and (2.2), we have

1 2sin” f\3
3t¢=—~3tf-(1+ zf)27
r r
and therefore, by (3.1), we obtain
”8tq>”L§(RS) ,S L. 4.1)
By (3.32) and (3.33), it is easy to see that
2 1
@ 0] S [g(rn] + g D" + 5 |d21(1)]. 4.2)

By the assumption of Proposition 2.1 and Sobolev embedding, we have
||g(0)||L§(R5) < 1. By (4.2), this gives ||CI>(0)||L%(]R5) < 1. Using (4.1), we then
have

|®®)] 2 gs) = Const-z,  ¥1>0. (4.3)
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By (3.1), we have
18: £ 12 gy + 105 £ 128y S 1
Since || £ (0)Il .2 r3) <1, we obtain
| f@| g1 g3y < Const-1, V> 0. (4.4)
By (2.2) and Hardy’s inequality (see (4.13)), we obtain
”g(t)”H}(RS) <Const-¢, Vt>0. 4.5)

However, it is not difficult to check that (3.1) and (4.5) are insufficient to bound
IV L2(r5)- One may try to do Strichartz. But there is one problem as we now
explain.

Imagine that

1
g(rt)y ~— (4.6)
r

for a range of values of r < 1.7
Then by (3.33),

DO(r,t) ~ \/ng(r, t)

and

3 renn 3.2 3
Ef B3 dy~ —{g(n 1)~ 50 1).
0 r r

Therefore for a range of values of r < 1, the linear part of (3.31) takes the form

3 3
Oso=—& 4 — . 4.7
5 22+ 3 4.7)
Equation (4.7) is a wave operator with negative inverse square potential. Since d = 5
and
d —2)?
3> g’
4

no Strichartz is available (cf. [4]). This destroys the hope of employing good linear
estimates.

Therefore a new idea is required to establish the H !-norm bound of ®. In partic-
ular, we will use a nonlinear approach which exploits in an essential way the structure
of the equation.

2Certainly (4.6) cannot hold for all 7 — 0 since g is assumed to be regular at 7 = 0.
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LEMMA 4.1
There exists ro > 0 sufficiently small such that for any 0 <r < rg, we have

b 3
F(B) = / (r? + 25in2y)% (Z — sin? y) dy >0, VB=>0.
0
If r > 0, then the equality holds if and only if B = 0.

Proof
By a simple calculation, we have

4 3 1
/0 (siny) - (Z —sinzy) dy = 3

Clearly there exists r; > 0 sufficiently small such that
"o Lo (3o 1
(r° + 2sin y)Z(Z—sm y)dyzﬁ, YO<r<ry. 4.8)
0

Consider mz < B < (m + 1), and assume that m is large. Then by (4.8), for
0 <r <ry, wehave

k 3
/ (r* 4 2sin? y)% (Z —sin? y) dy
0

1 “ 3
>—m—+ (r? +2sin2y)%(— —sinzy) dy
12 ma 4

m 1
>——001)> —,
12 M 12

if m is taken to be sufficiently large.

Therefore, we only need to consider F' () on a compact interval [0, m]. Observe
that F(0) =0, F(mm) > % It suffices to consider critical points of F in (0, m) and
prove the positivity of F at these points. Solving F’(8) = 0 yields

sin(B) = :I:?.

Hence

2
B=jr+3 o jm+T jz0jel
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If = jm + %, then for 0 <r < ry, by (4.8),

e 7))

J
EE-{-/ (r? 4 2sin? y)2 (——sm y)dy

> 0.

jﬂ+3
(r* 4 2sin® y)2 (——sm y)dy

If = jm+ 2&, thenforO<r <ry,
2
2
F(jn—i—%)ilj—z—i-/ (r* + 2sin? y)2 (——sm y)dy
27r

3
Z/ (r + 2sin? )2 ( —sin y)dy
0

Define

27z
F(p)=/0 (p +sin® y)2 (——sm y)dy
It is easy to check that F (O) = 0. On the other hand,

F(p) FO) _ ! (é_sm y)dy
\/p—i-sm y+\/51n y

>0, for p sufficiently small.

Hence F(jm + 27”) > 0 for 0 < r < rg, where ry is sufficiently small.
Define G; : (0,00) x R—R,i =0,1,2 by
w 2i 2 1 2i 2
Gt = [ (1 2 2
0

r2 r2 ’

3 z 25si 2 1
G102 =3 [ Gotrawy (14 Z20) s,
0

Go(r,w) =/w(1 + M)%dy
0

72

COROLLARY 4.2
Forany 0 <r <rg, z €R, we have
9 1 (Ga(r.2))?

iGl(er)|§Z'§' 2

DONG LI

(4.9)

(4.10)

.11

(4.12)
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Proof
Since Gq(r,z) is an even function of z, it suffices to consider the case z > 0. By
Lemma 4.1 for w > 0,

3 9 1
0< EGo(r,w)S Z~r—2~Gz(n w).

Therefore,
9 1 (* 2sin(rw)\ 3
OSGI“’Z)SZ‘r_z‘fO Gatrow) - (14 25 0) 2 gy
9 1 [*
105 [ ) @G w)
4 r2 0
9 1 (Ga(r.2))?
“i2 T 2 =
LEMMA 4.3 (Hardy’s inequality)
Letd > 3. Then
/ f—zdx<L/ IVfI?dx, VYfeCPRY). (4.13)
ra X2 T (d =2)? Jpa

The constant ﬁ is sharp.
The goal of this section is to prove the following.

PROPOSITION 4.4 (Nonblowup of the H '-norm of ®)

Let T > 0 be the maximal lifespan of the local solution g constructed in Proposi-
tion 2.1. If T < oo, then

sup (H‘DU)H HI®S) T H atq)(””L%(ﬂ@)) < 0. (4.14)
0<t<T

Before we begin the proof of Proposition 4.4, we set up some notation.

Notation

Throughout the rest of the present work, unless explicitly mentioned, we will suppress
the dependence of constants on the initial data or on the time 7. For example, we will
write (4.14) simply as

[2O] 1 @s) + 22D zesy 1. YOt <T.
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Proof of Proposition 4.4
By (4.1) and (4.3), we only need to show that

”VCD(I)HLZV(RS)S,L Vo<t<T.

DONG LI

Let y € C° (RS), 0 < ¢ <1, be a radial smooth cutoff function such that
Y (x) =1 for |x] < L and ¥ (x) = 0 for |x| > 1. Choose ro < 1 as in Lemma 4.1,

1
2

and define
¢<r0 (x) = W(:_O)
¢>r0 (.X') =1- ¢<ro(x)'

By (3.31)—(3.33), we have

1 1 &0 . 3 3 gy .
Ds‘b=r—3¢21+—/ (B_Z—B_j)dY‘f'E/ (B2 —B2)dy
0

2 Jo

1 1 [&wn 1 3
— bt [ @ioshe
0

2

g(rn) 2sin2(ry) 3 25in2(ry)
+ §¢<r0[) (1 + r2 ) : r2 dy

3 g 1
+ —¢>r0/ (B}~ BY)dy
0
3

Multiplying both sides of (4.15) by d;® and integrating by parts, we obtain

d 1 ) 1 )
E/I;s(i(a’q’) 51V — gy () - G (g () ) dx
SN9:@ 12 sy - (14 ||g(;)||L%(R5))'

Plugging (4.1) and (4.5) into (4.16) and integrating in time, we obtain

0<t<T

In particular, this yields

/RSGW‘D””Z ~$<ro(¥)- Gr(r.g(n1))dx ST, VO<1<T.

Using Corollary 4.2 and (4.3), we obtain

2
/(|vq>(z)|2_%|q’f2)| )dxgl, Vo<t <T.
RS

1 1
B /Rs(i(atq))z T §|Vq)|2 = P<ry(X) - Gl(r,g(r,t))) dx <1.

(4.15)

(4.16)

4.17)

4.18)

(4.19)
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By Hardy’s inequality (Lemma 4.3), we have

2
/ (vem -2 290 ac =0, (4.20)
RS

4 r2

There is no hope of obtaining (4.14) by using only (4.19) and (4.20) since there
could possibly exist a sequence ®(t,) with the property that

H (1)
r

[V L2 gs) = oo, L2®S)

but

2
/ (|Vd>(tn)|2 _2. |q>(z;,)| )dx —Cy, ast,—T,
RS 4 r

where C; > 0 is a finite constant.

Certainly, a new argument is needed here. To solve this problem, we will proceed
by exploiting in more detail the structure of .

Assume that (4.14) does not hold. By (4.1) and (4.3), there exists #,, — T such
that

Jim [VO(1,) [ 5 5) = +00. @21
Define
= (tn)
dty) = — (4.22)
"IV 2 e
Then

[VOE ] 12 sy = 1. (4.23)
and by (4.21), (4.19), and (4.20),

H D(1y)
r

2
s 3 S0 T (4.24)

Next consider (3.33). If r 2 1, then
g 1
0,00 0)] S 10,81+ | 2| + | 2100
Therefore, by (4.5) and (4.3),

(4.25)

2
[VOO 12 u1m 1 ens) + | £ 20)

L§(|x|>%,xE]R5) ~
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For r < %, by (3.33) and a short computation, we have

2
0, d(r,t) + —®(r, 1)
r

2si 2 1 9 1 g(r,t) 26 2 _1
=(1+ o f)2~ ’f+;/ (1+7Sln (ry)) “dy.  (4.26)
0

r2 r r2
By (3.1),
H(l_i_Zsinzf)%'arf‘ <1
r2 r IL2®R5)

Hence, (4.25) and (4.26) give

&¢a>+§¢0)

. <1, Yo<t<T. 4.27)

By (4.21), (4.22), and (4.27), we obtain

mém»+§ém>

2@ —0, ast,—>T.

But this contradicts (4.23) and (4.24). Ol

Remark 4.5

In the above derivation, the contradiction (blowup) argument is actually not needed.
One can directly use both (4.19) and (4.27) to then obtain the desired uniform bound
on |9, ®(1) || 12 gs- (We thank one of the anonymous referees for pointing this out.)

5. Nonlinear energy bootstrap: More estimates
Let T > 0 be the same as in Proposition 4.4. Our goal in this section is to prove

Yo 0] pgsy S1 YOSE<T, (5.1)
lor|+[B]<4
and eventually
sup G(t) < oo, (5.2)
0<t<T

where G(¢) is defined in (2.9). By Proposition 2.1, this implies global well-posedness.
We will prove (5.1) in several steps. First we obtain some decay estimates of ®
and g.
By Proposition 4.4 and radial Sobolev embedding, we have

|©(r, )| Smin{r=2,r 72}, ¥r>00<:<T (5.3)
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We claim that
L3
{g(r,t){ <min{r~%,r 2}, Vr>00<t<T

By (3.28), it suffices to prove that

3

lgr.n)| Sr73, Y0<r<1,0<t<T.

For r <1, (3.33) gives

g(r,t) 2 s 2 1
@(r,t):/ (1 + M)zdy‘
0

72
Suppose that for some 0 <r < 1, |g(r,1)| = % Then clearly
o)~ £,
r
By (5.3), this would imply that

g S,

which contradicts the assumption |g(r,1)| = %
Therefore, |g(r,t)| < % for all r < 1. By (5.5), we obtain

g(rp) .
e~ [ ardia] 2 a2
0
Hence by (5.3),
3

grn)?<r 2, Yo<r<1,0<t<T.

Therefore, (5.4) is proved.

1399

(5.4)

(5.5)

Before we continue, we need to introduce standard Strichartz for the wave oper-

ator.

Definition 5.1
Letd > 2. A pair (g, r) is said to be wave admissible if
1 d-1
<

2<g <00, 2<r <oo, and — <
q 2r

Note that the case (q,7,d) = (2, 00, 3) is not admissible.
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LEMMA 5.2
Let d > 2. Suppose that u : [0, T] x R? — R solves

8;1“ —Au = F,
(u, 9su)|r=0 = (uo, u1).
Let (q,r), (§,7) be wave admissible and satisfy the scaling condition

1+d_d _1+d 5
q ro 2 y_c]’ 7

Then on the space-time slab [0, T] x R?, we have

lullpgrr + lulle, gy + 19l gy

S luoll gy + ||u1||H;,_1 + ||F||L?'L§"

= ; oz ol 1 1,1 _
Here (¢, ) are the conjugates of (4, F), that is, ;tz=7t7=1L

To simplify the presentation, we introduce more notation.

Notation
For any z € R?, we use the Japanese bracket notation (z) := (1 + |z|2)%. For any
space-time slab [0, 7] x R>, we will use the notation

lll g Lz o, 71
to denote
el g 7 o, 7y 105) -

We will need to use the standard Littlewood—Paley projection operators. Let ¢ €
C2°(R?) be aradial bump function supported in the ball {x € R : |x| < %—Z} and equal
to 1 on the ball {x € R® : |x| < 1}. For any constant C > 0, denote ¢<c (x) := qg(%)
and ¢-c := 1 —¢<c. For each dyadic N > 0, define the Littlewood—Paley projectors

Pon [ (&)= g=n (E) /(6.
Ponf(§):=d-n(E)F (&),
Py F(E) = @=n —doy) f(E),

and similarly P.y and P>y .
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Now we are ready to continue our estimates. Taking the time derivative on both
sides of (3.31), we obtain

Ds(a,cp)z—%a,cwr%A%a,g+%(A—% — A 3)d,g, (5.6)
where
A=1+ Zsinl(rg(:,zt) + (,‘b(r)) 5.7)
By (5.4), we have
|A— 1] Smin{r=2,r %), (5.8)
From (3.33), one has
9,d=A20,g. (5.9)
Substituting (5.9) into (5.6), we obtain
Os (8, ®) = (% + %A_z)(A —1)9, . (5.10)
By Strichartz (Lemma 5.2) and (5.8), we have, forany 0 < 77 < T,
1P>18: @l 1313 g0 1)) S | P18 2(0) 4 + | P>19::®(0) ”H;%
" “ “- 1)(()tq)”Lz%Lé([O,TI])
ST+ [a- 1)”L?L;;([O,Tl]) N9 @l 323 10,1
<1+ T1% ||8,¢||LZ3L§C([O>T1]). (5.11)
Obviously,
1P<10®l 0. S 10 @l pgerz ST (5.12)
Using (5.11), (5.12), and a continuity argument (see Appendix B) yields
||atq)||L?L§([o,T)) S (5.13)
Therefore,
[10; @l S (5.14)

l ~Y
LPHZ([0,T))

Using (5.10), we have
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3 1
s (3, ®) = (5 +5A72) (4 = Dy ®

2
n (—lA—2 F A7 é)a A0, (5.15)
2 2 t t . .
By (5.7), observe that
[0;A| < |0, D|. (5.16)

Therefore by (5.13),

3 3

1 3
H (——A—2 T Ay —)8,A8,<I>’ s s
2 2 LZLZ([0,T))

2
5 ”a’cD”L;”Li([o,T)) 5 1.
Denote
1 8t 3 1 3
Gs(r,t) = 5/ (3B2 + B™2 — B 2)dy. 5.17)
0
Then by (3.32) and (5.4), we have
Jt ifr 21,
Gs(nn)| < {1501 i (5.18)
|®(r,1)|> + |D(r,1)| ifr < 1.

Hence by (4.14),
| P<1G3()] 2 o5y S 1. YO<t<T. (5.19)

By essentially repeating the derivation of (5.13) and (5.14) with d; ® replaced by
0;; @, we obtain

07 Pl <. (5.20)

1 ~
L HZ ([0,7))

Note that the low frequency part of d;; ® causes no trouble since it can be controlled
by [P<1A®| 2 < [[®]l,2 using equation (3.31) together with (5.19).
Now by (3.31), we have

1 3
“A® =0y b+ gz~ SO+ G, (5.21)
where G3(r,t) was already defined in (5.17). By (5.18) and (4.5),

1G] 12x21 xemsy ST YOt <T. (5.22)
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By (5.18) and (4.14), we obtain

||¢5%G3(t)||L§(RS) <1, Yo<t<T,

where ¢ <1 is a smooth cutoff function localized to r
By (5. 2()) (5.21), (5.22), and (5.23), we have

Nl'—'

| P 1VIT2 AR,

ST [0 =260 12 sy + |62 G20]

<1, V0O<t<T.

Hence

[IVE@@)] 2 @5y ST YO<1<T.

By Sobolev embedding,
|e® | 55y ST YO=<t<T.

By (5.18), (5.22), and (5.24), we obtain

1G] 25y 1. YO=t<T.

Hence by (5.21) and (5.20), we obtain
|| wes Sl YO<t<T.
By radial Sobolev embedding, we have
[re@)],e S lA] 2 1.
Therefore, (5.3), (5.4), and (5.8) can be refined to
|<I>(r, t)| < min{r_%, r2),
|g(r,0)| S min{r=#,r 72,
|A—1] Sminf{r2, 7%,

By (5.15), (5.16), and Strichartz, we have, for any Ty < T,

1403

(5.23)

(R%) S || P>1ath>(t)HH% ®5) +1+ |||V|_%P>1G3 ||L§(]R5)

L3( R5)

(5.24)

(5.25)

(5.26)
(5.27)

(5.28)
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192 @ll oo 11 10,7y + Neee Pll Lo 120,711
S0 @O g1 + |96 @) | 12 + (A=D1 @ 112 0.71)
F10:A4-3: @l 1172 0,17y

5 1 + Tl H (A - 1)||L?°L§([0,T1]) : ”atzq)”L?O['{)}([o,T]])

2
+ ||atq)||Lt2L§;([0,T1])' (529)
By (5.28),
[(A=D)poors S 1. (5.30)
By (5.10), (5.28), and Strichartz, it is not difficult to check that
||3tq)||Lt2L§([o,T)) + ||atq)||L?OH;([0,T)) Sl (5.31)

Plugging (5.30) and (5.31) into (5.29), a simple continuity argument then shows that
||3ttq>||L;><>H}([o,T)) + ||3tth>||L;>oL§([0,T)) SL (5.32)
By (5.10), (5.32), (5.28), and Hardy’s inequality, we then have
||3tAq>||Lt°°L§([o,T)) S ||3ttz(b||L;>oL§([o,T))
+ [(A=10:®[ oo 12 0.1y
S+ ||V8tq>||L§>OL}(([0,T))
<I. (5.33)
We can write (5.32) and (5.33) collectively as
10:6e @l Loo 2 0,7y + 1066 VRl oo 12 o, 7y) T 106 ARl oo 20,7y ST (5:34)

By (3.31) and (5.34), we have

”VA®||L?°L%([0,T))

<1+

g(rn) 3 1 3
9 ( 3B3 + B3 — B 3)d )
" /0 (3B + )dy L&L2([0,T))

3
ST+ 11420,8ll Lo 12 0,1y

gy 9 1 3 3 5
B B3+ B"3)0,Bd ‘
+H/0 ( 27 7T ) ray

5 (5.35)

L®L2([0.T))
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Observe that, for r < 1,

3

@B )| S 1P

Therefore by (5.27),

gy 9 1 5 3 s
B2 —-B2+>B73)9,Bd
H/O (2 27 Tt )’ Y

LY°LZ([0,T))
5
S ”g”L,“L}CO([o,T)) + gl Leor2 0,1y

<l (5.36)
On the other hand, by (5.27), (5.7), and (4.5),
1429, 21l 1o 1210,y S 19-&ll Lo 210,y + 102173 0r8 20 12.0,1)
ST lgoy 73008l oo 12 0.1 (5.37)

Plugging (5.36) and (5.37) into (5.35), we obtain

_3
||VACI>||L?QL§([O’T)) ST+ ||¢<% oA 8rg||Lt°°L§([0,T))- (5.38)

By (4.26), (5.26), (5.27), and Hardy’s inequality (see Appendix C), we have
_3 _3
||¢<% rod '8rg||L;>°L§([o,T)) S+ ||¢<% r 48,<I>||L;><>L§

1
<14+ H—VCD‘
r

L®LZ

<.
Substituting it into (5.38), we obtain
<
||VA©||L?OL}2(([O,T)) <l
Hence together with (5.34), we have

[0:6: @l oo 2 0,7y + 1026 VPl o 12 10,7
T 10: A oo 12 0,7y + IVA®R| Lo 12 (0,7 <. (5.39)
By Sobolev embedding, we obtain
[@llLeorseqo.my) S 1-

Therefore, we refine (5.26), (5.27), and (5.28) to
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|D(r,0)| S ()72, (5.40)
lg(r.0)| < ()72 (5.41)
A —1]< ()™ (5.42)

By (4.26) (see Appendix C), we obtain
||arg||L;>°L§([o,T)) S (5.43)
By (5.9) and (5.39), we have
||atg||L;>°L§([0,T)) + ||attg||L§>0L)2€([o,T)) S (5.44)
Using (5.43), (5.44), and (2.7), we obtain
[ Ag”L;”L)%([O,T)) S (5.45)
Also, by Hardy’s inequality, we obtain || %8, gl L L2([0,T)) <1 and hence
“arrg”LfoL%([o,T)) S (5.46)
By (5.7), (5.41), (5.43), (5.45), and (5.46), it follows that
||VA||L<[>°L§C([0,T)) + ||AA||L§>OL}C([0,T)) S L. (5.47)

Also, it is not difficult to check that

HA(/g(mGB% +B i B_%)dy)‘
0

From (5.7), (5.9), and (5.39), we obtain

<1. 5.48
LPL2([0,T)) ™ (5.48)

10:e All oo 12 0,7y + 190 A1l 10 Sl (5.49)
FLx(o.0) LL (0.7)

Differentiating (5.15) in time, we have

1

301, i}

2
+ QA3 A2 +3)0,4-0,P

3
DS(atttq)) = (EA -

1 3
=3 _ _ 42 =
+ (=347 + A73)(3,4)%0,®. (5.50)

By Strichartz, (5.39), (5.49), and Sobolev, we obtain
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||8ttz<b||L;>OHxl([0,T)) + ||8tzttq’||LgoL§([o,T))
S H 011 P(0) Hgg(RS) + || 3ttth>(0){

+ ” (A- 1)atttq>||LtlL§([0,T)) + 10, P - athDHLtlL)ZC([o,T))

L3 (RS)

+ 1040 @l L 1200, + 19 @75 16 0,7
<1 (5.51)
By (5.51) and (3.31), we obtain
Ha”Aq)”L?"L%([O,T)) ST+ H 8,((3A2 +A7! - A_Z)atq’) ||L;>°L§([0,T))
<1. (5.52)
Using (3.31) again with the estimates (5.52) and (5.48), we finally obtain
A2 @l Lo 2 0.7 S 1-
In a similar way we have the estimate
||8,VA®||L?OL%([O’T)) <.
Hence we have established
”atttq)”L‘fOH}([o,T)) + ||8ttttq)||L?°L)2(([0,T))
100 @l oo gr2p0,7y) T 19l 3o 40,7
+ ||8,®||L?0H;([O,T)) <. (5.53)

This proves (5.1).
We are now ready to prove (5.2). By (5.41)

<
[y @) Lo oo,y < 1- (5.54)
By (5.9), (5.53), Sobolev embedding, and radial Sobolev embedding, we have
” (x)atg||L;>°L§°([o,T)) S (x)atq)HL;”L;w([o,T))

S ||3tq>||L§>ng([o,T))

<I. (5.55)
In a similar way, by using (4.26), we obtain

” <x>8rg||L;>°L§°([o,T)) Sl (5.56)

Now (5.2) clearly follows from (5.54)—(5.56).
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Appendix A. Some technical estimates
In this Appendix, we collect some useful technical estimates. Some of these estimates
are rather pedestrian. Nevertheless, we include all the details here for the sake of
completeness.

The following radial Sobolev embedding is well known and dates back to Strauss
[29]. We will often use it without explicit mentioning.

LEMMA A.1 (Radial Sobolev embedding)
Suppose that d > 2 and h : R? — R is radial. If h € CX(R"), then for some constant
Cy4 > 0 depending only on the dimension d, we have

FTH )| < Callkl g gay,  Yr>0,

Proof
Use the identity 2(r)2 = —2 [ h(p)d,h(p) dp, and observe that r?=1 < p=1. [

In the rest of this section, we will show that at # = 0, under the assumption that
(g0.81) € H} (R%) x H (R®), we have

raf raf

3
DN 26 =0)] 1 sy + |9 @ = 0] 12 s < 0.
j=0

These were used in Sections 4 and 5.
We now give the details. We will proceed in eight steps.
Recall that

(r,t) -2 1
1) = /Og (1 N 2sin“(ry + ¢(r)))z dy + "_3¢51(")7

72

where ¢(r) = Nym for r <1 and ¢(r) = 0 for r > 2. Recall that f(r,t) = ¢(r) +
rg(r,t) and

%) in2
B0 =5 [ (425 ) @2+ @)

r2

00 32 s 2
[T (1
0

r2 2r2

Assume that (g,0:8)i=0 = (g0.81) € H2,(R%) x H3 (R®). By Hardy, we
have ||gr—°||L%(R5) < 00. By Sobolev embedding, we have ||gollcc + [|V&0lloo +

lg1lleo < o0.
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Step (1): 10, £)(t = 0)ll 2e3) + 1By 1)t = O 12 g3 < 0.
Since 9y f'|r=0 = ¢’ (r) + rdrgo + go, we have

g

[or £t =0 23y S 1+ Norgollzasy + | 2

LZ(RS) 1+ [goll g1 rsy < oo

The estimate for ||0; f'|| .2(g3) is similar and therefore omitted.

Step (2): E(0) < oo.

We first consider the term fooo Si’;#(1 + %)r2 dr. Clearly, the contribution of the
part r ~ 1 is bounded. Therefore, we only need to consider 0 < r < 1 and r > 2. Then
(below for simplicity of notation f, g, and d; f will be evaluated at t = 0)

® sin? f sin? f ., ® 4,
/0 p (1+ 22) dr§1+/0 grdr—}—/ grodr
+Hg\ + £

LI(RY) L% (RS)

ST+ gl fags) < oo (A.1)

Next, for the first term in £, we first deal with r > 1:

/ (1+2“" LN (@ef 7 + @ 20 dr <030 Vngesy + 10 [y < 00
1 r

For the part 0 < r < 1, we have

/01(1+2sm f)((atf)2+(a )?)r2dr

1
S [ 4+ e + 0.0+ ) ar
0

1
Si+ / 20+ g2 dr + (14112 (198125 s, + 10,2125 )
< OoQ.

Step (3): [[VO(r =0)| 12 gs) < o0.
First, observe that’ |®(r,0)| < |g(r,0)| + |g(r,0)]* + r_3|q§21(r)| and

B

where we have used (A.1).

B

]

<0
L% (RS) LZ(R5) LZ(R%)

3Recall that ¢>1 can vary from line to line.
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Next, by a simple change of variable ry — y, we rewrite ® as

d(r,t) = r_2/0

rg(r.t) 1
(r* +2sin*(y + ¢(r))) > dy + V_3¢51(”)-

Then

(Sl

9, 0= — %CD + r_3¢>21(r) +r720,(rg)(r* + 2sin(rg + ¢(r)))

F2 /Org (r2 + 2sin?(y + ¢))_%(r + sin(2y + 2¢)¢'(r)) dy.
If r > %, then it follows that
10, @] S r7 @]+ 7 g1 ()| + 1Brgl + 77 gl
If0<r <3, then
10, @] <@+ 1720, (rg)| - (r +rlgl) + 77 gl
Srt @+ gl +rT e + glldrgl + 1drgl.

Thus we have [0, @|| 2 sy < o©.

Step (4): ||8,d>(t = O)”H‘(RS) < 00.
First, observe that

1 2sin” f\ 3
8,<I>_;8,f<1+ = ) . (A2)
Thus
2sin(rgo + ¢(r))\ 2
3:‘Dlz=o=g1-(1+ ( é;OZ il )))2 (A.3)

Since g, € H3(R>) and go € H*(R?>), we clearly have || M loo <1, and
|0;®(r = 0) ||L§<R5) < 00.
To bound the H 1_norm, we first consider the regime r > % Denote

2sin’(rgo + (1)

By=1+ 2

Clearly for r > %, using ||golleo + [V&0lloo < 1, we have

10, Bol S 14 r7%(|0r(rgo)| + |¢'(n)]) S 1. (A.4)
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Next for r < %, we have

2sin*(rgo) , ~
Bo=1+——>—¢g;=1+G g
o=1+ (rg0)? 8o + G(rgo)go

where G (z) = 2z~ 2sin?(z) has bounded derivatives of all orders. It follows that

19, Bol < |0 (rgo)| g5 + 190! - |20l

<rl9-80lgd + 1gol® + 19-g0l - 10l S 1.

(A.5)
where we again used the fact that ||go|lco + [V &0lloo < 1. Tt follows that
9, (3, @) ||L%(R5) S10rg1ll L2 sy + “ng()_%arBOHL%(]RS) Sl
Step (5): )
Denote A =1+ 25“;#, where f~0 =¢(r) + rgo. Then
IAlloo + 19 Alloo S 1. [1AsAl 25 + 1854l 10gsy ST (A6)

For r > %, we use (A.4). For r < 1

5> we use (A.5). Thus the first inequality is
obvious. The second inequality follows from a similar computation. One should note
that by Sobolev embedding,

[AsgollL10@s) < 180l aars) < oo

Step (6): [|(3::®)(t = 0)|| g1 sy < 00.
First, observe that

1 2sin® f\3 1 2sin? f\=3 |
a,tq>=;a,,f(1+ > >+r—3(8,f)2(1+ > ) sin2f). (A7)

We first consider the second term on the right-hand side. Since 9, f|;=¢ = rg1,
we have

1 2sin? f\—3 .
SO P(1+ =55) Tsinef)|

2sin%(¢p + r -3 .
= r_lg%(l + #) : sin(2¢ + 2rgo).

For any r > 0, it is not difficult to check that (note below that for r < %, one can

write 7~ 1(1 4 w)_% sin(2¢ + 2rgo) = F(rgo)go, where F has bounded
derivatives)
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’

)(r—l(l 4 w)_é sin(2¢ + 2rgo))‘ <1+ go(r)

0y (r_l (1 + W)_% sin(2¢ + ngo)))

<1+ |go(r)| + 1gol |0 (rgo(r))| + [0-80(r)|.
It follows easily that

2sin2(¢ +rgo) -3
2 -1 .
Hglr (1 + r—z) sin(2¢ + 2rgo) ”Hl(]R5) <.

It remains for us to check the first term on the right-hand side in (A.7). Note that
.2

by (A.6) the factor (1 + 251:1—2f)% is harmless for us when estimating the H '-norm.

Therefore, we only need to focus on the estimate of || %8, t /| a1 ws)- Observe that

1
;8ttf =0, =0sg + Asg. (A.8)

Clearly, |Asgoll g1 (gsy S 1. For Osg, we use (2.5):

¢<1
1+ Fo(rg)g?

~ F3(rg)- g ((3:2)> — (3,8)?)
+ Fa(rg)-g*-rd,g)

Osg = (Fi(rg)g’ + Fa(rg)g’

2 1
+ @1 —2g + _A3¢
r r

1
+ ;¢>1 ‘N(r.¢g +rg.(p+rg)), (A.9)

where F; (x) = F;(x?), and F; has bounded derivatives of all orders. Clearly by using
radial Sobolev embedding and ||go|| g+ < 1, we have

|9-(Fi(r?g9) | oo < 0r (283) [ o S 1.

By a tedious calculation, it is not difficult to check then that the right-hand side of
(A.9) all have bounded H'(R*)-norm. Thus |Osgollz1&s) < 1 and, consequently,

(9 @)t = 0)[| g1 sy < 0.

Step (7): |(0re @) (& = 0) | g1 sy < 0.
Here we use (3.31):

3 1 3 1 _3
011 Plr=0 = As50; P|r=0 — §3t¢|z=0 + zatg(”;2 lt=0 + B~ 2|;=0 — B™2|;=0),

3 1 3 1 3
= As50;P|r=0 — §3t¢|t=o + §g1(3A7 + A2 -A72),
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where A is the same as in (A.6). By (A.6), the last term above clearly is bounded in
H'(R®). Also, in Step (4) we have shown that [|0; ®|;=ol| g1 (z5) < 00. By (A.3), we
have

1 1 1 1
As(0;D|r=0) = As(g142) = As(g1)A2 +20,g1-0,(A2) + g1A5(A2).
Clearly by (A.6), it follows that ||As (8,<I>|,=0)||L§ ®5) S 1

Step (8): [0 P)(t = 0)[| 12 gs) < 0.
Here we again use (3.31):

3 1 3 _1 _3
0t111 Plr=0 = As50:: Plr=0 — Eatt<p|t=0 + Eattg|t=0(3A2 +A72-472)

9

3 5) sin(2rgo + 2¢)
2

1 1 1 3
- A2 ——A"2 +-A"2 -2 .
+ 2g1( 3 + 3 2 (2rg1)

By the calculation in Step (6), we have [[9:/glr=oll 12 gs) < 1. The last three terms
above are clearly L2 (R®)-bounded.
We now only to need to estimate ||Asd;; P|r=0 ||L§(R5). By (A.2), we have

1 1 _ D
0t Plr=0 = ;attf|t=0A2 +r lng 2sin2 fy,

where fo = ¢ + rgo. Clearly by (A.6) and || goll g+ + g1l g3 < 1, we have

jas(epa ezl

L2@) "~
By (A.8), we have
%3ttf|t=oA% = A2 (@sg + Asg)li=o-
By (A.6), we have
| As(A% Asgo)| 12 gsy < g0l ars + [ As(AD)] L4 sy 1 Asgoll o as) < 0.

Similarly, we have (below we used the simple inequality [|h]| ;4 gs) S 7]l 12 @s) +
”ASh”L}C(RS))

1
| As(A20580) | 12 sy S 10580l La.@s) + 1V0s80ll 12 sy + 18505800 12 gs)
S 10580l 2 ®s) + 1As0sgoll L2 &s)-

In Step (6) (see the estimates near (A.8)), we have estimated ||Usgo| g1 (rsy- Thus
we only need to deal with the term || AsCsgoll 2 gs)- By using (A.9) and a tedious
computation, it is not difficult to check that the right-hand side of (A.9) has finite
H?(R?)-norm. This then completes the estimate of [|d;¢¢t Plr=o |l 12 (gs)-
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Appendix B. The continuity argument
In this appendix we give more details of the continuity argument in the derivation of
(5.13). Recall the main equation

31
Os(9, @) = (5 4 EA—z)(A —1)9,, (B.1)

and
|A—1] <min{r=3,r74). (B.2)
Now denote u = d;P. Our goal is to show that on the interval [0, 71] (T} < T can
be arbitrarily close to 7'), we have

<1

~

ull;3r3 + [|u 1 (B.3)
Wlegosqory + 00

where the implied constant is independent of 77 .

To this end we decompose [0, T1] = Ull-v=00[ti,li+1], where 19 =0, tny+1 = 11,
and ;11 —t; will be taken sufficiently small. The needed smallness will become clear
in the argument below.

First observe that by using the estimates in Section 4, we have

||P<1u||L?L3([O i) ~ ||u||L<>0L2 (0,71 = ||3tq>||L;>oL§([o,T1]) S (B.4)

By Strichartz (Lemma 5.2) and (B.2), we have on each [¢t;,#;+1],

||P>1u“L3L3([tntz+1])+ I1P=1u] 0H (L7E/ER))

+ ||P>13tu|| (B.5)
VH, 2([;, tigy1])

< HP>1“(tl)H + HP>1atM([z)H % + H(A_ I)MHLsz([t 1]
isti+1

f, szlu(ti)“H% + ”leat”([i)”Hfé

FIA=Dl a3 a0 312000400
< H P>1u(t,)H 1+ H P>latu(tl)H -1

2

+ (tig1 —ti)g||u||L?L§,([ti,t,-+l])- (B.6)
Clearly if (¢t;4+-1 — t;) is sufficiently small, then we have (using (B.4))

Pqull;3,3 + u + || P>10:u 1
1Pzl 303 ;07401 1+ 1Pz || PR R || P>10; ||C,°F1x2([ti,ti+1])

< ||P>1u(t,)” 1 + ||P>18tu(t,)|| -3 + 1.

’C
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Clearly by using the above estimate and iterating from i = 0 to i = Ny (for
the base step i = 0, one can use the estimates in Appendix A to obtain || P> u(t =
0) ”H% + || P>10:u(t = 0)||H_% < 1), we can obtain the estimate (B.3).

Appendix C. Additional estimates
This appendix is for the estimates in (5.38) and (5.43).
Forr < %, we have f = Nym + rg. By using (4.26), we have

2
0, ®(r,t) + —O(r,1)
r

_ (1 N 2sin2f)% ‘ (8rg+ §)

}’2
1 (80 2sin?(ry)\—
+—/ (1+¥) > dy. (C.1)
r Jo r
By (5.26) and (5.27), we have for r < 1,
|CI>(r)‘ Sr_%, ’g(r)} Sr_%. (C.2)

Thus for r < %, plugging (C.2) into (C.1), we obtain

3
[0rg| S 10, + 7172,

This estimate is used in (5.38).
Next we turn to (5.43). By (5.40) and (5.41), we have

| D] S (r) 72, g S ()72
By (C.1), we then have
10-g| S 10-P + rHr) 2

Thus, “arg”L,OOL;‘C SL
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