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Abstract: By using an idea of localized Galilean boost, we show that the data-to-
solution map for incompressible Euler equations is not uniformly continuous in H* (R),
s > 0. This settles the end-point case (s = 0) left open in Himonas—Misiotek (Commun
Math Phys 296(1):285-301, 2010) and gives a unified treatment for all H®. We also
show the solution map is nowhere uniformly continuous.

1. Introduction

We consider the initial value problem for the incompressible Euler equation posed on a
d-dimensional domain :

oru+(w-Vu+Vp=0, (t,x) e RxQ,
V-u=0, (1.1)
u(0,x) =uop(x), xe€ Q.

In [1], Himonas and Misiotek showed that the solution operator for (1.1) is not uniformly
continuous in H*(L2) for any s € R if Q is the flat torus T¢ = R /27 7Z¢. For the whole
space case R?, they showed that the same conclusion holds for H*(R¢) with s > 0.
We refer to the introduction in [1] and the references therein for related literatures. The
purpose of this note is to settle the end-point case s = 0, i.e. LZ(R?) case. Moreover, as
we shall explain below shortly, we will give a unifying treatment for the case s > 0 as
well. The main result reads as follows.

Theorem 1.1. Let d > 2, s > 0 and T > 0. Then the solution map uy — u for (1.1)
is not uniformly continuous from H* (RYY into C([0, T1, H* (R?)). More precisely, for
any Ry > 0, there exist two sequences of solutions ul = u,ll (1, x), uﬁ = uﬁ(t,x),

n=1,2,3,...such that the following hold: "

e For each finite n, u,ll, u% has lifespan at least [0, T, and u,ﬁ, u% € C,OH'”, for all
m > 0.
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o Attimet =0, |lul(0, )| us = Ro, |u2(0, )| s = Ro, and
lim |jul — u?| s = 0.
Jim ey — gl s
o Attimet =T,

o - . . >
hnmlnf lw, (T, ) —u, (T, )|l gs = coRo > 0,

where cq is a constant depending only on (s, d).

Remark 1.2. If we denote the solution map ug — u(7, -) as S(T, up), then clearly for
any A > 0, S(T, Aug) = AS(AT, up). Theorem 1.1 amounts to finding initial data u,
ug, with |lugllgs ~ Ro, liollgs ~ Ro, llug — il gs < 1, such that
IS(T, up) — S(T, i) |l >
luoll s + llitoll s

By using the scaling symmetry of the solution operator, it suffices to prove the statement
for Rp = 1 and any T > 0. Alternatively it suffices to prove the statement for 7 = 1
and any Ry > 0.

Remark. As a matter of fact, it follows from our proof that for any 0 < t < min{7, 1},

1 2
t,-) — t,- s
lim inf |1|u"( ) u"(z i >1t>0.
n=>00 |luy (0, )l s + [luy (0, ) ms

In [2], Inci gave a strengthening of [1] and proved the solution map is nowhere
uniformly continuous in H*, s > d/2 + 1 topology. Our next result pushes this all the
way down to s > 0.

Theorem 1.3. Letd > 2, s > 0and T > 0. Then the solution map uy — u for (1.1) is
nowhere uniformly continuous from H* (RY) 10 C([0, T, H* (R?)). More precisely, let
u® =u® @, x)bea given classical solution to (1.1) in the class CP([O, T1, HO (RN

HS(R?)) for some sy > % + 1. For any 0 < n < 1, one can find two sequences of

(nearby u(g)) solutions u}l = u,ll(t, X), u% = u%(t, x),n=1,2,3,...withthe following

properties:

e Foreach finiten, u,ll, u% has lifespan at least [0, T'], andu;—u(g), u’%_u(g) € CZOH’”,
forallm > 0.
o Attime t =0, |lu}y(0,) —u® (0, )| gs < n, luz(0,) —u®(0, )| gs <, and
fim {lu, (0, -) = (0, ) z= = 0.
n—oQ
e Artimet =T,

. . 1 2
) — . vy > . ,
liminf flu, (T ) = u, (T, )l gs = co-n >0

where c is a constant depending only on (s, d).
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Remark. A classical solution u € C,0 H* for s¢ > % + 1 solving (1.1) can be understood
as a solution to the integral equation:

t
u(t) = ug +/ P((u - Vu)(t))dr,
0

where P is the usual Leray projection operator. Note that the kinematic transport term
(u - V)u only has regularity C ,0 H*%~! which formally lose one derivative and can cause
difficulty in the construction of local solutions (if without using mollification or using
semigroup techniques a la Kato). This artifact is only a matter of representation and can
be remedied by exploiting a Lagrangian formulation.! More precisely one starts with
the representation

—Vp==V(=A) 'V ((u-VIu) = Fu,u),

where (by a div-curl type argument) the bilinear map F is a bounded operator from
H* x H* (with divergence-free conditions) to H*°. Now introduce the characteristic
lines ¢, («) solving

0y (o) = u(t, ¢(a)) =: vy (),
do(e) = a € RY.

Then by writing ¢; (o) = o + g; (), one gets

018 = vy,
v =[Fiod, L vop, Doy, (1.2)
g0 =0, vo(@)=up(a), a R

The above can then be easily solved as a Banach space (H*) valued ODE locally in
time. In this way the solution map for (1.1) can be realized as the map ug — v, o ¢, t

Remark. For dimension d = 2 there is no issue with lifespan and one can deal with

any initial data uég ) € H* N H*. However for dimension d > 3 we must work with a
given classical solution having known lifespan [0, 7']. One subtle issue in this case is to
guarantee that the perturbed solution sequences still have the same lifespan so that the
solution map is well-defined. We get around this issue by constructing perturbations that
have very little interaction with the given solution #(¢). A crucial fact exploited here is
the finite speed propagation.

Our proof of Theorem 1.1 is deeply inspired from the Himonas—Misiotek construction
and can be viewed as a slight improvement of their method. In the following discussion
we shall assume for simplicity 7 = 1 and work with the unit time interval. The strategy
undertaken in [1] is different for the torus case and the whole space case. For the torus
case, the elegant idea is to use the explicit solutions of the form

1

u®"(t, x1, x2) = (wn~ " +n75 cos(nxy — wt), on" ' +n"5 cos(nx; — wt)), w=*l.

' In some deeper sense this is equivalent to Kato’s idea of using P((« - V)-) as a quasi-linear opeator.
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One can then check that for n — oo, ||u1’"(0, 3 —u~bno, Mas < 1/n, whereas
lub™(t,-) — u=""(¢, )||gs = sint. On the other hand, for the whole space R? case,
their idea is to use approximate solutions of the form

u®*(t, x) = ul (t, x) + u" (1, x),

where u” is a high frequency piece having frequency localized to || ~ A, and the low
frequency term u! (¢, x) is a solution to the incompressible Euler equation with almost
constant initial data. To complete the construction one has to show the above approximate
solutions are close (in H*® norm) to the true solutions. The technical condition s > 0
comes from controlling the residual error terms in this part of analysis (see Section 4
in [1]). The point of departure of our analysis is to revisit the periodic case and try to
understand in a deeper way why the explicit solution works. In some sense we try to
build a universal strategy for both the periodic case and the whole space case. As it turns
out, what is crucial in the argument is the Galilean invariance of Euler equations: namely
ifu (t,dx) is a solution to the incompressible Euler equation, then for any constant vector
c e R4,

uc(t,x) =c+u(t,x —ct)

is also a solution. In the periodic T?> = R?/27Z? case, one can begin with the explicit
steady state solution (below V= (=, d)))

1 1
u%(x) = — VL (sin(nx;)) = — (0, cos nx;).
nS nS
Applying Galilean boost with ¢ = (1/n, 0), we then obtain a second solution
on 1 1
u®"(t,x) = (—, —cos(nx; —t)).
n ns
Due to the phase shift O(¢), it follows that as n — oo
6% — uS" (@, Y gs = sine, YO <1 <1.
Now we turn to the whole space case R2 taking s = 0 (i.e. L2(R?)) as the main case.

Our idea is to mimic the periodic case above by introducing suitable spatial cut-offs. We
first build an approximate steady state solution of the form

1
1O () = V0O = v (—go(Z) sin i),
HA @

where ¢ € C2° (R?) is a bump function, u = A//Togx and A >> 1. Note that in the
main order,

1® ) ~ Lo ()00, cos axp).
TAaym

We then apply localized Galilean boost and obtain a second approximate solution of the
form

(1, x) = u® () — e1t, x2) + VE((—erx) (),
uw

=:p(x)
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where c¢; = 1/A, and v is a bump function having support slightly larger than ¢g. The
function B is chosen in a way such that S(x) = (cy, 0) on the support of u* on the
unit time interval [0, 1]. In O(1) time interval, the function 8 then induces an O (1)
phase shift in the x; variable just as in the periodic case. Thanks to this phase shift, the
approximate solution pair (#‘?), %) then has the desired property that the L? distance
inflates from O(A/u) = O(1//logx) attime t = 0to O(1) at time r = 1. Let u' and
u? be exact solutions corresponding to the initial data @ and (0, -) respectively. To
complete the construction, we then use a simple L? estimate to show that

©0) — WV — —
Omaxl ”ul _ u(0)||2 § eHVu ”oo . 0(}\' 2) S econst logk . )\' 2 S )\. l’
<i<

and similarly

max [u? —u®ls < A7
0<r<l1

These estimates then show that the pair (u', «?) inherits the desired properties from
u©®, u®). The argument above can be adapted for the H*, s > 0 case by choosing
suitable u, A together with H*® stability estimates (see Section 3 for details). Before we
conclude this introduction, we should mention that this simple method seems quite robust
and can likely be applied to a large class of equations admitting Galilean invariance or
other symmetries such as Lorentz symmetry. In its most general form, the method is as
follows:

Step 1. Find an explicit approximate solution (say frequency localized to |E] ~ A > 1)
which is close to the true exact solution.

Step 2. Apply suitably chosen symmetry group (such as Galilean boost with appropriate
cut-off if needed) to produce another explicit approximate solution. This second
solution should also remain close to a true exact solution.

Step 3. Produce norm inflation for the two approximate solutions and then show it for
the nearby exact solutions.

Needless to say the delicacy of the matter often lies in the choice of parameters (i.e.
construction of a good approximate solution) and the associated stability estimates.
Nevertheless it would be interesting to find more examples of this kind and generalize
the method.> A closely related deeper problem is to investigate the correct functional
set up for the solution operator for problems having mild or singular drifts. For such
problems it might be useful to pursue both Lagrangian and Eulerian point of views, and
find a possible connection between weak and strong solutions (cf. a recent nice survey by
Wiedemann [6]). In any case this line of research certainly merits further investigations.

Remark 1.4. Ttis worthwhile pointing out that analogous non-uniform continuity results
(of the solution operator) is already exhibited in the 2D inviscid Burgers equation d,u +
(u - V)u = 0. This fact is implicitly contained in the proof for the incompressible Euler
equation as we now explain. For simplicity consider the periodic T2 case. Take

1 1
u%(x) = — V1 (sin(nx;) = — (0, cosnxy).
ns ns

One notes that u%" actually satisfies:
@™ - vyu®" =0,

2 An interesting question is to compare this with the usual high and low splitting method.
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In yet other words u%" solves the 2D Euler equation with pressure p = 0, i.e. the

Burgers equation. Applying the Galilean boost with ¢ = (1/n,0), we then obtain a
second solution

on 11
utt (1, x) = (=, — cos(nx; — 1))
n nd
which also solves 2D Burgers equation. It follows that as n — oo
%" — uS" (@, Y gs = sine, YO <1 <1.

Similarly Theorem 1.1 also holds for the 2D Burgers case.

Remark 1.5. We do not address in this work the closely related issue of non-continuity
extension in L? for the solution operator. Yet another closely related and well-known
problem is the (lack of) wellposedness in L? (for vorticity) in the spirit of classical
Yudovich theory. In this connection it is worthwhile noting that recently Vishik ( [4,5])
has showed non-uniqueness of weak solutions (with radially symmetric locally integrable
external forcing) and studied the associated stability questions. These problems (and their
connections) certainly merit further study and we plan to address some of these issues
in the future.

We now gather below some notation and preliminaries used in this note.

Notation and preliminaries.

e Forany function f : RY — R, weuse || ||z or sometimes || f | p to denote the usual
Lebesgue L? norm for 1 < p < oo. For vector valued function f = (fi,..., fu),

m > 1, we use the notation || f |, = (37~ ||f,-||1';)% forl < p <ooand | fllec =
maxj<j<m || fi oo for p = 00.

e For any two non-negative quantities X and Y, we denote X < Y if X < CY for
some constant C > 0. Similarly X 2> Y if X > CY for some C > 0. We denote
X ~Yif X <Y andY < X. The dependence of the constant C on other param-
eters or constants are usually clear from the context and we will often suppress this
dependence.

e For any two non-negative quantities X and Y, we denote X <« Y or ¥ > X if
X < €Y for some sufficiently small constant € > 0. The needed smallness of the
constant € is usually clear from the context. Note that this notation is different from
the usual Vinogradov asymptotic notation.

e Occasionally we write X = o(l)if X < land X = O(1) if X ~ 1.

e We adopt the following convention for Fourier transform pair:

7@ = / Fle*Edx,
]R‘I

1

f) = o

[, Ferecae.
R4
e The fractional Laplacian D* = (—A)* /2 is defined via Fourier transform as

DS f(§) = I f (&),
whenever it is well-defined. For R2, we define V- as

V= (=8, 8)).
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e Fors € R, we define
WH&S=/'0+@FVM@M%5
Rd

nm;=/@ﬁmm%s
R4

e For 0 < a < 1, we define the Holder semi-norm || - || ~« as
Lf(x) — f)
[fllga = sup ——————.

x#yeRd lx — vl

Also
I flereay = 1 flloo + IV flloo + IV fll -

It is well-known that

I fllcre ~ 1f lloo + IV fll¢a-

2. Proof of Theorem 1.1 for s =0

We shall first consider the case dimension d = 2 (see Remark 2.4 for d > 3). By using
the scaling symmetry (see Remark 1.2) it suffices for us to prove it for Ry = 1 and
0<T < oo.

We begin with an easy L2 approximation lemma. Suppose u, u are smooth solutions
to the following two systems:

u® +u® - Vu® = —Vp* + E“, du+u-Vu=—-Vp,
V-ua=0, VUZO,
ua = 5 = f.

=0 / ut=0 /

Lemma 2.1. We have

a T -maxg<;<7 |V (1) |l 0o a
max |u —u <e =i= | E
0%ioT [ 2 < NET L1 L2 q10,71 <)

< eT'maxo<i<r IVu“@Dlloo | 7. max IEC(1)]|2.
- 0<t<T

Proof. Setn = u — u“. Note that n satisfies
an+ @ -Vin+ - -Vu®+ (- Vn=-Vp— E?,
V.n=0,

=0,
g t=0

where p = p — p“. Obviously
1d
2dt

The result then follows from integrating in time. O

U @13 < IVu oo - Inll3 + 1E N2 - lInll2.
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We shall build two approximate solutions. The first one is a simple wave packet with
unit L2 norm having frequency almost localized around |£| ~ X >> 1. Fix ¢ € C2° (R2)
such that ¢ (x) = 1for|x| < 1/2and ¢o(x) = Ofor |x| > 1.LetA > 1, u = A/ /Tog A
and define a stream function

© L gy
O (x) = —¢o(—) sin Axy.
HAT
Define (recall V4 = (=2, 81))

1
1@ (x) = VEo©® = v (—go(L) sin Axy)
HAT

1 n X . 1 X
——=(V=¢o)(—) sindxy + —po(—) - (0, cos Axy).
WA iz 7

Note that the second term carries the main bulk of L? mass. The following lemma shows
that ¥ is an almost steady state solution (with pressure p = 0).

Lemma 2.2 (Approximate solution without boost). We have
(M(O) . V)u(o) — E(O),
where |[E@ |, < A719,

Proof Direct calculation. Write E© = (E 50) , Eéo)). Note that in terms of the stream
function ®©, one has

EY = 0,009,00 — 009,00,
Eéo) = —82CD(0)311®(0) + 01 <I>(0)812c1>(0).

Easy to check that

‘ .

1,0 |00 <

1
5 1020@), S -,
"

"

1
191200 S = 10202 £ —5.
iz A

—_

181122 < A
Thus

IE@|, < +

PYER
o

Now suppose that we take a constant velocity vector ¢ = (c1, ¢2) and apply the
Galilean boost to u©, i.e. take

at,x) =uOx —ct) +c.
Then clearly

Qi+ (i - V)i =E9x —cr).
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This is almost good for us except for the fact that the constant vector ¢ is not in L2(R?).
To fix this issue, we shall make use of the finite support of #?. Assume |c¢| < 1 and
0 <t < T. Then obviously

supp(u@ (- —ct)) C{x: x| < u+T)YCfx: |x| < 1.lpl,

if A is sufficiently large (recall © = A/+/log A). Choose ¢ € C° (R?) such that Yx)=1
for |x| < 2. Define

W0t x) = u©@(x — et) + VE(—erxa + cx )Y (L)) .
———— nw

=:w(t,x)

=:B(x)

Observe that if x € supp(v(¢,-)) (with O <t < T), then B(x) = c. The following
lemma is then evident.

Lemma 2.3 (Boosted approximate solution). Assume |¢| < 1/A and 0 <t < T. Then
for A > 1,

max_[|9,u® + w® - Vyu®|r < 171,
0<t<T

Proof Observe
8tua + (ua : V)ua
=—c-Vo+((v+B)-VY(v+p)
=EQx —ct)+(B-V)B.
O

We now complete the proof of Theorem 1.1 for d = 2 and s = 0 case. Later we
indicate the modifications needed ford > 3 and s = 0.

Proof of Theorem 1.1 for d = 2, s = 0. We shall choose A > 1 and ¢ = (% . % 0).

Step 1. Inflation for the approximate solutions «®) and u®. Observe that at r = 0, we
have

" 1
6@ ) —u©, )2 < 1112 < T <

J/log A

On the other hand for t = T, thanks to the O (1) phase shift in x1, it is not difficult to
check that

1@ ) —u(T, )l = @) —u @ =Tl = 118l

1 » 11
2 1—COS(E)—0(/\ )—0(@~?)

> 2co,

where cq is an absolute constant.
Step 2. Inflation for the exact solutions. Let «! denote the exact solution corresponding
to initial data . Then by Lemma 2.1 and Lemma 2.2, we have
1 -1

©0)
max [u' —u©@y S eV e — <
0<t<T At
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Let u? denote the exact solution corresponding to initial data u“ (0, -). Similarly we have

max lu? — u N2 <A~ I
0<t<

It follows from Step 1 that for r = 0,

' (0, ) = (0, )2 S

J_

Andfort =T
(T, ) = u*(T, )2 > co > 0.

Remark 2.4. For dimension d > 3, one can similarly define a scalar function

O (x) =

X
$o(—) sin Axy,
M?)\, w

and define (below V4 = (—=d,, 31,0, ...,0))

1
1O (x) = V2o = v (——o(Z)sinax))
U2 A 2

1 n X . 1 x
=~ (V=¢o)(—) sinAx; + —¢po(—) - (0, cos Ax1, 0, ..., 0).
w I w w2 12

Recall® = A/ /Iog A. Thus for d > 3 we have

0
lu@y

<A < L
C 2I(]Rd)

By standard C'* (0 < « < 1) local wellposedness theory, one can guarantee that
the exact solution emanating from initial data «® will have lifespan covering the time
interval [0, T']. Similar estimate also holds for the Galilean boosted approximate solution.
It follows easily that the preceding estimates hold also for d > 3. We omit the repetitive
details.

3. Modification for H5,s > 0

We shall explain the modification needed for d = 2, s > 0. It will become clear shortly
that the case d > 3 requires very little changes.

For notational simplicity we shall take 7 = 1. The case for general 7 > 0 is similar
and the numerology is essentially the same.

For d = 2, we shall take =25,0<8 < 1,8 >1—s and define

u®(x) = vit m(mmmo

)L1+s

= —(vL
Kl“/ﬂ

3 One can even take = X or other scalings. In some sense the problem is simpler in d > 3.
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Note that

100 S — IVuPlloo SA 0™ 16O Nms S 1,

)“su ~
and for integer m = 2 + [s]
e [ S 275

The Galilean boosted approximate solution is defined as

W (1,2 =1 (1 = ) + %Vl((—xz) V.

=:Bs(x)
Note that*
2 uwo1
1Bl S 50 Bl S 5 L
1
IBslloo S 5+ IVBslloo v 182 Bslloo < w2

where [|02Bglloo = Y;. ; 100, Bs lloo. Take 0 < @ < 1 such that & < *=G=*). Then’

] cra + 4900, Yl et < 275

~

Let u', u? denote the exact solutions corresponding to the initial data u§°) and u§ (0, )
respectively. Standard local wellposedness theory in C1¢ then yields

1 2
max ([Vu' [l + [IVu~lloc) < 1.
0<r<l

Energy estimate further gives

1 2 —
max ([lu || gm + lu=[|gm) S A"
0<r<l1

Lemma 3.1 (Approximate solution without boost). We have
@ . vy ©® = gO
N N s

where |EX” 2 S A2 u2 and | EQ s S A5 2 Also

max [lu' — u® | s < A0 20w,
0<r<1

4 Tt is instructive to investigate why this construction does not work for s < 0. To ensure ||Vu§0) loo S 1
one needs A!~* < 1. On the other hand to ensure || Bs || zs < 1, we need ,LLI_S < X. These two clearly cannot
be fulfilled simultaneously for s < 0. It is also not difficult to check that a similar obstruction happens for the
dimension d > 3.

5 Thanks to the C1+¢ estimate, one can easily generalize this construction to higher dimension d > 3 for

which the lifespan of the solution will cover the time interval [0, T'].
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Proof The first two estimates on E S(O) are direct calculations. For the third inequality,
just observe that by Lemma 2.1,

max [lu! —u@|, <A u2,
0<r<1

The result then follows from interpolation with H” norm. O
Lemma 3.2 (Boosted approximate solution). We have

max [|du? + (u - Vu®lla AT+ 272,
0<t<l

N

max [|9,u® + (u - Vyu® | gs S A2+ 172,
0<r<l1

max [ud — u?||pgs S A7,

0<r<l1

where og > 0 depends on (s, 8).
Proof. For the first two inequalities, one can just use the relation
Ay + (us - Vous

= EQx —ct)+ (B - V)Bs.
For the third inequality, denote w = u? — u{. Note that by Lemma 2.1,

max [wly < AT272 4172
0<r<l

We now discuss two cases. In the first case we assume 0 < s < 2. By using interpo-
lation with H™ norm (recall m = 2 + [s]), we have
< = "
lwlas S lwly ™ - llwll gm

s
I/

S ()L—Zs—% +)\'—2)1—? . )\(m—s)i 5 )\'—Ol()’

for some ap > 0. Note here (m —s) - % =(1- %)s and the condition s < 2 is crucially
needed.
Now for the case s > 2 we observe that w satisfies the equation

dw+uy - Vw+w-Vug +w-Vw=—-Vp — E?,

where E¢ = d;u¢ + (u® - V)u’. The L? norm of w was already estimated.
For the H® norm, we compute

N

1d .
EE(IID“wH%) < (IIDS(M“ -Vw) —ug - VD wlz + D (w - Vug) |2
+ID*(w - Vw) = w - VD wlz + | D E*|l2) - ID*w]l.
By using a commutator estimate (see Corollary 5.2 in [3]), we have (below we need
s > 1 in order to control ||[Vw]||2)
1D (u - Vw) — ug - VD wllz S 1D’ ulloo - IVwllz2 + D’ wll2 - [V lloo
S (lwlla + 1D wll2) + | D wll2

S )\._2'9_35 + )\1—2—3 + ||Dsw||2
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On the other hand, by using fractional Leibniz, we have
ID*(w - Vud)ll2 S ID*wllz - IV lloo + lwllz - 1D* Vs lloo
SID wla+ (272 4272 270
Also
ID*(w-Vw) —w - VDwlz S [IVwlslID*wl2 S 1D wll2.
Integrating in time then yields the result. O
Remark. Even though our ultimate goal is to show H*-instability for solutions u' and

u?, it is still instructive to understand why one cannot obtain H*-stability for solutions

u' and u? from the above (standard) energy type arguments. Denote W = u® — u'.

Observe that |[w|2 = O(r/X). By using similar estimates on ||[D*w]||, as above, one
sees that we need to estimate

3 - AU
ID* V|l - lB]2 ~ = - = ~ 1.
w oA

This shows that ||w] gs cannot be bounded from above by A~¢ for some ¢ > 0 on the
unit time interval.
Proof of Theorem 1.1 for s > 0. By Lemmas 3.1 and 3.2, we obtain

I (1) = (1, ) e 2 1 = ud (1, )]l s — 0(1) = g > 0,

where cq is some constant depending only on s. O

4. Proof of Theorem 1.3

In this section we give the proof of Theorem 1.3. We first explain the proof in the case
d = 2,5 =0 (i.e. L?) where the perturbation argument is easy to carry out. In the later
subsection we give the proof for general s > 0.

4.1. Proof of Theorem 1.3 ford = 2, s = 0. This is the simplest case since in dimension
two the lifespan is not an issue for smooth solutions. WLOG we will take 7 = 1. Our
analysis below is a slight modification of the corresponding argument in Section 2. Thus
we shall adopt similar notation as in Section 2 and only sketch the needed modifications.
We shall denote the given solution u$ as u.

The basic idea is as follows. Recall that u solves the equation

oru+ (u-Vu=-—-Vp.
Now let v be an almost solution (say v = const u© as in Section 2) which solves
dv+@-Vv=—-Vp +E.
We then define a new approximate solution in the form

uh™(t, x) = u(t, x) + v(t, x — x4,
—_———

=1
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where |x,| will be taken sufficiently large. Clearly then

Q™ 4 (U™ - V)Y = —Vj+ E'(x — x,) + (- V)vs + (ve - Vu,

a

where v, (¢, x) = v(t, x — x,). Now let u™" be the exact solution corresponding to the
initial data u)°V (0, -). Then we have

max [lug™ (t,-) —u""(t, )[l2 < exp(const- max [|Vuy™ (¢, )lloc)
0<r<l1 0<r<l1
£l
“(E N peor2 + llu - Vugllpoo 2 + llvs - Vel poop2).

It follows that if |x,| is sufficiently large, then ™" can remain close to #" in L2

Step 1. Construction of u,ﬁ Since by assumption u € C? L? and the time interval
[0, 1] is compact, we can find R; > 1 sufficiently large such that

~10
sup [lu(t, 2 (x=ry) < *
0<r<l .

Define the approximate solution u }1 as
ui(t, x)=u(t,x)+ vi(x) =u(t,x)+ vl(x — Xx),

where x,, € R? satisfies | x| > R;+10%u, and by choosing ¢; € CX(x: 1 <|x| <2}
we introduce

v](x) = lu(o)(x)

10
= vt g (Eysinany), u= A/ logn
10 o 1 P 1), .
Clearly
91l 1 1 _ 1
iu, + (W, - Vu, =—-Vp+E,,
where

El =@ -Vvul+ @l - Vyu+@! vl
and v}( = v (- — x,). It is not difficult to check that
IEY 2 < llu- Vodlla + [[v) - Valla + v} - Vol
Sl T St

Here in bounding the term [u - V]|, we used the fact that supp(v)) C B(xs, 2u)
which induces a spatial localization on u:

Vo, = uxielz R Vs
thus yielding

lu-Vollla S0 p = <ol

T >
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Let u,11 be the exact solution corresponding to initial data ué(O, -). It follows that

1
max [luy(t, ) — ul(t, o S eMVIOEr 3T < AT
0<r<l

=

Step 2. Construction of u,% Define v2(z, x) as the boosted version of v!(x), i.e.

V0.0 =l e+ V(e + s ),

where ¢ = (¢, ¢2) = (+,0),and ¥y € C({x : 145 < |x| < 100}) satisfies vy (x) = 1
for % < |x| < 10. One should note that v? is supported on the annulus |x| ~ u for all
0 <t < 1. Then clearly

3> + (v2 - Vv = E?,
where
max I1E2(, )l $ 471,
Now define
ui(t, x)=u(t,x)+ v,%(t, x)=u(t,x)+ vz(t, X — Xi).
Observe that
dul + - Vyul = —Vp+E2,
where
EX(t,x) = E2(t, x — x,) + (u - V)v2 + (v2 - V)u.

Let u% be the exact solution corresponding to initial data u%(O, -). Then clearly for A
sufficiently large

2 2 -1
max |us(t,) —us(@, )| <n-r1"%.
05:51” R () 22 Sn

Step 3. Inflation. It follows from previous two steps that

const const -n >

n,
Viogh s

a2 (1, ) —ul@, )2 = ') =o' (=) —

as A — 00. The desired result then follows.

Remark 4.1. One can even take x, = 0 by a minor change of the argument above. The
idea is as follows. First, by a density argument (see Lemma 4.3), one can assume without
loss of generality that #(8)(0, x) initially has compact support and u‘¢) € C! H 10 Bya
computation of moments, this then easily yields that

1
maxf u® &, x)|>(1+ |x)*)2dx < 1.
0<t<T Jp2
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This then yields

Bf—

(€3] < 4.1
OféltaSXT o> 22 (o) S 1 4.1

Adopting the same notation as in the previous proof, we then choose
u}l(t, x) =u® @, x) + v (x),
such that
duy + Wl - Vyuh = —Vp+E],
where
El=@® v+ ' v)u® + @' vl

In bounding the error term E ;, the main troublesome term is the first term. By using the
decay estimate (4.1), we have

1@ - )vl e S 1)

A 1
(sl ATTO

ST,

2

which is clearly acceptable. The error estimate for the approximate solution u;; is similar.

4.2. Proof of Theorem 1.3 for d > 2, s > 0. We first prove two auxiliary perturbation
lemmas. These two lemmas are certainly not in the most sharpest forms and are more or
less “trivial” from the point of view of standard local wellposedness theory. But these
weak formulations suffice for our construction later on. We record them here along with
the proofs for the sake of completeness.

Lemma 4.2 (Near solutions generate exact solutions). Let d > 2 and so > % + 1. Let
T > 0. Suppose u € CtOHS0 N Ct1 H%~1([0, T x RY) is a near solution to Euler; i.e.:

Qi+ -Vyi=—=Vp+f, (t,x)e(0,T] xR
V-i=0,
i = uo,
=0
where Vp € CtOHSO_l, fe CYH*~!. Denote

Ay = max |[u(t, )|l po-
0<t<T
There is a constant p1 = p1(A1, so,d, T) > 0 sufficiently small such that if

”f”L,lL%([O,T]x]Rd) = p1,

then corresponding to the same initial data u, there exists a unique solutionu € C ? H?%
to the incompressible Euler with lifespan covering the interval [0, T]. Furthermore, for
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any 0 < s < so and any € > 0, there exists po = p2(A1, S0, s, d, T, €) > 0 sufficiently
small such that if

||f||L}L%([O,T]de) = p2,
then

max |u — illgs < €.
0<t<T

Proof. Let u be the local solution corresponding to initial data ug in C tO H*0. Initially u
exists on some time interval [0, Ty] for To = To(ug) > 0. We must show that u can be
extended to [0, T']. For notational convenience, we redefine A; as

Ay = max (la(, )llgso + [Vi(t, )loo)-
0<t<T
Denote

P =IF 120, 71xRe)

Let C; = Ci(sg,d) > 0, Cr = Ca(sg,d) > 0 be two fixed constants whose value will
be specified later in the proof. Denote
S0 — % -1

B =2llugll g0’ T4, 6 =

250

We claim that if p is sufficiently small such that
Cr-("-p) - (A1 + B < Ay,
then u(¢) remains trapped in the set
X ={v: |vlao = B}.

Indeed let 7 be the first time that « leaves the set X. Since u(0) = uy is in the interior
of X one must have #yp > 0. Assume f9 < T and we shall arrive at a contradiction.
Clearly at o we have ||u(to, -)||gso = B. Now we aim to show that ||u(ty, -)||gs0 < B
by using a different computation.

To this end, denote n = u — u. By Lemma 2.1, we have

0 A1 TA;

max [[n(z)ll2 <€ -p<e
0<t<tg

. p .
Since maxXo<r <y [17(t) | mso < A1+ B, Sobolev embedding and interpolation then gives

max |[|Vn(t < C; max T d
max V() < €y max Nl g

<CiEe™ )’ (Ar+ BT < AL
x0+4+l
Note here C is the Sobolev embedding constant corresponding to H~ 2 1 < L,
Then

max [|[Vu(r)lleo < 2A;.
0<t<tg
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By a standard energy estimate, we then obtain

. B
o)l < Nuoll o e 241 = =,
where Cy > 0 depends only on (sg, d). This then gives the desired contradiction. Hence,
the solution u has lifespan covering the interval [0, T]. By further taking p sufficiently
small such that

M) (A + BT <€,

where 6; = SOA;S , one can obviously achieve ||u — ii]|gs < €. O

Lemma 4.3 (Small subcritical perturbation preserves lifespan). Let d > 2 and sy >
% + 1. Let T > 0. Suppose u € CtOHSO N Czl H~1([0, T x RY) is a given solution to
incompressible Euler with initial data u(0) = ug. There exists 60 = So(u, so,d, T) > 0
sufficiently small such that if

llvo — uoll o < do,

then the solution v corresponding to initial data vy has lifespan covering the interval
[0, T].

Remark. One can show that v remain close to u in H*° norm on the whole time interval
[0, TTif & is sufficiently small. Such a stability result is standard (this is just continuous
dependence on initial data) and can be proved by pursuing a Lagrangian reformulation
[cf. (1.2)]. But we shall not need this fact in the later construction.

Proof. The proof is similar to the previous lemma and we shall sketch the “trapping”
argument. Denote

A = max ([u(@)]lgso + [|Vu(t)lloo)-
0<t<T

Let C; = Ci(sg,d) > 0, Co = Ca(sg,d) > 0 be two constants whose value will be
specified later. Denote

d
B=2a,OMT, g0 271
’ 250

We show that if 5y < % satisfies
Ci(oe™ ") (A1 +B)' ™0 < Ay,
then v remains trapped in the set
X =A{v: [vllgso = B}.

Indeed consider the first moment 7y > 0 that v escapes the set X. Assume ty) < T and
we shall deduce a contradiction. Clearly |[v(¢y)||gso = B. Set n = v — u. By a simple
L? estimate, we have

AT
Inll2 < éoe™'".
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Interpolating with the estimate ||n]| gso < A + B then gives (uniformly in ¢ < 1)

IVnlloo < Ctllnll .q. < Cr- Goe™ (A1 +B)' ™7 < Ay
H 2

This then yields || Vv]|c < 2A;. A standard H*-energy estimate then gives
3
lv(to) |l g0 < llvollgsoe?M1T < zAleczAlT < B.

hence a contradiction. 0O
We now complete the proof of Theorem 1.3 ford > 2,5 > 0.

Proof of Theorem 1.3. Step 1. By Theorem 1.1, we can find two sequences of solu-
tions {v}}°% |, {v2}°2,, with v}, v3 € COH™([0, T] x RY), for all m > 0, such that

100, s = 2, 1020, s = 2.
lim [lv}(0, ) — v2(0, )|l zs =0,
n—>0oo
and
. . ] 2 -
liminf v, (7. ) = vu(T. )l s = Con,

where ¢o > 0 depends only on (s, d).

Step 2. Mollification of #‘¢). Even though u(¢) has regularity CtOHS N C?HSO, we
need to work with mollified initial data which will have high enough regularity for the
perturbation argument in later steps. Denote 5) = max{s, so}. For each n > 1, we find

uif) € C*(RY) with
i . U
) () = 190, ) sy < min{Bo(u®. 50, d. ). ),

where &g is the same as in Lemma 4.3. Denote by u f,g ) the solution to Euler corresponding

to the initial data u((fn. Then by Lemma 4.3, u,(P

Note that we do not need uflg) to remain close to (%) at time r = T.

Step 3. Approximate solutions. Define

still has the life span covering [0, T'].

il e, x) = u®t, x)+ vt x —xh,
ﬁﬁ(t, X) = u,(f)(t, x) + U,zl(t, X — x,zl),

where the centers x.!, x2 will be taken sufficiently far away from the origin. We shall

explain the choice of x, since the choice of x2 will be similar. Now note that
=1, =1 ~1 =1, 7l
Oty + (U, - V), = —=Vp,+ f,,
where

Fla,x) = @® @, x) - Vol x —x)y+ @l x —x)) - Vu @, x).
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Note that v,ll € C,0 H™ for all m > 0. For any fixed (¢, x), thanks to the smoothness and
decay, we have

lim @, x) - Vvl x —y)+ @, x —y) - VuF . x) =0.

[yl—00

By Lebesgue Dominated Convergence, it is clear that

fim (| (1, ) - V)t x = 3) + bt x = ) - Vs (6012 0.7y = O-

|y|—00

Note that for all m > 0,

il (€3] 1
max_||i < max (llu +1
0<t<T ” n”Hm = 05;57"(” n ”H’" || n”Hm)

which is independent of x| Denote by u,. the exact solutions corresponding to the initial
data 12,1, (0, x). By Lemma 4.2, one can then find x,ll with |x,§ | sufficiently large such that

i N
e} — @ s o < mm{g, %’7}, Vo<1 <T.

Similarly, one can choose x2 for u2. Clearly
im inf [luy (7' ) = w3 (7, )l s = con,
where cg = ¢9/10. O
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